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Conservation and Engineering 


III. Food Problems 


It may seem absurd to write of food shortages 
when we read so much about the enormous farm 
surpluses and the staggering costs of maintaining 
and enlarging them. However, in the perspective 
of the population growth predicted for the next 
fifty years and beyond, these surpluses vanish. They 
are a drop in the bucket compared to world needs 
now; they are little more than our own present an- 
nual needs. 

Supplying food for the burgeoning populations 
expected is a serious problem, and the prospect of 
its solution through science and technology is not 
very promising. Diversions of land may be made, 
as discussed in a previous editorial, but the in- 
creased acreage is small relative to our needs. Im- 
provements may be made through cooperation 
among soil scientists, ecologists, and technologists 
in the development of better fertilizers and ma- 
chinery, but such alleviation is minor. 

The land available for food production in this 
country is plainly limited and is probably insuff- 
cient for the population to be expected unless we 
can increase the productivity of that land. Our 
production of food per acre is about half that of 
Western Europe and about one-fifth that of Japan. 
Obviously, then, we can increase our productivity 
but probably only in the way the West Europeans 
and Japanese have done. They have largely avoided 
the principal waste in which we indulge—the graz- 
ing of animals, particularly beef cattle. An ox con- 
sumes in a lifetime as many calories as do six and 
one-half men, but on butchering it yields only 
enough calories to keep one man going for 8 
months. It is unhappily true that the best contribu- 
tion we as engineers can make to this problem is 
the same as that to be made by housewives, law- 
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yers, and politicians—all of us will have to learn 
to eat less meat. 

There are, of course, some revolutionary pro- 
posals for the growth of foodstuff on our rooftops, 
in special factories, and in the ocean, and some real 
“advances” have been made here. Algae can be 
grown with high productivity per acre, and it is 
quite rich in protein. This observer must confess, 
however, a certain lack of zeal for this prospect. 
Rare, medium, or well-done, with or without A-1 
sauce, even in the convivial company of one’s best 
friends, “algae” steak is peculiarly uninviting. To 
paraphrase an old poem, 


Algy met a bear; 
The bear was bulgy. 
The bulge was not algae. 


Wholly synthetic foods are, of course, possible, 
and it would seem essential that some scientific 
effort should be directed toward developing them. 
This, at least, has the potentiality (as in the case of 
fibers ) of yielding vastly more “food” per acre than 
conventional methods or than algae culture. Ac- 
cording to a perhaps apocryphal tale, the Germans 
during the last war found that although synthetic 
fats could be stored in the body, they were in- 
capable of release, and so fattened animals could 
starve to death. If science could find out how syn- 
thetic “foods” could be made digestible, then such 
would appear to be a more promising approach 
than algae culture because of the highly effective 
productivity of factories and because such “food” 
could hardly be less attractive than algae. 

These unhappy prospects are real, and they must 
be faced in time. Perhaps a little population con- 
trol would be preferable. 
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DYSTAC 


A NEW COMPUTER TECHNOLOGY 


solving problems hitherto unsolvable 


Dystac (Dynamic Storage Analog Computer) synthesizes the 
advantages of both analog and digital computers. DysTac com- 
bines the analog’s speed, lower cost, ease of programming, and 
improved output data presentation with the digital computer’s 
unique capacity for data storage and time sharing of computer 
elements. With Dystac you can now solve the most complex 
problems, ranging from distillation column design to multi- 
dimensional heat transfer...from boundary value problems to 
transport lags. 


In distillation column design, for example, Dystac employs 
only 44 amplifiers on a four-component problem; the number of 
amplifiers required is independent of the number of plates. With 
any other analog computer each plate must be reproduced in the 
circuitry—for a 30-plate column, over 1200 amplifiers are needed 
unless manual reprogramming is employed. What’s more, only 
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Dysrac yields a plate-by-plate display of all column conditions. 

In heat transfer studies, DysTac will speedily and accurately 
solve hitherto unsolvable partial differential equations. It also 
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sis, convolution and superposition integrals and eigenvalue. 
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computer as operational amplifiers. Planning to interconnect 
digital and analog computers? DystAc is the answer. 

See Dysrac in operation at our plant. If you can’t attend a 
demonstration write, phone or wire for full information. 
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Maximum Stable Droplets in Dispersoids 


R. A. MUGELE 


Shell Development Company, Emeryville, California 


Maximum stable droplet size in nonuniform dispersoids may be ignored or treated as a 
statistical-limiting parameter or as a physically significant quantity. In this paper the author 
shows that treatment as a physically significant quantity is always permissible and in most 
cases advantageous. It is found that maximum stable droplet size as well as mean droplet size 
can be calculated in some cases from theory and in other cases from correlated experimental 
data; this is illustrated with examples involving sprays and emulsions. 


The importance of knowing some- 
thing about particle sizes in dispersoids 
has often been noted (4, 5, 15, 20). But 
the importance of recognizing a maxi- 
mum particle size is frequently over- 
looked; therefore, some evidence is 
presented that the acceptance of a 
maximum particle size is always per- 
missible and in most cases advan- 
tageous. On the other hand the author 
indicates how the acceptance of a 
negligible fraction of infinitely large 
particles may be misleading, giving 
wrong answers in certain theoretical 
calculations and process evaluations. 
In this paper particles are considered 
which are liquid droplets. In this case 
the maximum stable size (MSD) is 
such that it may not be exceeded by 
any droplet which is in equilibrium 
with the environment. Methods are 
proposed for calculating the maximum 
stable diameter, in some cases from 
theory, and in other cases from corre- 
lated experimental data. 


BASIC CONCEPTS: SIZE DISTRIBUTION, 
STABILITY, MAXIMUM STABLE 
DROPLET 


The distribution of particle sizes in 
dispersoids has been treated in various 
ways by various authors. We are only 
indirectly concerned here with the rela- 
tive merits of these treatments. It has 
been found that a Gaussian distribu- 
tion of a certain parameter y ade- 
quately represents size distributions of 
many dispersoids (17). This distribu- 
tion is assumed to prevail whenever no 
other is specified. 

The parameter y nas the form In 
a(x°—x,8) / Here a is a di- 
mensionless skewness parameter (a=1 
for symmetric distributions.) The ex- 
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ponent s is related to the manner of 
dispersion but is not especially critical 
in fitting the distribution to data. For 
the examples treated in this paper, s=1. 
The variable x is a linear measure of 
particle size (usually diameter, al- 
though any dimension proportional to 
diameter will do). The particular 
values x, and x, apply to the smallest 
and largest stable particle size that may 
exist in the dispersoid. 

In some situations one is concerned 
with the minimum particle size, x.,. 
However these situations are rare, and 
for practical purposes x, can usually be 
taken as zero (an approximation for a 
molecular diameter when compared 
with droplet sizes in ordinary aerosols, 
sprays, and emulsions). 

However no such simple approxima- 
tion is available for the maximum parti- 
cle size. By analogy to the approxima- 
tion x, = 0, one might say x» = %, 
but this can be quite misleading. More 
rationally one can think of a dispersoid 
in its proper environment and calculate 
(either from correlation or theory) a 
maximum stable size, using this as an 
approximation for x,,. As an example of 
such a calculation an idealized situa- 
tion wherein a droplet is acted on only 
by the drag of a continuous medium is 
considered. When this drag overcomes 
the molecular force field at the inter- 
face, the droplet becomes unstable and 


CONTINUOUS 
PHASE 

(Po He) 


D (Pata?) 


—— Ve 


Fig. 1. Atomization variables (schematic). 
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bursts. Thus its maximum stable size is 
governed by the force balance 


2 7 2 
Co" = (1) 
Hence 
Xm = (2) 


This relation may also be expressed by 
the definition of a critical Weber 
number: 


We, = /e = 8/C, (3) 


In the following sections the proc- 
esses of mechanical atomization and 
mechanical emulsification are examined. 
Correlations for size of the mean drop- 
let in a spray and also for the maximum 
stable droplet are developed. For com- 
pleteness in representing the size cis- 
tribution, values of the sharpness 
parameter are also deduced for some 
types of atomizers. 


THE PROCESS OF ATOMIZATION 


The term atomization is used in its 
usual sense of breakup of bulk liquid 
into droplets. Mechanical atomization 
is achieved in many different ways. 
Among the devices commonly em- 
ployed are pressure nozzles, Venturi or 
gas-atomizing nozzles, rotating cups or 
disks, and bubble caps or grids or per- 
forated plates. 

Although details of the drop forming 
process vary widely among the different 
types of apparatus, certain events nor- 
mally occur in all of these processes: 


1. The applied force, whether due 
to pressure or rotation, separates pro- 
tuberances, filaments, or sheets of 
liquid from the bulk liquid. 

2. These protuberances, filaments, or 
sheets are broken up (owing to their 
inherent instability and to interaction 
with a mass of gas or liquid) into small 
particles. 

3. These particles assume spherical 
shape if they are small enough. Or, if 
large enough to be unstable, they break 
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Fig. 2. Comparison of experimental and calcu- 
lated values of xz2 (pressure nozzles). 


into smaller masses which then become 
spherical. 


A detailed treatment of the motions 
of droplets is not part of the present 
subject but may be found in references 
10 and 1. 


FUNDAMENTAL VARIABLES 
IN ATOMIZATION 


The average size of droplets in a 
spray, as well as the distribution of 
droplet sizes, will depend on certain 
physical properties of the fluids in- 
volved, on design of the atomizer, and 
on operating conditions. The relevant 
physical properties include p, and p., 
fa and p., and o. 

The relevant design variables are not 
easily stated in general terms because 
of the wide variety of spray generators 
to be considered. For the majority of 
atomizers D, L, and ¢ will suffice. 

The relevant operating conditions 
again will depend on the particular 
type of atomizer used. For example the 
important variables may appear as 
pressures (for a pressure nozzle), vol- 
ume flow rates (for a Venturi nozzle), 
or angular velocity (for a rotating cup). 
But generally by the use of mechanical 
and hydrodynamic relations these may 
be reduced to V, and V,, or V, and 8B. 
Fundamental variables are illustrated 
schematically in Figure 1. 
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Fig. 4. Comparison of experimental and calculated values of 


GENERAL CORRELATING EQUATION 
FOR ATOMIZATION 


Having considered the fundamental 
variables which determine the droplet- 
size distribution in atomization one 
proceeds to investigate their relation to 
the representative droplet size in the 
resulting spray. 

Dimensional analysis indicates that 
the following dimensionless groups are 
sufficient to describe this relation: the 


size ratios x/D and x/L and the design 
angle 4, the Froude number V*/D&, the 
Reynolds numbers D p,.V./u. and Dp, 
V./pa, the interfacial-tension groups 
Be and paVa/o, and the density 
ratio p./pa. 

A simple form in which the most 
general relation between these groups 
may be written is 


c ce Ve 
Pa Pa 


In this equation the representative 
size may be one of the mean diameters 
(17), the median diameter, or the 
maximum diameter. The form of the 
function will vary according to which 
of these diameters one chooses. In 
general at least three independent 


Xm (spinning disks). 


diameters are needed to define the dis- 
tribution completely (for example x», 
Xm, and x). But if one has an inde- 
pendent method for determining one of 
the distribution parameters, two of the 
diameters may suffice. In this paper 
Xe and x, are individually correlated, 
and the distribution parameter 8 [Equa- 
tion (8) and reference 17] is tabulated 
for certain types of atomizers. Concern- 
ing the distribution parameters, one 
notes that even more than three might 
sometimes be needed, because of the 
complex nature of the dispersion mech- 
anism, not merely because of the form 
of the distribution equation. 


CORRELATION OF MAXIMUM 
AND MEAN DROPLET SIZES FOR 
ATOMIZATION IN PRESENCE 

OF GASES 


Equation (4) shows the dimension- 
less groups found to affect x» OY Xe. 
Most atomization data have been ob- 
tained by dispersing liquid into gases 
not greatly different from atmospheric 
air. Thus the effect of continuous-phase 
properties (that is, the groups p/p: 
and p./pa) on drop size is less clearly 
defined than is the effect of other di- 
mensionless groups involving only dis- 
persed-phase properties. For this reason 
the correlations of x», and x. discussed 
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TaBLE 1. SumMary OF CONSTANTS TO BE UsEpD IN EsTIMATING Drop S1zE DistTRIBUTION 


Calculation of x22* 
Type of atomizer A B C 


Straight pressure or** 

tangential nozzle 
Venturi 

atomizer} 
Modified pressure 

nozzles** 

(pintle, lip, 

impinging 

jet, ete.) 
Spinning disks 

or cups ~ 
Whirl chambers 5.0 —0.35 —0.20 


5.0 —0.35 —0.20 
1140 


5.0 —0.35 —0.20 


x 


Standard Calculation of xm* Standard 
deviation, deviation, 
% Am Bm Cy % 

22 57 —048 —0.18 34 

30 

30 57 —0.48 —0.18 22, 
— 1.73 —0.50 —0.45 15 
26 57 —0.48 —0.18 42, 


DpaV [ waV 
* Constants A, B, and C for use in the equation - = A} —-—-— -—-—]|. 


ad o 


*® Va calculated from Equation (6); D calculated from Equation (7). 
+ For pictures of these and other atomizers see references 5 and 9. 
tt Values apply for Venturi atomizers only when volumetric ratio of liquid to vapor rate Qa/Qc 


<0.0001. 


in this paper are recommended only for 
atomization into gases having about the 
same viscosity and density as atmos- 
pheric air. 

The few experimental data available 
indicate that the groups L/D and ¢ 
have little effect on drop sizes. These 
groups have been neglected in the 
present correlations. In addition, no 
detectable effect of Froude number was 
found in correlation of the data. After 
elimination of the above groups the 
following equation has been devised 
for the calculation of x. or Xm for 
atomization into air: 


D 

It is interesting to note that the cor- 
relations or theories of Hinze (6), Mil- 
born (8), and Walton and Prewett 
(23) also lead to these same dimen- 
sionless groups when continuous phase 
properties are neglected. 

Constants for Equation (5) have 
been evaluated from experimental data 
for a number of different atomizer 
types and are shown in Table 1. Values 
of x, used in obtaining the above cor- 
relation were calculated from distribu- 
tion data by the use of the upper-limit 
method of Mugele and Evans (17). 
Fewer data are available for x, than 
since some authors reported 
only x. without giving the distribution 
data necessary to calculate x,,. For this 
reason correlation of x» is considered 


less reliable than correlation of x». 


(5) 


The relative velocity between phases, 
V rather than V,,, has been required for 
use in Equation (5) to correlate the 
experimental data. Relative velocity 
has also been used for correlation pur- 
poses by Merrington and Richardson 
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(16) and Nukiyama and Tanasawa 
(18). For spinning atomizers the pe- 
ripheral velocity Dw/2 should be used 
for dispersed-phase velocity. For atom- 
izer types other than those shown in 
Table 1, Vz can be calculated from 


V,=C, V 2Ap/pa (6) 


In this equation Ap is meant to be the 
pressure drop corresponding to energy 
which is directed toward breakup of 
the bulk liquid. If certain turns, con- 
strictions, baffles, etc., produce friction 
before the liquid reaches the atomizing 
zone, the pressure losses so produced 
should be estimated and_ subtracted 
from the over-all pressure drop to de- 
termine Ap. On the other hand, if a 
whirl chamber or rotor contributes to 
turbulence in the bulk liquid and hence 
to instability which persists until break- 
up, then a corresponding pressure loss 
is properly part of Ap. Pressure losses 
across nozzles, as reported in the liter- 
ature, are ordinarily close enough to Ap 
to be used without modification. There 
is some question about the use of the 
orifice velocity as in Equation (6), 
when actually the vena-contracta vel- 
ocity may be more appropriate to con- 
ditions in jet breakup. Since this ques- 
tion has not been resolved with the 


available data, the best suggestion for 
the present is that V, of Equation (6) 
be regarded as an effective velocity 
which merely interprets the effect of 
Ap. 

If the effective discharge coefficient 
is unknown, a value of 0.7 is recom- 
mended. In cases where continuous- 
phase velocity is important, it must be 
estimated from flow or pressure-drop 
considerations. It should be noted that 
no continuous-phase velocity should be 
used when this velocity is created by 
flow of the dispersed phase, that is, by 
surface drag. 

For spinning atomizers the represen- 
tative diameter D to be used in Equa- 
tion (5) is the outer diameter of the 
spinning part. For pressure or Venturi 
atomizers it is the orifice diameter (or 
hydraulic diameter) of the liquid dis- 
perser. If the geometry of the spray 
generator is complicated by interior 
grooves, vanes, multiple inlets, or 
pintles (or for the swirl type of atom- 
izers which have an air cone), D can- 
not be calculated as readily. However 
it has been found that the effective 
diameters for use in Equation (5) can 
be calculated from Equation (7) if the 
volumetric flow and pressure drop are 
known: 


D = (7) 


where V, is calculated from Equation 


(6). 


THE UNIFORMITY PARAMETER 


The parameter 8 is a measure of uni- 
formity of the spray, a larger value of 
8 indicating a more uniform spray. 
Various attempts to correlate 3 have 
failed to produce a general correlation 
with atomizer dimensions. Table 2 
shows the range of values of 6 found in 
various atomizer types together with 
recommended values. For further dis- 
cussion of the parameter the reader 
should consult reference 17. The defin- 


ing equation for 6 is 
dy Wa 


For atomizers not classified in Table 
2 and for which specific data are not 


TABLE 2 


Atomizer type 


Straight pressure nozzle (11) 
(9) 

Modified pressure nozzle (21) 

(pintle, lip, impinging jet, etc.) (13) 
Tangential nozzle (Spraco-T) (9) 
Rotating-cup atomizer (8) 
Whirl-chamber atomizer (12 

(19) 

Venturi atomizer (gas injection) 
3 
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Source of data 


Range of 6 Recommended 8 
0.618-0.670 0.64 
0.861-1.108 0.98 
0.600-0.750 0.68 
0.71 -1.11 1.00 
1.134-1.145 1.14 
1.03 -1.52 1.28 
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Fig. 6. Comparison of extrapolated and calcu- 
lated values of xm (pressure nozzles). 


available the value §= 1.00 is sug- 
gested. 


COMPARISON WITH 
EXPERIMENTAL DATA 


Values of x, and xz calculated from 
Equation (5) by the use of values of 
constants shown in Table 1 are com- 
pared with experimental data in Fig- 
ures 2 to 6. Some of these figures also 
show comparisons with other correla- 
tions. Standard deviations of data from 
correlation are included in Table 1. No 
general advantage is claimed for this 
correlation method over others. The 
author is aware of many recent and ex- 
cellent presentations of spray data and 
correlations of various kinds, including 
those of references 15 and 20. The cal- 
culations that have been presented here 
were made before the spray data be- 
came plentiful and will be revised to 
do justice to the recent data. However 
the foregoing calculations have been 
presented to illustrate the efficacy of 
separately correlating a mean droplet 
size and a maximum stable droplet size. 


APPLICATION OF THE CORRELATIONS 


Values of x,, Xx, and 8 estimated 
from the correlations in this paper may 
be used to calculate the complete drop- 
size distribution resulting from various 
atomization conditions when continu- 
ous-phase viscosity and density do not 
differ appreciably from the values for 
atmospheric air. Sample calculations 
showing the application of the upper- 
limit method for calculating the com- 
plete distribution are shown later. 

In many instances the complete 
drop-size distribution is not required, 
and the correlations may merely be 
used to estimate the trend of x. or Xm 
with physical properties, apparatus de- 
sign, or flow ‘conditions. Thus even 
though absolute magnitude of predicted 
drop size may be in error, it is still 
possible to evaluate the effect of con- 
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Fig. 7. Nomograph for droplet sizes, atomization via pressure 
nozzles into gases similar to atmospheric air. 


dition changes on drop size. This in- 
formation is frequently useful in relat- 
ing pilot-plant studies to large-scale 
performance. 

Although the correlations have been 
derived for relatively simple atomizer 
types, it is believed that they will prove 
useful in estimating magnitude or 
trends of drop size in more complex 
apparatus. As was pointed out in a pre- 
vious paper on this subject, such esti- 
mates are necessary for fundamental 
analysis of heat or mass transfer or of 
the separation of phases in a dispersed 
system. As an example of such an ap- 
plication the author has analyzed a 
photograph of the spray over a 3- by 
3-ft. experimental grid tray having %-in. 
full round bars with %-in. spacing. The 
water rate was 5 gal./min. and the air 
rate 2,500 cu. ft./min. This photograph 
was taken at a 2-mm. depth of focus 
about lin. inside the glass wall of the 
column. Drop sizes for this spray were 
counted by projecting the negative by 
a photographic enlarger onto a white 
blotter at magnification of 10. The only 
images suitable for measurement were 
those in sharp focus, that is, spherical 
images showing high lights. The fol- 
lowing table shows a comparison of ex- 
perimentally determined x,, and x. with 
those calculaied from Equation (5), 
the hydraulic diameter (2w,) being 
substituted for D and constants shown 
in Table 1 for straight pressure nozzles 
used. 
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Calculated Experimental 
Xm, CM. 0.27 0.22 (largest 
drop measured) 

Xs, CM. 0.12 0.12 


The agreement between experimental 
and calculated values is considerably 
better than could be expected in view 
of the uncertainties in interpreting the 
photograph. However it indicates that 
the correlation methods yield the cor- 
rect order of magnitude. 

The reader should be cautioned not 
to regard the conditions above as typi- 
cal of grid-tray operations. The liquid 
rate was intentionally kept low to re- 
duce the spray density. 


ESTIMATION OF DROPLET-SIZE 
DISTRIBUTIONS WITH THE 
MAXIMUM STABLE DROPLET SIZE 


Figure 7 shows a nomograph which 
can be used for rapid estimates of Xn 
Or X» as functions of the interfacial 
tension and Reynolds number groups 
for straight or modified pressure noz- 
zles and whirl chambers. This nomo- 
graph applies only to atomization into 
gases similar to atmospheric air. Similar 
nomographs could be constructed for 
other atomizers by the use of the con- 
stants given in Table 1. One should 
note that x, as well as x» can be 
readily evaluated’ by using this nomo- 
graph. This application is illustrated in 
the following example. 
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Fig. 8. Example of estimated droplet-size distribution. 


Example 

Consider an oil of density p, = 0.86 
g./cc., viscosity ua = 0.0311 poise, surface 
tension ¢ = 28 dynes/cm. Let it be in- 
jected into slightly compressed air (density 
0.0015 g./cc.) via a modified pressure 
nozzle with diameter D = 0.0508 cm., 
with a pressure drop Ap = 286 x 10° 
dynes/sq. cm. across the nozzle and a dis- 
charge coefficient of 0.6. One wishes to 
estimate the mean droplet size Xx in the 
resulting spray, also the volume percent- 
age of spray which appears in droplets of 
diameter less than x32./2 and in droplets 
greater than 2 Xz». 

First one evaluates V. 


V = 0.60 \/2Ap/pa 
= 0.60 \/2 x 286 x 10°/0.86 
= 15,500 cm./sec. (9) 


Hence 
DeaV 
——— = 21,800; -— = 17.2 (10) 
Ma 
From the nomograph (Figure 7) 
= 11.5 (11) 
X30 
Therefore 
= 0.00442 cm. 
Also 
D 
— = 3.58 (12) 
Xm 
Therefore 
Xm = 0.0142 cm. (13) 


To complete the distribution picture, 
one assumes § = 0.98 (Table 2). 
From Equation (10.1) of reference 17 


Xm 
(14) 
Xs2 
Therefore 
( 0.0142 ) 
a: €1/4(0. 98)" 
0.00442 | 
2.21 
— ———— = ],704 (15) 
1.297 
Xso 1 
——— = Us = — = 0.587 (16) 
Xm - X50 a 
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From Equation (9.6) of reference 17 


(17) 
Therefore 


Uso 
—— = 2.53; to = 1.49 
Uso 


(18) 


From the values of to and tso one can plot 
the distribution line (Figure 8). 

For the last part of the problem, the 
droplet sizes in question are 


= X2/2 0.00221 cm. 


and (19) 
X» = 2X2 = 0,00884 cm. J 

The corresponding wu values are 
ui, = 0.184 and us = 1.65 (20) 


Reference to Figure 8 gives the corres- 
ponding values of v: 


v, = 0.052 and v. = 0.923 (21) 


Thus this estimate gives 5.2% of the spray 
volume in droplets of diameter less than 
Xx/2 and 7.7% in droplets of diameter 
greater than 2 x2. 

Since the data used in this example cor- 
respond to those of a particular experiment 
[Lee (13)], it is possible to compare es- 
timated results with experimental ones 
(Figure 9). The value of xs: given by 
these data is 0.00452 cm. and the value of 
Xm 0.0140 cm. 


ERRORS ARISING FROM 
EXTRAPOLATION BEYOND THE 
MAXIMUM STABLE DROPLET SIZE 


Some attempts to extrapolate distri- 
bution data to infinite particle size lead 
to untenable 
extrapolation based on the Nukiyama- 
Tanasawa equation sometimes leads to 


Fig. 9. Comparison of estimated distribution with data 


(example). 


eter. In this connection one observes a 
weakness of distribution equations of 
form 


dn 
—— =A,x*? ex — A, 99, 
x“2exp (— (22) 


The mean diameter is found to be 


) (23) 


Thus, considering the properties of the 
gamma function, one finds that p and 
q can be chosen to produce arbitrarily 
large values of x,,, even with p and q 
in a reasonable range. For example, 
with A, = —5, As = Xx, and A, = —1 
one finds that x,, increases without 
bound as p approaches 4. 

When they are anticipated, errors of 
this kind can be avoided by various 
devices. But a more subtle kind of error 
can arise in process calculations when 
the effect of extrapolation is less spec- 
tacular. For example if one is concerned 
with Langmuir evaporation of spray 
droplets, then (as shown in reference 
17) the evaporation rate is propor- 
tional to the mean diameter 2X... If one 
assumes an unlimited log-normal dis- 
tribution with parameter 5= 1, the 
calculated mean is 


= exp (— 5/4 8) 


= X/3.48 (24) 


1.79 


a calculated value of x» larger than any 
experimentally observed droplet diam- 
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1 + 3aexp (1/48) + exp (1/8°) + a* exp (9/4 8) 


results. For example, But if one uses an upper-limit distri- 
bution with 8 = 1 and a = 1 (sym- 
metrical), the result is 
1 + 2aexp (1/48) + a’ exp (1/8) 
(25) 


Thus the assumption of unlimited drop- 
let size may cause a significant under- 
estimation of the evaporation rate. 
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Similar calculations can be made to 
illustrate the effects on other processes 
involving dispersoids. In each case one 
should use the mean diameter appro- 
priate to the process. The following 
table illustrates some further compari- 
sons of the kind calculated above: 


Calculated by 


Ratio Log normal Upper limit 
Xs0 0.780 0.875 
0.606 0.798 

Xs0/ Xs0 0.472 0.707 
X10/Xs0 0.287 0.559 


As previously indicated in reference 
17, the maximum stable droplet size is 
of some importance in understanding 
and correlating the generation of liquid- 
liquid dispersions, that is unstable 
emulsions. This fact has been noted 
(2, 7, 22), and some theories have 
been advanced as to the maximum 
stable droplet size in such systems 
(a2 

A theoretical treatment which proves 
useful in correlating many of the liquid- 
liquid dispersion data is that of Hinze 
(7). According to this the maximum 
stable droplet size in an unstable emul- 
sion may be calculated from 


Ri = Xm (p./a)*”* (26) 


Examples similar to those exhibited 
for sprays can be constructed to show 
the essential role played by the maxi- 
mum stable droplet sizes in calculating 
the behavior of dispersoids of this kind 
(continuous-phase liquid). 


SUMMARY 


As proposed at the start, reasons 
have been stated for giving careful 
consideration to the maximum stable 
droplet size in describing dispersoids. 
Evidence has been given to show that 
the maximum stable droplet diameter 
can be separately correlated for many 
dispersoids and then used in process 
calculations and that the omission of 
this parameter may be misleading. 
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NOTATION 

a = parameter in distribution 
equation 

A, B,C = correlation constants, Table 
] 

Of = drag coefficient 

Ge = effective discharge coeffi- 
cient 
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D = representative dimension 
perpendicular to flow 

e = natural constant (2.718...) 

f = function 

It = interfacial tension group, 
pV/o 

k = size parameters, miscella- 
neous 

kn = constant, Equation (26) 

L = representative dimension 
parallel to flow 

n = numerical fraction of spray 
in droplets of diameter less 
than x 

p = liquid pressure 

Ap = pressure drop effective in 
producing atomization 

Q. = volume flow rate of continu- 
ous phase 

Qu. = volume flow rate of droplet 
phase 

Tso = ratio of Xm tO Xe 

Re = Reynolds number, pVD/p 

8 = dispersion parameter (See 
definition for y) 

u = function of droplet size, = 
x/ (Xm—Xx) 

Uso = value of u at v = 0.50 

Uso == value of u at v = 0.90 

v = volume fraction of spray in 
droplets of diameter less 
than x 

V = velocity of droplet phase 
relative to continuous phase 

V. = velocity of continuous phase 
relative to atomizer 

Vi = velocity of droplet phase 
relative to atomizer 

WwW, = slot width in grid tray 

We,, = critical Weber number, 

x = droplet diameter 

= maximum stable droplet 
diameter 

x = representative or average 
droplet size 

Lie = generalized mean diameter 

Kes = surface-volume (Sauter ) 
mean diameter 

es = volume median diameter 

y = a function of droplet diam- 
eter; y = In a(x’ —x,')/ 


(xm'—x*); y has the Gaus- 
sian distribution indicated 
in Equation (8) 


Greek Letters 


B = acceleration imparted _ to 
liquid by body forces 

1h = gamma function (general- 
ized factorial) 

8 = uniformity parameter in 
distribution equation 

€ = rate of energy dissipation in 
turbulent flow (per unit 
mass ) 

[e = viscosity of continuous 
phase 

Ha = viscosity of droplet phase 

7 = natural constant (3.14. . .) 
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Pe = density of continuous phase 

Pa = density of droplet phase 

o = interfacial tension 

= representative angle for 
diverging outlet 

o = angular velocity (rotating 


cup or disk), radians/sec. 
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EVAPORATION FROM DROPS 
CONTAINING DISSOLVED SOLIDS 


D. H. CHARLESWORTH and W. R. MARSHALL, JR., 


A study was made of the evaporation from single drops containing solids. By means of a 
specially designed sensitive balance, drops were suspended over a hot-air stream and their 
drying behavior was observed. Weight changes were measured during evaporation. Experimental 
data are presented on the time of appearance of the first solid phase and the formation of a 
solid crust for a wide range of drying conditions and materials. A theory is advanced for 
predicting the formation of a solid phase in drying a droplet containing a dissolved solid. This 
theory shows reasonable agreement with the experimental results. A tentative proposal for the 
application of the results to spray-dryer performance is suggested. 


PART I 


The aim of the investigation reported 
here was to develop a method of pre- 
dicting the drying rates of drops con- 
taining dissolved solids for application 
to design calculations for spray dryers 
and to obtain fundamental information 
on the phenomena occurring during 
the drying process. Considerable atten- 
tion was given to the problem of pre- 
dicting the formation of a solid phase 
in drying a droplet of an inorganic salt 
solution. The need for such information 
has become more pressing as spray- 
drying techniques have become widely 
applied to the production of dried 
foodstuffs, pharmaceuticals, and _ton- 
nage chemicals. 

As in most drying operations, the 
spray-drying process can be subdivided 
into periods. The first period is charac- 
terized by evaporation from a free 
liquid surface, the second by evapora- 
tion from or through a solid structure 
which forms at an intermediate point 
in the process. Accordingly this study 
was divided into the following sec- 
tions: (1) evaporation rates and drop- 
let conditions during the first period of 
drying, (2) formation of the solid 
phase about the droplet, and, (3) 
evaporation rates during the second 
period of drying. 


REVIEW OF PREVIOUS WORK 


Studies of the evaporation of pure- 
liquid droplets can be related directly to 
the first period of spray drying. The the- 
ory of evaporation into still air has been 
treated by Fuchs (6) and Luchak and 
Langstroth (9). Experimental verification 
of the relationships for a number of pure 
liquids was carried out by Ranz and Mar- 
shall (10) and by Langstroth et al. (8). 
Studies of the evaporation of pure- 
liquid drops having a finite velocity rela- 
tive to the surrounding air were made by 
Fréssling (5) and by Ranz and Mar- 
shall (10). 


Information on the evaporation from 
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droplets containing solids and on the for- 
mation of a solid phase is sparse. Ranz and 
Marshall (10) in addition to their work 
with pure liquids presented some observa- 
tions of evaporation from droplets of so- 
lutions and suspensions and concluded that 
if the presence of the solid affects the va- 
por pressure, drying proceeds during the 
first period as if the entire droplet were 
saturated. The investigation also included 
measurements of the temperature history 
of droplets containing suspended or dis- 
solved solids evaporating in still air. 

The mechanism of the drying of small 
particles such as are encountered in spray 
drying has received little attention with 
the exception of the manner in which hol- 
low particles are formed, a number of in- 
vestigators (2, 4, 7, 10) having hypothe- 
sized reasons for the occurrence of inter- 
nal voids. 


THEORETICAL CONSIDERATIONS 


The complexity of the process of 
evaporation from a droplet having a 
velocity relative to the surrounding air 
is greatly increased by the presence of 
nonvolatile dissolved solids in the drop- 
let. Whereas, in the consideration of 
heat and mass transfer from a droplet 
of pure liquid, conditions within the 
droplet may justifiably be assumed uni- 
form, they cannot be if there is a non- 
volatile material present. 

In general the concentration of solute 
is initially uniform in the droplet; how- 
ever as soon as some evaporation has 
taken place from the droplet surface, 
concentration gradients are set up and 
there is diffusion of solvent toward the 
surface and solute toward the center. 
In addition, since the drop is neces- 
sarily decreasing in size, the solute in 
the surface layer is swept inward by 
the retreating interface, which is im- 
permeable to the solute. 

If the evaporation rate were constant 
over the entire surface, as would be 
the case for zero relative velocity be- 
tween the droplet and the surround- 
ings, the concentration gradients with- 
in the droplet should have spherical 
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symmetry. However if the relative ve- 
locity is not zero, boundary-layer 
theory predicts, and Fréssling (5) has 
demonstrated experimentally, that the 
evaporation rate varies from a maxi- 
mum at the point of impingement at 
the front of the drop, through a mini- 
mum at some latitude beyond the 
equator, to a second but lower maxi- 
mum at the rear. As a result, diffusion 
has a tangential component toward the 
rear of the drops in addition to the 
radial one. The concentration profiles 
are consequently not simple. 

Superimposed on the flow, owing to 
diffusion, may be internal circulation 
from density gradients caused by tem- 
perature and concentration and from 
the viscous drag of the passing air. 
Droplet rotation as a whole may also 
be present. The latter, if sufficiently 
rapid and random, would tend to re- 
store the spherical symmetry. If, how- 
ever, the droplet initially has no rota- 
tional motion and its relative velocity is 
in the direction of gravity, the maxi- 
mum evaporation rate at the front of 
the droplet results in a high concentra- 
tion of solute in that area. This ordi- 
narily implies a greater than average 
density at the front of the drop, a situ- 
ation which could add to the stability 
against rotation. 

It is postulated that the surface 
solute concentration does not remain 
uniform but rather rises smoothly from 
its initial value. Since the rate of evap- 
oration is almost constant (depending 
on the vapor pressure-concentration 
relation and any changes in the Rey- 
nolds number of the flow) and the 
surface concentration is increasing, the 
rate of accumulation at the surface in- 
creases. When the surface concentra- 
tion reaches the saturation value, it 
can no longer continue to increase and 
solute must be deposited as a solid 
phase. Consequently, if the surface 
concentration of solute could be ex- 
pressed as a function of time and dry- 
ing conditions, the time of formation 
of the solid phase could be predicted. 
If rigorous, such a function would be 
complicated by the lack of spherical 
symmetry and by internal circulation. 

Using this concept of the process as 
a basis and assuming internal transfer 
by diffusion only, one can express the 
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surface concentration of solute as a 
function of time and drying conditions 
and estimate the time of formation of 
the solid phase. Such a function should 
also take into account the lack of 
spherical symmetry in and around the 
droplet, as well as internal circulation. 
Their inclusion, however, renders the 
problem so complex as to be insoluble. 
The solution of the simplified problem 
cannot be expected to predict values 
accurately, but the form of the solution 
should be useful in the correlation of 
experimental data. 

A formulation of the problem is best 
accomplished by considering a syn- 
thetic model which most closely ap- 


Fig. 1. Suspended drop. 


proximates the drying droplet and yet 
is sufficiently simple to be expressed 
in a usable mathematical form. If 
transfer in the droplet by diffusion only 
is assumed, together with spherical 
symmetry, then the radial diffusion 
equation in spherical coordinates may 
be used as the basic differential equa- 
tion. One of the boundary conditions 
results from the practical situation that 
the droplet is initially of uniform con- 
centration. The second boundary con- 
dition must express the accumulation 
of solute in the surface layer of the 
droplet resulting from water evapora- 
tion and droplet shrinkage. Since a 
moving boundary presents serious 
mathematical difficulties, the model 
droplet is considered to be of constant 
diameter and to be receiving solute 
through the surface in an amount per 
unit time equal to the solute in a sur- 
face layer of volume equivalent to the 
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actual drop volume decrease per unit 
time. 

Mathematically this boundary-value 
problem becomes 


cosh ¢ eth = ) exp 


dc 2Bc 
(7) 

=2/2 2 x 
Solution of Equations (1), (2), and 


(7) leads to 


2 


c(r, 0) = 


Qan 
sin\ ——— 
x 


¢ (sinh*s — 8) 


8 
= an(sin*an + B) (8) 
where 
(1) ¢ is the positive real root of 
00 or” 
tanh y = (8a) 
B+1 
The boundary conditions may be po | 
written a, (n= 1, 2, 3, ..) are the positive 
2 
c(r,0) =c, O<r<x,/2 (2) real roots of tan z = (8b) 


Fig. 2. Drop balance. 


dm _ 
—— ‘vc 
>} 
OF 


A practical approximation in most 
cases is that the evaporation rate 
dm/dé@ from a droplet of solution is 
equal to that from a pure-water drop- 
let of the same size. 

For an evaporating droplet of pure 
liquid 


At low Reynolds numbers and for 
small ranges of x,[d(x*)]/d@ may be 
considered constant. An evaporation 
constant K is therefore defined by 


d (x*) 
(5) 
55 (5) 
or 
(6) 
dé 


Substituting Equation (6) into Equa- 
tion (3) yields 
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and_ thermoelement 
combination. 


Fig. 3. Drop-suspension 


Compensation for changing drop 
size is made by inserting the relation 


x — 8K6 (9) 


Since it is postulated that a solid 
phase appears as soon as the surface 
becomes saturated, the time of the 
formation of a solid phase about the 
droplet will be that at which 


c(x/2,0.) = (10) 


Equation (10) is much too compli- 
cated to be satisfactorily solved for 
Fortunately several compensatory 
approximations can be made to render 
a solution possible. Calculation omit- 
ting the terms under the summation 
sign yields a somewhat high value of 
c(x/2,0). This discrepancy is counter- 
acted to a large extent by replacement 
of (2B cosh ¢ sinh ] 
by unity. The simplified expression is 
then 

c(x/2,0) = exp [ (4¢°D 0, | (11) 


x.” — 8K0 


It can be seen that the two approxi- 
mations are exactly compensating 
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CRUST STRUCTURE 


SEQUENCE 
RIGID & NO CHANGE 
POROUS I 
CHANGE Ira 


BELOW BOILING POINT GROWING Ic 
| | | 
SHRIVELLED 
LIQUID FIRST PARTIAL COMPLETE RIGID & NO CHANGE 
DROPLET SOLID CRUST CRUST | POROUS 
AIR TEMPERATURES BUBBLING 
| LESS POROUS | | 
-&. @ 
MAJOR FRACTURE 
when @=0, since e(x/2,0) = c.. | cotapse 
Using Equations (10) and (11), one | SKIN REFORMS 
may now evaluate as | 
| 
Xo In ( Ce ) | pLastic __ ATION wb 
NON-POROUS 
6. = 4D Co ) BUBBLE 
2 
+ 2B1n ) SPONG 


A convenient substitution for calcula- 
tion is c,/c, = (p.C,)/(p.C.). 

Equation (12) will be used as a 
correlating equation for experimental 
data concerning the formation of a 
solid phase about a droplet. 


EXPERIMENTAL EQUIPMENT 
AND PROCEDURES 


For study of the drying of droplets of 
aqueous solutions, a technique was de- 
veloped wherein an individual droplet was 
suspended in a controlled air stream, and 
its weight or temperature was measured 
as the drying progressed. Visual observa- 
tions of the appearance and size of the 
particle were recorded. 


Control and Measurement of 
Air Stream Conditions 


The metering and control of the test 
air stream were accomplished with es- 
sentially the same equipment used by Ranz 
and Marshall (10) with the exception that 
the 140-mesh screen on the convergent 
nozzle over which the drop was suspended 
was omitted, since it was easily clogged by 
stray droplets of solution. 


Droplet Formation and Suspension 


The droplets.to be dried were formed 
from a microburette, the tip of which was 
fitted with a glass capillary tube of ap- 
proximately 275-4 diameter thoroughly 
coated inside and out with Dri-film to fa- 
cilitate the transfer of the droplet to the 
suspension filament. The transfer was ac- 
complished by picking the droplet from 
the tip of the burette with a horizontally 
held glass filament, touching it to the end 
of the suspension filament, then drawing 
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Fig. 4. Appearance changes in drying droplets. 


the transferring filament out through it. 
This allowed the droplet to slide off 
one filament and be left clinging to the 
other. 

The suspension adopted was a vertical 
glass filament, the tip of which was drawn 
to small diameter and then touched to a 
flame to give a small knob on the end. 
Typical diameters were 340u for the main 
filament, 70u for the necked-in portion, and 
2004 for the knob. The upper portion of 
the knob and the adjoining filament were 
coated with Dri-film to prevent the drop- 
lets from climbing the filament, but suf- 
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Fig. 5. Effect of air velocity on drying aqueous 
sodium-sulfate drops te = 94°F., x. = 0.1565 
cm., C, = 0.082 g./g. solution. 
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ficient wettable area was left to support the 
droplet. The vertical positioning of the 
filament with the air stream blowing up 
from below minimized flow disturbances 
and eliminated transverse convection cur- 
rents in the jet. 

The surface of a drop suspended from 
the filament intersected the knob approxi- 
mately at its equator as shown in Figure 1. 
The immersed portion of the knob, there- 
fore, added only about 0.1% to the volume 
of a 2- by 10“-ml. droplet, the size most 
frequently used in the investigation. The 
cross-sectional area of the knob amounted 
to just 0.5% of the droplet area. It was es- 
timated that the heat conducted to the 
droplet along the filament did not exceed 
1% of the total heat input to the droplet. 


Measurement of Droplet Weight 

The visual technique of measuring 
evaporation rates from pure-liquid drops 
(10) is not admissible to the study of 
drops around which a solid structure has 
formed. For this study the balance shown 
in Figure 2 was developed, whereby the 
weight of a suspended droplet could be 
measured at intervals throughout the course 
of the drying. The main element of the 
balance was a glass filament 43 cm. in 
length tapered from a diameter of 425u 
at its fixed end to 210u at its free end. 
The large end was fixed to the vertically 
travelling micrometer stage of a cathetom- 
eter. Welded at right angles to the free 
end was a 3.2-cm. suspension filament of 
the type described above. As mounted, the 
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Fig. 6. Effect of air velocity on drying aqueous Fig. 7. Drying of aqueous sodium sulfate drops Fig. 8. Drying of aqueous sodium sulfate drops Fi 
sodium-sulfate drops ta = 94°F., x. = 0.1565 of different initial diameters t: = 94°F., v. == _of different initial diameters t: = 94 F., Va = di 
cm., C. = 0.164 g./g. solution. 97 cm./sec., Co = 0.082 g./g. solution. 97 cm./sec., Co = 0.165 g./g. solution. so! 


Materials and Range of Conditions Studied 
Weight loss, temperature history, and 


tical conditions therefore measured mass 


fixed end of the weighing filament was 
transfer in one and drop temperature in the 


inclined at 45 deg., whereas the free end 


came to rest under its own weight in an _ other. time necessary for solid formation were so 
almost horizontal position. Under the weight Mass transfer data in the form of a measured for droplets of a number of hy 
of a droplet suspended on it the free end of weight history of a droplet were obtained. aqueous solutions and suspensions. Parallel dy 
the filament deflected a distance which Under most conditions the particle was sets of runs under similar conditions in pe 
was a unique function of the drop weight. weighed at 1-min. intervals. The time dur- — which weight loss and temperature history 
The amount of deflection could be deter- ing which the air flow was cut off from were measured were made with aqueous th 
mined by measuring the vertical distance the particle to permit one weighing was solutions of the following materials with di 
through which it was necessary to raise about 10 sec. and was not included in the  jnitial solute concentrations as indicated; TI 
the fixed end of the filament so that the recorded drying time. A change inthe num- sodium sulfate (8.2 and 16.4 wt. %), po- mi 
free end was restored to its zero position. ber or spacing of weighings did not notice- tassium sulfate (5.3 and 10.7 wt. %), cop- an 
The drop weight could then be determined ably affect the results. per sulfate (10.7 wt. %), ammonium ni- th 
from a calibration curve relating weight to The recorded temperature histories of trate (12.5, 25.0 and 50.0 wt. %), calcium co 
deflection. The calibration curve was al- the droplets were continuous, since there chloride (10.0, 19.4, 30.0, and 41.0 wt. %), pe 
most linear and showed that the filament was no necessity for interrupting the air sodium acetate (12.4 and 25.0 wt. %), and pr 
deflected an average of 12.8 mm./mg. and flow to obtain readings. coffee extract (26.0 wt. % solids). Wi 
had a capacity of 4.0 mg., approximately The drying particle was kept under al- A variety of aqueous solutions and sus- ni 
the weight of a 1,970-u drop. It was es- ost continuous observation during that pensions were dried as individual droplets or 
timated that changes in drop weight could portion of the drying in which significant under close observation with regard to pe 
be measured within +0.01 mg. changes in appearance could be detected. solid-phase formation and general appear- 

To permit weighing of a droplet evap- Special notice was made of the times at ance during drying. No droplet weights or dr 


orating in flowing air from the nozzle, a 


; . temperatures were recorded, only drying 
deflecting shield was swung over the nozzle 


which the solid phase first appeared and 
conditions. Included in this group were 


at which it completely encased the par- 


nia at the time a weight reading was ticle. ammonium sulfate, ammonium chloride, 
made. 
Measurement of Droplet Temperature 

Figure 3 shows the suspension and = 
thermoelement combination used for runs 
in which the temperature history of the 
fork of glass tubing, to hold the thermo- 2 yi A " 
couple, and a suspension filament. The 
thermoelement was formed from %-ml. “a 
manganin and constantan wires and was 2 1.0 100 
connected to a quick-response recording ie Y = 
potentiometer. > 4 * appearance of Ist crystals - 

= y, 4 =completion of crust 

Ss 68 ——— «pure water drops __I50 
Visual Observation System € w 

During all runs the evaporating droplets " (; 2 | ED 
were observed under magnification from 
two perpendicular directions, in silhouette ) 1 0 
on the ground glass of a microscope camera Time Ge 
and by reflected light in a microscope gees Di 
fitted with a micrometer eyepiece. Fig. 9. Effect of temperature on the drying of drops of sodium sulfate 

: solution; xo = 0.1565 cm., C. = 0.082 g./gm. solution. 

Experimental Procedures I. Cumulative weight loss, t: = 197°F., va = 117 cm./sec. ” 

It was impractical to measure the droplet Il. Temperature difference, t. = 191°F., ve = 114 cm/sec. i 
temperature and its weight loss during the Ill. Cumulative weight loss, t2 = 94°F., vi = 97 cm./sec. - 
same experiment. Parallel runs under iden- IV. Temperature difference, t2 = 93°F., va — 97 cm./sec. to 
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Fig. 10. Effect of temperature on the drying of drops of so- Fig. 11. Effect of initial concentration on the drying of drops 


dium sulfate solution; x. = 
solution. 


0.1565 cm., 


= 0.164 g./g. 


I. Cumulative weight loss, t. = 197°F., va = 117 cm./sec. 
Il. Temperature difference, t2 = 193°F., v2 = 114 cm./sec. 


Ill. Cumulative weight loss, t. — 94°F., va = 
IV. Temperature difference, t. — 94°F., va = 


sodium chloride, potassium nitrate, lithium 
hypochlorite, sucrose, a dispersible blue 
dye, whole fresh milk, and a dispersion of 
polyvinyl acetate resin in water. 

The experimental techniques required 
the use of drying conditions which pro- 
duced relatively slow rates of evaporation. 
The majority of the work was done at 
moderate air temperatures and_ velocities 
and with large droplets. Unfortunately, 
these are not the conditions usually en- 
countered in practical spray drying. Where 
possible, practical conditions were ap- 
proached. Tests were carried out over as 
wide a range of the variables as the tech- 
niques and apparatus would permit in 
order to aid the extrapolation of the ex- 
perimental data to commercial conditions. 

The ranges of variables under which 
droplets were dried were 


88° to 318°F 


39 to 157 cm./sec. 
(1.2 to 5.2 ft./sec. ) 


125 x 10° to 
300 x 10° ml. 


1.3 to 1.8 mm. 


Air temperature 


Air velocity 
Droplet volume 


Droplet diameter 


Initial solute 


concentration 5.3 to 50 wt. % 


Ratio of initial 
concentrate to 
saturation 
concentration 


0.18 to 0.89 


EXPERIMENTAL RESULTS AND 
THEIR CORRELATION 


General Appearance of Droplet 
During Drying 


A generalized description of the 
appearance of a suspended droplet of 
an aqueous solution of an inorganic 
salt drying under conditions similar 
to those used in this investigation will 
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97 cm./sec. 
97 cm./sec. 


be useful in understanding the experi- 
mental data obtained (Figure 4). Up 
to a point the sequences of events 
which were observed were similar for 
all droplets no matter what the solute 
or the drying conditions. During the 
first portion of the drying the droplet 
decreased in size with no appearance 
of a solid phase. The presence of a 
solid phase was first evidenced by 
the formation of crystals at the bot- 
tom of the drop. As drying pro- 
gressed, more crystals appeared, form- 
ing a surface crust which grew 
steadily up the sides of the droplet. 
If the droplet did not rotate, the ad- 
vancing front of the crust remained 
symmetrical about the vertical axis 
and continued to ise until the droplet 
was completely encased in a layer of 
solid material. The rate of advance 


of ammonium nitrate solution. 


of the solid front was initially rela- 
tively fast. It slowed markedly as it 
approached the droplet equator; then, 
once past it, it speeded up, complet- 
ing the upper half of the crust in ap- 
preciably less time than was required 
for the formation of the lower portion. 
If the drop (or its surface) rotated, 
swinging the solid up the side of the 
drop, there was a strong tendency for 
the crust to re-form in its previous 
position. That portion of the crust 
which bodily advanced past the lati- 
tude of the old solid front rapidly re- 
dissolved. Also the crust quickly grew 
over any liquid surface which was 
exposed below the normal front lati- 
tude. The redissolution process was in 
general more rapid than the reforma- 
tion process. 

The results of further drying after 
the completion of the crust about the 
droplet differed depending on the na- 
ture of the solute and the surrounding 
air temperature. 

If the air temperature was below 
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Fig. 12. Effect of temperature on the drying of drops of ammonium 
nitrate solution. 
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the boiling point of the solution, 
several different phenomena were 
possible. If the crust was rigid and 
quite porous (sequence I, Figure 4), 
its appearance did not change appre- 
ciably with further drying. The liquid- 
vapor interfaces retreated into the 
pores between the crystals. This re- 
treat could be detected by a twinkl- 
ing within the crust. Examples of such 
behavior were observed in the drying 
of potassium sulfate, ammonium chlo- 
ride, and sodium chloride solutions. If 
the crust was rigid but not too porous 
(sequence II), stresses set up by the 
further crystal growth or by the sur- 
face tension of the liquid phase often 


Co= 0.107 gm.Kz SO,/gm. solution 
0.1565 cm. 


mg. or (°F x 102) 


to® 165°F 


78 cm./sec. 
- appearance of Ist crystals 


a=completion of crust 


Cumulative weight loss, 


400 
Time, sec. 


Fig. 13. Drying of several drops of potassium 
sulfate solution. 


fractured the crust. This allowed air 
to enter the particle, and the liquid- 
vapor interface returned to the crust 
surface under the influence of capil- 
lary forces. Further formation of solid 
occurred as a crystal “fur” growing 
either out from the particle surface 
(sequence IIb) or within the crust 
structure (sequence IIa) or both. 
During this formation the break in 
the solid shell was sometimes closed, 
disrupting the supply of air to the 
particle center. If such was the case, 
the liquid interface once more re- 
treated into the crust interstices, ap- 
proximating the condition existing be- 
fore the crust fracture occurred. If no 
additional breakdown of the shell oc- 
curred, the solid which formed as a 
result of the continued drying was 
deposited within the crust or on its 
inside surface. As the amount of 
liquid diminished, successively smaller 
pores were emptied. Once a_ pore 
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pathway between the outer and inner 
shell surfaces was emptied of liquid, 
air could enter the core of the particle 
forming an air bubble at its center. 
If the crust was transparent or trans- 
lucent, the bubble could be observed 
to grow. Solutions of ammonium sul- 
fate, sodium sulfate, copper sulfate, 
and ammonium nitrate exhibited the 
characteristics of sequence II. 

If the solid which encased the drop 
formed a pliable and relatively im- 
pervious skin (sequence III), the de- 
crease in particle volume which re- 
sulted from drying after completion 
of the skin caused it to dimple or 
wrinkle. This behavior was observed 
in the drying of coffee extract and in 
the early stages of the drying of am- 
monium nitrate, sodium acetate, and 
ammonium chloride solutions. Rup- 
ture by implosion could eventually 
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Fig. 14. Cross section of potassium sulfate 
particle. 


occur as the skin thickened and stiff- 
ened. 

Somewhat different results were 
observed after the closure of the crust 
about the droplet, if the surrounding 
air temperature was appreciably above 
the boiling point of the solution. The 
slowing of the mass transfer rate as 
a result of the additional mass-trans- 
fer resistance offered by the crust 
allowed the particle temperature to 
approach that of the surrounding air. 
When the boiling point of the solution 
was reached, vapor formed and a 
positive pressure was created within 
the particle. What effect this pressure 
had depended on the nature of the 
solid shell. If the structure was very 
open (sequence IV), the liquid was 
merely forced through the pores to 
the surface, where it quickly evapo- 
rated. If the crust was not sufficiently 
permeable to allow easy passage of 
the liquid, pressure built up within 
the particle. Under this internal stress 
rigid crusts (sequences V)_ usually 
fractured and plastic ones (sequence 
VI) inflated. In the latter case the 
stretching sometimes increased the 
skin permeability to a sufficient de- 
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gree to allow the needed transmission 
(sequence VIb). If not, the skin rup- 
tured, then collapsed (sequences Vla 
and VIc). Observed examples of these 
classifications were sodium chloride, 
copper sulfate (Va), ammonium sul- 
fate (Vb), lithium hypochlorite, 
sucrose, ammonium sulfate (VIa), 
potassium nitrate, whole fresh milk, 
dispersion of polyvinyl acetate (VIb), 
and coffee extract (VIc). 

‘In virtually all cases the final parti- 
cle consisted of a hollow, thin, nearly 
spherical crust. The outer surface was 
usually quite smooth, whereas the 
inner surface was rough and uneven. 
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Fig. 15. Drying of droplets of copper sulfate 
solution. 


Occasionally the inner core contained 
an open network of large crystals. 


General Forms of the Weight-Loss 
and Temperature vs. Time Curves 


When a droplet of pure solvent 
was evaporated, the cumulative 
weight-loss vs. time relation that was 
obtained was a smooth curve, concave 
downward and of increasing curva- 
ture. The temperature-time curve was 
a horizontal straight line until the 
droplet became extremely small, when 
the external effects of the suspension 
filament and the thermocouple _be- 
came appreciable. 

Early in the drying of a droplet of 
an aqueous solution of an inorganic 
salt which had little effect on the va- 
por pressure, the cumulative weight- 
loss-vs.-time curve, closely followed 
the curve for a pure-water droplet of 
the same initial Volume. Generally 
the coincidence of the weight-loss 
curves for droplets of water and of 
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solutions persisted past the first for- 
mation of the solid phase and almost 
to the completion of the crust. 

At the start of drying, the tem- 
perature of a droplet of solution was 
only slightly above that of a water 
droplet evaporating under the same 
conditions. The extent of the differ- 
ence was dependent on the relative 
lowering of the vapor pressure by the 
dissolved salt. As evaporation con- 
tinued and the surface layer of solu- 
tion became more concentrated, the 
drop temperature rose slowly. The 
rate of rise increased somewhat with 
the first appearance of the solid phase 
and increased rapidly as the crust 
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Fig. 16. Drying of droplet of copper sulfate 
solution in 262°F. air. 


neared completion. 


Curves of Weight Loss and 
Temperature vs. Time 


Figures 5 to 13 and 15 to 19 are 
specific examples of the weight-loss 
and temperature curves obtained in 
this study. Additional examples are 
given in the thesis (1) on which this 
paper is based. The weight-loss curves 
were experimentally measured weight- 
time relations, while the At curves 
were derived from the continuous chart 
records, smoothed to remove the effect 
of the rapid oscillations of air tempera- 
ture. A reproduction of an actual tem- 
perature is given in Figure 20. 

The data obtained for the drying of 
drops of sodium sulfate solutions under 
various conditions are shown in Figures 
5 to 10. In a majority of the droplets 
dried there was some inward collapse 
of the solid shell after it had formed, 
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sometimes revealing a liquid surface or 
the hollow interior of the particle. These 
fractures were reflected in the weight 
and temperature curves by the sharp 
breaks in the second-period portion of 
the curves as shown in Figures 6, 8, 9, 
and 10. Greater initial solute concen- 
trations increased the tendency of the 
crust to fracture. If the final particle 
were crushed and observed under the 
microscope, it was found to be a thin- 
walled hollow sphere with a crust 
thickness about one twentieth of the 
particle diameter. The outside of the 
shell was quite smooth, excluding any 
furry growth, whereas the inner surface 
was rough and jagged. 


° 


Co 0.26 gm./gm. soin. 


\ / Xo 20.1565 cm. 


/ tg = I70°F 


Vq 78cm. /sec. 
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| 


200 400 
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Cumulative weight loss,mg.,or at=(t,-t,), °FxtO-2 


Fig. 17. Drying of droplets of coffee extract. 


Figure 11 shows the data for the 
drying of ammonium nitrate solutions 
of three different initial concentrations 
expressed as cumulative weight loss 
against the elapsed drying time. Not 
only was more water removed in a 
given time from the droplet of lower 
initial concentration, but also the par- 
ticle so formed approached dryness 
more quickly. It was also noted that at 
the moment the crust was completed 
the average concentration of the par- 
ticle was approximately the same no 
matter what the initial concentration 
or the drying conditions. 

The temperature behavior of drop- 
lets of ammonium nitrate  sclution 
evaporating under various conditions is 
shown in Figure 12. Immediately after 
the first crystals had formed, the At 
between air stream and particle drop- 
ped off quite rapidly. At least part of 
this effect can be ascribed to the large 
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heat of crystallization of ammonium 
nitrate. 

The weight-loss curves obtained 
from the drying of droplets of potassium 
sulfate solution in a 165°F. air stream 
(Figure 13) were exceptional in that 
the completion of the crust about the 
drop did not cause the evaporation rate 
to drop off too sharply. In fact, rela- 
tively fast rates of evaporation persisted 
until the particle was completely dry, 
as shown by the cumulative weight- 
loss curves running into their maximum 
values and At dropping suddenly to 
zero. Apparently the crust was quite 
open in structure and easily drew the 
liquid from the interior to the outer 
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Fig. 18. Drying of droplet of coffee extract in 
270°F. air. 


surface. So rapid was this flow that 
the crust did not have time to com- 
pletely cover the droplet. As the crust 
neared completion, the liquid was 
drawn away from the open area, leav- 
ing a sizable crater in the crust. When 
fractured and viewed under the micro- 
scope, the dried particle proved to be 
a very thin shell composed of large 
crystals. A cross section of the shell 
through the crater is shown in Figure 
14. 

The crust formed upon the drying of 
droplets of copper sulfate solution was 
of low permeability, as is evidenced by 
the flattening of the cumulative weight- 
loss curve (Figure 15) soon after the 
completion of the solid shell. During 
the drying of one particle the crust 
fractured, and immediately the drying 
rate jumped to an appreciably higher 
value and maintained it until the par- 
ticle reached a composition equivalent 
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the pentahydrate. This indicated that Fig. 21. Correlation of first appearance of crystals by Equation (12). 
before the fracture of the crust the 
evaporation rate was controlled by the 
diffusion of vapor from the liquid- 
vapor interface through the crust to the particle surface. In a 262°F. ait 
stream a solid crust quickly formed 
about the drop. The particle tempera- 
ture reached the boiling point, and the 
5 3 particle bubbled vigorously, fracturing 
the crust at several points. The final 
- +| particle was white, shiny, and quite 
tome smooth. The At time curve is shown in 


Fig. 20. Sample temperature-vs.-time data from  recorder- 
strip chart. 
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0.25 mv. 


° Figure 16. 

When dried below the boiling point, 
a droplet of coffee extract first skinned 
over and then shriveled. The skin acted 
as a pliable sack suspended from the 
filament. As more and more of the 
liquid was evaporated, the upper por- 
tions of the skin wrinkled and the par- 
ticle became longer than it was wide. 
Weight-loss and At curves are given in 
Figure 17. 

If the air temperature was above the 
boiling point of the extract, the final 
dried particle took on a completely 
different appearance. It first shriveled 
in a manner similar to that described 
above. When the droplet reached the 
boiling point, internal vaporization in- 
3 flated the surface skin until rupture 
occurred. The skin then repeatedly in- 
flated and collapsed, forming a spongy 
structure. Each small bubble in the 
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Fig. 22. Correlation of time of crust completion by Equation 


(12). 


final dried particle appeared to be the 
result of one cycle of inflation and col- 
lapse. The temperature history of a 
droplet dried in air at 270°F. is given 
in Figure 18. 


Surface Concentrations 

Ranz and Marshall (10) suggested 
that droplets of solutions evaporated at 
all times as if they were saturated, 
even though the average solute con- 
centration in the droplet was well be- 
low the saturation value. To test this 
hypothesis, a number of measurements 
of droplet weight loss and temperature 
were made with calcium chloride solu- 
tions of four different initial concentra- 
tions. The results are plotted in Figure 
19. Pronounced differences in droplet 
temperatures and evaporation rates 
were noted between the droplets of 
different initial concentration. It is thus 
apparent that droplets of all aqueous 
solutions of any concentration do not 
necessarily evaporate as if saturated. 


Formation of a Solid Phase in Drying 
a Droplet of Solution 


The time of the formation of a solid 
phase around a drying droplet is im- 
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portant since it limits the period of 
relatively rapid drying. It also has an 


(14). 


important bearing on the size and prop- 
erties of the final dry product. 

In all but a few of the runs in which 
droplets of salt solutions were dried, 
the times of appearance of the first 
crystals and of the completion of a 
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tion (16). 


solid crust about the droplet were 
noted. These results were correlated by 
means of Equation (12). Figures 21 
and 22 show the observed time of 
formation of the first crystals and of 
the completed crust, respectively, plot- 
ted against the value calculated from 
Equation (12). In Figure 22 a straight 
line having the equation 


1.84”, In ( 


(18) 


4D [ + )| 


has been drawn along the minimum 
bound of the data. 

In the calculation of values of 06, 
from Equation (12) the following 
practical assumptions were made: (1) 
the droplet was at the wet bulb tem- 
perature, (2) the initial evaporation 
rate was equal to the rate of evapora- 
tion of a pure-water droplet of the 
same size as calculated from the mass 
transfer correlation of Ranz and Mar- 
shall (10), (8) K was evaluated at 
initial conditions, and, (4) the partial 
specific volume of water in the solution 
was assumed to be 1.0 ce./g. 

A severe limitation on the accuracy 
of the calculations is imposed by the 
lack of reliable data for the diffusivities 
of salts in aqueous solution. Most data 
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in the literature are reported as aver- 
age values for concentration ranges 
from fixed values of infinite dilution. 
The values used in the calculations 
were based on those reported in the 
International Critical Tables adjusted 
as well as possible to the experimental 
conditions of concentration and tem- 
perature. 

From the results of the runs in 
which the weight loss from the drops 
was measured, it was noted that for 
any one solute the average moisture 
content of the particle at the time of 
crust completion had approximately 
the same value for all droplets dried 
and was apparently independent of 
initial droplet diameter, initial solute 
concentration, and drying conditions. 
If this is assumed always to be true, the 
following expression for @, can be de- 
rived: 


TABLE 1. VALUES OF THE PARAMETER 
W. FoR VARIOUS SOLUTES 


1b./Ib. dry solid 


Solute 
Sodium sulfate 1.75 
Potassium sulfate 4,32 
Ammonium nitrate 0.45 
Copper sulfate 2.47 
Sodium acetate 0.70 
Ammonium sulfate ESS. 
Ammonium chloride 2.20 
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[1—C,(W.+1)] (14) 


For the solutes studied, an average 
value of a was found to be 0.67. Table 
1 lists values of W, chosen so that val- 
ues of @, calculated from Equation 
(14) would besi fit the experimental 
data. 

In Figure 23 the observed values of 
6. are plotted against those calculated 
from Equation (14) with the param- 
eters of Table 1. Agreement is quite 
good between observed and calculated 
values. However the correlation seems 
more coincidental than logical. It is 
quite evident that it will not yield 
satisfactory results at conditions greatly 
temoved from those under which the 
experiments were carried out; for in- 
stance, it would be expected that, if 
the initial solute concentration were 
equivalent to the saturation value at 
the evaporating temperature, the solid 
crust would form immediately. To pre- 
dict this the term [1—C,(W.+1)] in 
Equation (14) must equal zero if C, 
is the saturation value. Consequently, 
since solubility varies with tempera- 
ture, W, must also if the correlation is 
to hold for all temperatures. Such a 
dependency could not be detected in 
the experimental results. From solute 
to solute, however, W. does seem to be 
related to solubility as is indicated in 
Figure 24. If the relation represented 
by the 45-deg. line in Figure 24 is used 
for the approximation of W, values, 
Equation (14) may be used without 
the need of experimentally determining 
parameter values. Also, a zero value of 
6. is then indicated for droplets initially 
saturated. The equation of the 45-deg. 
line of Figure 25 is 

1 

(W. + 1) C. (15) 

Inserting Equation (15) into Equa- 
tion (14) gives 

16 

8K [1—(C./C.)] (16) 

Figures 25 and 26 show the ob- 
served time of the formation of the 
first crystals and of the completed 
crust, respectively, plotted against 
values calculated from Equation (16). 


Final Particle Diameters 

The final dried particle was not al- 
ways spherical, and consequently its 
final volume was difficult to estimate. 
Within the experimental error the de- 
crease in the volume of particles from 
initial droplet to dried particle, when 
drying was carried out at temperatures 
below the boiling point, was equal to 
the volume of the water evaporated 
before the completion of the solid 
crust. For drying at temperatures above 
the boiling point insufficient data were 
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Fig. 26. Correlation of time of crust completion by Equation 
(16). 


obtained to justify any conclusions. In 
many cases the final particle was larger 
than the original droplet because of in- 
flation of the crust by internal pres- 
sure. The amount of inflation varied 
from particle to particle, even though 
drying conditions were constant. Some 
materials, such as sodium sulfate, 
showed little expansion under any cir- 
cumstance. 


Circulation Within Drying Droplets 
Evidence of liquid movement was 
noted during the drying of a number 
of the droplets. However since with 
few exceptions the circulation appeared 
to be either on the surface or parallel 
to it, the movement may be attributed 
to either circulation within the droplet 
or rotation of the droplet as a whole. 
The majority of the observations 
seemed to indicate the latter. The par- 
ticles of solid phase which formed 
during the drying frequently moved 
about on the droplet surface but were 
never observed to move into the in- 
terior. This does not negate a radial 
movement of the liquid but may only 
be an indication of the effect of surface 
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tension and _ concentration gradients. 
However on the few occasions when 
dust particles were observed within 
the droplet, their motion always ap- 
peared to be parallel to the surface. 


NOTATION 

B = constant in falling-rate equa- 
tion = R’,/W. 

C = solute weight fraction, g. 


solute/g. solution 


k = thermal conductivity, cal./ 
(sec.) (sq. cm.) (°C./cm.) 

L = vertical distance along spray- 
dryer axis 

m = weight of droplet, g. 

Ny. = Nusselt number for heat 
transfer = hx/k 

R’, = rate of evaporation in con- 
stant-rate period 

r = distance from center of drop 

s = weight of total solute in 
droplet, g. 

t = temperature, °C. 

v = velocity, cm./sec. 

v = partial specific volume, cc./g. 

WwW = moisture content, lb. water/ 
Ib. dry solid 

w = weight of water in droplet, g. 

W. = constant for any particular 
solute, moisture content 

x = diameter of droplet, cm. 

Greek Letters 

a = constant for any particular 
solute 

a,(n=1,2,3...) = positive real roots 
of tan z = z2/(B+1) 

B = dimensionless ratio = K/D 

6 = time variable, sec. 

0. = time for completion of solid 
crust 

N = latent heat of vaporization, 
cal./g. 

p = density, g./cc. 

d = positive real root of tanh y 
= y/(B+1) 

Subscripts 

a = air stream 

c = value at instant of crust com- 

letion 

d = value for dried particle 

i = value at instant of appear- 
ance of first crystal 

m = mean value 

oO = initial condition 

s = value at saturation 

t = value at terminal velocity 


PART Il 


The practical value of the observa- 
tions and correlations reported in Part 
I of this paper is their applicability to 


c = concentration, g. solute/cc. design calculations. In the following 
solution numerical example illustrating their 
D = diffusivity, sq. cm./sec. use it has been necessary, since much 
= fraction of initial water re- information is not yet available con- 
moved cerning many phases of the spray- 
H = humidity, lb. water/Ib. dry drying process, to make reasonable 
air estimates and simplifying assumptions 
h = heat transfer coefficient, cal./ in order to give continuity to the cal- 
(sec.) (sq. em.) (°C.) culations. 
K = evaporation constant, sq. A spray dryer operates under the fol- 
cm./sec. lowing conditions: 
Inlet Air temperature, 500°F. 
{Humidity 0.010 Ib. water/Ib. dry air 
( Wet-bulb temperature, 126.5°F. 
Outlet 4 Air temperature, 280°F. 
(Humidity, 0.060 Ib. water/Ib. dry air 
Wet-bulb temperature: 126.5°F. 
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Feed 


( Negligible heat losses assumed ) 


Solute, sodium sulfate 
Initial solute concentration, 20.0% by weight 


Distribution, log-probability, by volume 
Drop size ike median drop size, 100u 
bomvece drop size (at 1% level), 40u 
Maximum drop size (at 1% level), 250 


If Equation (15, Part I) is assumed to 
hold, the moisture content of a particle at 
time of crust completion equals 2.16 lb. of 
water/lb. of sodium sulfate. Then the frac- 
tion of water removed by the time of 
crust completion equals 


If the spray has a homogeneous drop size, 
then the humidity at crust completion time 
is = 0.010 + 0.46(0.060 — 0.010) 
0.033 Ib. of water/Ib. of dry air. This cor- 
responds to an air temperature, tac, of 
390°F. For calculation of the time of crust 
completion, the air conditions may be 
taken as an average of the initial values 
and those at crust completion. Hence 


500 + 390 


tam = ——-———— = 445°F, 
9 


Wet-bulb temperature = 126.5°F. 
Humidity (corresponding to above temper- 
atures ) 

= 0.0223 Ib. of water/Ib. of dry air 

The drops are assumed to have a velo- 
city relative to the air equal to their termi- 
nal velocity; then K may be evaluated. 

From Equation (13) the crust comple- 
tion time may be calculated for particular 
drop sizes; hence 


Xo, 40 100 250 
8c,sec. 0.027 0.14 0.53 


On the basis of these figures, the spray 
tower should be designed so that the air- 
flow pattern keeps the spray droplets away 
from the walls for at least 0.6 sec. after 
atomization to prevent solid buildup on the 
walls. Likewise, if there are eddies present 
around the nozzle which will entrain the 
fines, there is likely to be buildup if air- 
borne time is less than 0.03 sec. 

If it is assumed that the final particle 
size is the same as the droplet size at the 
time of crust completion, as appears to be 
the case with salts as sodium sulfate, then 
the final particle density and diameter may 
be calculated. 

The amount of evaporation taking place 
before crust completion can be calculated 
from the correlations for the drying rate 
and the completion of the solid crust. The 
fraction of the initial water removed by 
crust completion time can be calculated as 


_ (am) 


initial water in droplet 
dm 
0.67(2") 
6 p 
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The final particle diameter and particle 
density are then 


Xa = Xo Sree 


C. Pe 


pa = 


For this example numerical results are 


Xo, pa, &./CC. 
50 0.350 43.5 
100 0.346 87.5 
250 0.327 223 
Although information on solid-phase 


formation and product properties is very 
important for design considerations, a major 
need is a method of predicting drying times 
and tower height required for a product 
of the desired moisture content. 

Two drying periods, somewhat analogous 
to those in tray drying, must be considered 
in the drying of a spray droplet. The first 
period is characterized by evaporation from 
a free liquid surface, and the second by 
evaporation from or through a solid struc- 
ture. 

The amount of drying taking place in the 
first period has already been discussed. No 
extensive data were taken on evaporation 
rates during the second period. However a 
linear relationship between evaporation 
rate and moisture content is common in 
tray drying, and it is reasonable to assume 
that such a relationship may be employed 
to give a first approximation as to rates dur- 
ing the second period of spray drying, 
provided the proper proportionality con- 
stant is used and the particle size does not 
change appreciably once the solid crust is 
completed. 

As the second period of drying begins in 
high-temperature drying, the particle tem- 
perature is usually near the boiling point 
of the solution. On the basis of this fact, 
the calculated particle size, and the heat 
transfer correlation for spheres (10), it is 
possible to calculate the drying rate at the 
start of the second period. This enables the 
estimation of the proper proportionality 
constant between the drying rate and the 
moisture content. 


For the second period 


dm 
— ——— = BW 
de 
where 
R’. 
and 
W.= (1—F)W. 
hAAt At 
Re = = 
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The Nusselt number is evaluated at the 
terminal velocity of the particle at the 
instant of crust completion. 

Expressed in terms of moisture content, 
— (s/B)(dW/W) = dé, where s = (x/6) 
hence @ = 6. + {s/B)In(W./W). 
This equation gives a relationship between 
moisture content and drying time. From 
this can be obtained a relationship between 
moisture content and distance fallen, if 
plug flow of air in the tower is assumed. 

For any particular particle size 


L= (v1 Va) de 


The terminal velocity v; may be evaluated 
at an average temperature, since the mean 
film temperature varies to a much lesser 
degree than either the particle or air tem- 
peratures. For this example ts, the net 
downward air velocity in the tower, is 
taken as 1.5 ft./sec. 

The equations may then be applied to 
the heterogeneous spray, with the approxi- 
mate temperature profile assumed. This 
yields a more exact profile. The procedure 
may then be repeated if necessary. 

To apply this method to the numerical 
example, the original spray was divided 
into five size classes, equal in volume, the 
behavior of each class being taken as that 
of its own median-diameter droplet. The 
moisture contents as functions of time and 
of position were determined for the five 
size classes and for the minimum and maxi- 
mum droplet sizes. These are plotted in 
Figures 27 and 28, the resulting tempera- 
ture profile is plotted in Figure 29. 

To carry out this procedure for a hetero- 
geneous spray, it is first necessary to deter- 
mine an approximate temperature profile in 
the tower, preferably by carrying out the 
procedure on the assumption of a homo- 
geneous spray of droplets with diameter 
equal to the median droplet diameter in 
the real distribution, that is 100 for the 
numerical example treated here. 

Assuming that there is no mixing in the 
tower and that plug flow of air exists 
one can obtain from the temperature pro- 
file an indication of the highest tempera- 
tures to which the solid is exposed. This is 
based on the observation that soon after 
the solid phase covers the droplet the par- 
ticle temperature rises sharply toward the 
air temperature. From Figure 29 it can be 
seen that the fines might reach 477°F. and 
that the majority cf the particles will be 
exposed to 350°F. 

In these calculations the values used 
for the crust completion times were 
the minimum values to be expected. 
Experiment has shown that the first 
drying period may persist considerably 
longer than these values would indi- 
cate, but use of the minimum values 
is preferable, as they represent the 
worst picture of the process from the 
drying point of view. A longer dura- 
tion of the first drying period for a 
portion of the particles than that as- 
sumed would result, in practice, in a 
lower temperature exposure and a 
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Fig. 27. Variation of moisture content for droplet of sodium 


sulfate solution with time in a spray dryer. 


drier product. The only design factor 
in which a maximum length of the 
first period might be considered is the 
air-borne time necessary to prevent 
buildup on the dryer walls. In the 
numerical example considered here it 
would be preferable if dryer size and 
air-flow pattern were adjusted so that 
no particle reached the walls in less 
than 1 sec. 


DISCUSSION OF RESULTS 


The First Period of Drying 

The first period of drying is charac- 
terized by evaporation from a free 
liquid surface. It is natural therefore 
to compare the evaporation during this 
period with that taking place from a 
pure-water droplet. It is doubtful that, 
as discussed earlier, the assumption of 
Ranz and Marshall (10) that a drop 
of solution evaporates at all times as 
if it were saturated, regardless of the 
average solute concentration in the 
droplet, is realized in practice. The 
results of the drying of droplets of cal- 
cium chloride solutions seem to confirm 
this (Figure 19). Apparently the sur- 
face concentration rises from its initial 
value toward the saturation value in a 
manner similar to that predicted by 
Equation (8). Consequently the evap- 
oration rate during the first period of 
drying is less affected by the change 
in vapor pressure caused by the pres- 
ence of the solute than would be pre- 
dicted by the use of the Ranz and 
Marshall assumption. Also since the 
majority of salts have only a small 
effect on vapor pressure, even when 
present at saturation concentrations, 
from the standpoint of practical usage 
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rather than theory the increased diffi- 
culties to calculation introduced by 
taking into account a vapor pressure 
changing with time would not be 
justified. Except in the drying of solu- 
tions of materials, such as calcium 
chloride, which have a very marked 
effect on the vapor pressure, it is pre- 
ferable to assume that the evaporation 
rate for a solution is the same as that 
for a pure-water droplet. Greater errors 
are usually introduced in assumptions 
concerning the relative velocity of the 
droplet with respect to the air, espe- 
cially immediately after atomization, 
and the air temperature and humidity. 
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Fig. 29 Calculated temperature profiles in a 
spray dryer. 
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Distance from atomizer, ft. 


Fig. 28. Particle moisture-content profiles in a spray dryer. 


A similar argument can be advanced 
for the use of the wet-bulb tempera- 
ture as that of the evaporating droplet. 

Examination of Figures 9 and 11 
shows the approach to equivalence of 
evaporation rates from droplets of 
solutions and water initially of the 
same size. It will be noted that the rate 
from a droplet of solution remains 
close to that from a water droplet 
even after the solid phase has appeared 
and almost until the droplet is covered 
with solid. The solid crust is evidently 
sufficiently porous so that its surface 
remains wetted and continues to ex- 
pose a liquid surface to the air stream. 
From the combination of weight-loss 
and temperature data it can be shown 
that during this period the heat trans- 
fer coefficient does not show any 
changes not attributable to the changes 
in the droplet diameter and tempera- 
ture. This is further evidence that the 
liquid interface remains close to the 
particle surface until the crust com- 
pletely covers the dropiet. 


The Formation of the Solid Phase 

The solid-phase formation data as 
plotted in Figures 22, 23, and 26 show 
considerable scatter. It is reduced to 
some extent in Figure 23, since the 
correlating Equation (14) contains an 
empirically adjusted parameter. No 
form of correlating equation, however, 
could remove all the scatter, since the 
observed times for crust completion for 
consecutive runs under identical con- 
ditions varied as much as + 15% from 
the mean. The usual variation was 
about + 7%. A good deal of the scatter 
of the data can be attributed to natural 
randomness inherent in the crystalliza- 
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tion of the crust, the circulation in the 
drop, and the movement of the par- 
tially formed crust about the surface of 
the drop. Consequently it obscures in 
small samples the average behavior of 
a droplet. The fact that such a spread 
does occur must be considered in ana- 
lyzing the behavior of a spray. Even 
though for computing temperature 
profiles, for example, the large number 
of droplets could be considered as hav- 
ing an average behavior, the extreme 
variations from the mean would have 
to be considered if it were essential 
that all particles reach a certain level 
or dryness. 

A droplet suspended and drying 
under the conditions used in this in- 
vestigation is stabilized to a large ex- 
tent by the density gradients which 
accompany the concentration gradients. 
The solid phase is formed first at the 
bottom of the droplet and moves pro- 
gressively up its sides until the entire 
surface is covered. In a commercial 
dryer, however, spherical symmetry is 
approached in the droplets because of 
rotation induced by atomization and 
turbulent air. In addition, for free- 
falling droplets less than 100y in 
diameter the terminal velocity is too 
small to have a significant effect on 
evaporation rates (10). Since the ex- 
perimental data were taken in a situa- 
tion in which spherical symmetry was 
definitely not present and must be ap- 
plied to one in which it is, direct equiv- 
alence cannot be assumed. However 
it is possible to estimate qualitively the 
effects of the different conditions and 
to arrive at a conclusion which is prob- 
ably as accurate as other uncertainties 
warrant. 

The evaporation rates around a 
droplet with an air stream impinging 
on it from one direction are not uni- 
form but vary from a maximum at the 
point of impingement through a mini- 
mum to a second, but smaller, maxi- 
mum at the opposite pole. A solid 
phase is formed first in the region of 
highest evaporation rate and appears 
sooner than if the mean rate prevailed 
over the entire surface. Similarly in 
the areas in which the evaporation rate 
is lower than the mean, the solid will 
form later than it would under uniform 
conditions. Experimentally two periods 
of time were recorded for each drying 
droplet, that at which the first solid 
appeared and that at which the crust 
completely covered the drop. Theo- 
retically for a droplet having perfect 
spherical symmetry these two times 
would coincide. That value would lie 
between the two experimental values, 
other factors being equal; the other 
factors would. include circulation with- 
in the drop and supersaturation of the 
surface, as well as the more obvious 
and easily measured ones of tempera- 
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ture, drop size, initial concentration, 
etc. It seems more than coincidental 
that the experimental values of @., as 
plotted in Figure 22, exhibit a mini- 
mum bound equal to 1.84 times the 
value of @, calculated from Equation 
(12). This bound lies between the 
values of the times for the appearance 
of the first crystals and those for the 
completion of the crust. It is suggested, 
therefore, that its use would give a 
good estimate of the time of comple- 
tion of a solid crust about a free-falling 
droplet. In the light of some results of 
Ranz and Marshall this choice seems 
sound. They dried a droplet of am- 
monium nitrate solution suspended in 
still air. Since there was no imposed air 
velocity, the evaporation rates about the 
droplet should have been almost uni- 
form. They observed a crust comple- 
tion time of 600 sec.; the value calcu- 
lated from Equation (13) is 606 sec. 

The final decision as to the sound- 
ness of the choice of Equation (13) 
and of its accuracy must be left until a 
technique is developed whereby obser- 
vations, similar to those made in this 
investigation, can be made for free- 
falling droplets. 


The Second Period of Drying 

Drying rates in the second period 
showed so much variation from particle 
to particle, even though they were dried 
consecutively under identical condi- 
tions, that a quantitative analysis of 
the results is impossible. For example, 
the results of the drying of three drop- 
lets of potassium sulfate solution, given 
in Figure 13, indicate a severalfold 
variation in total drying time. However 
the data serve to point out some of the 
factors involved in the drying process 
in the second period and give an insight 
into the physical phenomena which oc- 
cur. 

In the spray drying of a solution, 
unlike the tray drying of granular and 
slab materials, the properties of the 
structure through which the moisture 
must move are not predetermined. They 
are dependent not only on the nature 
of the material being dried but also on 
the conditions under which the solid 
is deposited from solution. The pre- 
vious history of a particle plays a large 
role in determining its subsequent 
drying. A factor such as the air velocity 
past the particle, which ordinarily 
would be expected to have only a minor 
effect on drying occurring within a 
porous structure, may have a large in- 
direct effect as a factor determining 
the dimensions and nature of that 
structure. 

Some information with regard to 
moisture movement in the drying par- 
ticle can be deduced from the experi- 
mental observations. The data for the 
drying of droplets at temperatures less 
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than the boiling point show that the 
heat transfer coefficient drops markedly 
at the end of the first period of drying. 
This indicates an added resistance to 
transfer of heat from the air stream to 
the liquid-vapor interface, a result of 
the retreat of the interface into the 
interstices of the solid crust. Visual 
evidence of this retreat was a twinkling, 
frequently seen in the crust as the 
liquid withdrew. The retreat of the 
interface results from the inability of 
the particle to supply liquid to the sur- 
face at a rate equal to the evaporation 
rate from a continuous liquid surface. 
The crust is rigid and cannot contract 
as liquid is removed from the particle. 
Therefore the liquid will move to the 
surface from the core of the particle 
only if the core is supplied with air 
from without or internal vaporization 
occurs under an internal pressure re- 
duced by the capillary forces. At sub- 
boiling-point temperatures the latter is 
difficult to realize. If a continuous path- 
way through the crust, empty of liquid, 
is not available to permit the passage 
of air into the particle core, then the 
volume decrease resulting from evap- 
oration must be compensated for by 
a retreat of the vapor-liquid interface 
into the crust. If the withdrawal is 
sufficient, the necessary pathway may 
be opened for air to enter the core. 
This will allow the capillary forces 
once more to draw the liquid to the 
particle surface, the result of which 
will be a rise in evaporation rate to a 
value comparable to that existing at 
the end of the first drying period. A 
fracture of the crust by surface tension 
or other forces will have the same re- 
sult as the emptying of a pathway. 
Once a pore is emptied or the crust 
fractures, admitting air to the particle 
core, the moisture is susceptible to 
movement through the crust under the 
influence of capillary forces. The situa- 
tion is complicated by the continual 
deposition of solid in the crust struc- 
ture. It is thus possible that the en- 
trance for the air can be sealed off and 
the cycle repeated. 

Further experimental evidence of the 
occurrence of the events postulated 
above appears in Figure 10. Similar 
observations of the return of drying 
rates to high values were reported by 
Ernst et al. (3) in connection with 
tray-drying studies. They found that 
shortly after the falling-rate period of 
drying had begun, the breaking of the 
seal at the bottom of the trays by the 
admittance of air caused drying rates 
to rise sharply. 

Since the moment when a pore will 
open or the crust will fracture to admit 
air to the particle depends, in part, on 
the structure of ‘the crust, which itself 
is quite random, drying rates in the 
second period are very unpredictable. 
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As a result few general conclusions can 
be drawn. In addition the weakening 
effect on the crust because of the 
presence of the suspension filament 
cannot be discounted. 

The situation is little improved at 
air temperatures above the _boilin 
point. If the particle reaches the boil- 
ing point, internal vaporization occurs, 
and it is no longer necessary for air to 
be admitted to the core. However the 
internal pressure frequently fractures 
the crust, and the further history of 
the drying becomes dependent on the 
nature of the fracture. In addition ex- 
perimental measurement becomes more 
difficult and, as a result, less accurate. 
Each of the factors of crust structure, 
crust strength, and rigidity, crystal 
form, etc., which are unique properties 
of the material dried, become of major 
importance in determining the drying 
rate and final particle characteristics. 
Further work is necessary to establish 
their effect on the drying process. 

A few indications of the results to 
be expected may be found from the 
data of this investigation. In Figure 11 
the weight-loss curves for droplets of 
three concentrations of ammonium 
nitrate solutions show that not only 
was more water removed in a given 
time from the droplet of lowest initial 
concentration but also the particle so 
formed approached dryness more 
quickly. It has been noted that at the 
moment the crust is completed the 
average concentration in the particle is 
approximately the same no matter 
what the initial concentration or the 
drying conditions. This means that if 
two droplets of the same size are dried, 
one having twice the original solute 
concentration of the other, then the 
more concentrated one will have a 
particle volume at shell completion ap- 
proximately twice that of the less con- 
centrated one. The ratio of the surface 
areas will be about 1.6. Since the more 
concentrated one contains twice the 
amount of solid, its shell will be thicker 
for the same degree of dryness and 
will offer more resistance to transfer of 
water through it. When one assumes 
that the porosity of the crust is equal 
in both cases and that the evaporation 
rate per unit area will vary inversely 
as the thickness of the crust, the gross 
rate of evaporation from the particle 
which was originally more concen- 
trated will be 1.26 times that from the 
originally less concentrated one. How- 
ever for the same average moisture 
content the former will contain twice 
as much water. It would thus be ex- 
pected that the time required, after 
the crust completion, to reach a certain 
average moisture content in the par- 
ticle would be 2/1.26, or 1.51, times 
as long if the initial concentration were 
doubled. Experimentally this has been 
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Fig. 30. Variation of heat transfer coefficient 
during the drying of a droplet of coffee extract. 


shown to be of the right order of mag- 
nitude. It is not to be presumed, how- 
ever, that the actual situation is that 
simple. For example, the original con- 
centration and drying conditions prob- 
ably have a significant effect on the 
shell porosity. It should be noted also 
that the total drying time, which is the 
final measure of the speed of the dry- 
ing, depends as well on the time neces- 
sary for crust completion. 


The Drying of Materials 
Other Than Inorganic Salts 


The correlation methods which have 
been derived for crust formation are 
not applicable to suspensions and com- 
plex mixtures for which the properties 
of solubility and diffusivity do not exist 
in their normal sense. In fact, with 
materials such as coffee extract, it is 
difficult to define the transition from a 
liquid to a solid surface about the drop. 
However the process of the drying of a 
droplet containing inorganic salts from 
its initial formation to the final dried 
particle cannot be correlated as a 
whole, since the two drying periods 
involve different mechanisms. The 
periods must be treated separately as 
two interrelated but distinct parts of 
the same process. There is evidence 
that the drying of other materials 
should be treated period by period also. 

Ranz and Marshall (10) dried drop- 
lets of whole milk and of a suspension 
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Fig. 31. Change of heat transfer coefficient 
with the moisture content during the drying of 
a droplet of coffe extract. 
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of dye in still air and found that they 
exhibited a first period during which 
evaporation occurred at rates which 
were close to the rate from a water 
droplet. A second period followed in 
which lower rates were observed. 

When coffee extract was dried in 
this investigation, the first period of 
drying seemed to be absent. There was 
no period during which the particle 
temperature remained approximately 
constant; rather it rose steadily from 
the outset. Both the temperature and 
weight-loss curves (Figure 17) for dry- 
ing at temperatures below the boiling 
point were smooth with no break points 
and would indicate that all the drying 
could be considered as having taken 
place in one period. If, however, the 
data are analyzed further, evidence of 
a change in mechanism develops. 

The over-all heat transfer coefficient 
can be estimated from the weight-loss 
and temperature curves if it is assumed 
that the area of the particle changes as 
a result of the weight loss in the same 
manner as would a sphere. Figures 30 
and 31 present the calculated values 
of h plotted against drying time and 
average particle moisture content, re- 
spectively. From Figure 31 it can be 
concluded that at a moisture content 
of 0.4 either there was a sharp retreat 
of the liquid-vapor interface into the 
particle or the remainder of the water 
in the particle was bound and had a 
higher heat of vaporization. Either ex- 
planation is plausible. 
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The Application of Boundary-Layer Theory to 
Power-Law Pseudoplastic Fluids: 
Similar Solutions 


Two- and three-di ional boundary-layer equations have been developed for pseudoplastic 
non-Newtonian fluids which can be characterized by a power-law relationship between shear 
stress and velocity gradient. The types of potential flows necessary for similar solutions to 
the boundary-layer equations have been determined. For two-dimensional flow the results are 
similar to those obtained for Newtonian fluids. For three-dimensional flow, however, the pos- 
sibility of similar solutions depends on the nature of the expression which describes effective 
viscosity of the fluid. At most, similar solutions are possible only for the case of flow past a 
flat plate where the potential velocity vector is not perpendicular to the leading edge of the 
plate; this is a much more restrictive condition than is obtained for Newtonian fluids. 


Most problems in fluid mechanics re- 
quire a solution of the equation of mo- 
tion 

= DV 
(r+Ip) (1) 


The solution of this equation is beset 


with two difficulties: evaluation of 7 
in terms of known variables and solu- 
tion of the resulting differential equa- 
tion. The first difficulty is readily over- 
come in the case of incompressible 
Newtonian fluids: 


T= — pA (2) 
where 
A=yV+(vV)* 
and 
Ov, Ov; 
Ox; Ox; 


The formulation of 7 for non-New- 
tonian fluids is a difficult problem 
which has not progressed very far from 
a theoretical standpoint; consequently, 
several empirical descriptions have 
been used with varying degrees of 
success. A number of non-Newtonian 
fluids can be characterized by a so- 
called “power-law” description. 


Page 24 


oy 
When n> 1, the fluid is dilatant; 
n <1 denotes a pseudoplastic fluid. As 
Reiner (8) points out, this is not a law 
at all but merely an empirical descrip- 
tion which in most cases is not entirely 
adequate. Nevertheless, for want of a 
more fundamental understanding, Equa- 
tion (3) has become a well-established 
device for the description of certain 
fluids. 

Exact solution of Equation (1) has 
been possible for only a few restricted 
types of flow geometries. In an attempt 
to give a wider application to Equation 
(1), Prandtl in 1904 introduced the 
concept of the boundary layer. This 
concept is based upon the approxima- 


= 


1 — 


— Te = — 


ou 


= (3) 


= 
tion that 7 is important only in a thin 
layer near the flow boundaries. The 
boundary-layer approximations _ for 
Newtonian fluids require that 


——-=->>1 


Boundary-layer theory has been of 
great value in determining velocity 
profiles, drag coefficients, and heat 
transfer coefficients for systems involv- 
ing the flow of Newtonian fluids past 
various shapes of solid surfaces (9). 
The purpose of this paper is to discuss 
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the applicability of boundary-layer 
theory to the two- and _ three-dimen- 
sional flow of pseudoplastic power-law 
fluids. Special emphasis is given to the 
formulation of boundary-layer equa- 
tions which provide similar solutions. 

It should be noted that a solution of 
the non-Newtonian boundary-layer 
equation has recently been obtained 
for the case of two-dimensional flow 
past a flat plate at zero incidence to 
the free-stream velocity (1). 


BOUNDARY-LAYER APPROXIMATIONS 


The usual application of Equation 
(3) is to symmetrical flow geometries 
where v = w= 0 and 0d/(dx) = 0, x 
being taken in the direction of flow. 
However, general boundary-layer flow 
is more complicated, since one is faced 
with the problem of expressing all the 


components of the tensor +. It is at 
this point that the empirical nature of 
Equation (3) must be remembered. 
The empirical constants K and n are 
usually evaluated with one of the 
standard types of viscometers (5), but 
there is no a priori reason that the in- 
dices so evaluated will be the appropri- 
ate K and n to use for all the compo- 


=> 


nents of zs when the fluid is undergoing 
a general three-dimensional flow. There 
is a need for experimental study of this 
problem. In the present analysis it will 
be assumed that the fluid is isotropic. 
Whatever form is chosen for a pseu- 


doplastic power-law description of 7, 


it is necessary for 7 to obey the laws of 
tensor transformation and for 7,, to 
have the form given by Equation (3) 
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for simple rectilinear flow. The tensor 


character of 7 has been discussed by 
Oldroyd (7), who suggests that if 


= Ver, A (4) 
then ».;, can be expressed in terms of 


— 


the three invariants of A, namely 


L=29-V 
1-- j=3 i=3 
f Ov; Ov; ( Ov; 
L= 


where |4,;| refers to the determinant of 


= 


A. Since the continuity equation for 
incompressible fluids 


yo ¥=6 


ensures that I, is zero, v.,;, will be a 
function of I, and I;. Hence a possible 
expression for v.;; in the general case 
is 


= K [ (12) + filn, I,, ] (5) 
where f, is some function which must 
be zero for n = 1 and/or I; = 0. These 
restrictions ensure that + reduces to 
(2) for a Newtonian fluid and to (3) 
for simple rectilinear flow, since I, is 
zero for two-dimensional flow. The 
exact nature of f, is not known, and it 
is of course possible that f, is zero for 
all values of I;. Substitution of Equa- 
tion (5) into (4) results in an expres- 
sion for + which obeys the laws of 
tensor transformation. When the ex- 


ternal force term is neglected, the i 
component of the equation of motion 
for steady flow becomes 


Ou ou ou 
+ w— = 
Ox oy Oz 
1 dp > 
p ox p 
The other components are similar. 


Equation (6) may be rewritten in 
dimensionless form by referring all 
lengths to a characteristic length and 
all velocities to a characteristic velocity 
U,. Thus if u° =u/U,, v° =v/U,, 
x° = x/L, p° = p/pU.’, ete., and the 


coordinates are chosen as shown in 
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Figure | 
dx oy dz° dx° 
= 


f°.(n, Is) JA°]} (7) 


Following Schlichting (9), one can 
determine the relative magnitudes of 
the terms in Equation (7), if the usual 
boundary-layer approximation is made; 
namely that the dimensionless ratio of 
the boundary-layer thickness to the 
characteristic length is small. Hence 
5 << 1. The characteristic velocity is 
of the order of magnitude of the veloc- 
ity outside the boundary layer, and so 
u° is of order one. Also L is selected 
so that (du°)/(ax°) =1, and it is as- 
sumed that w° and (dw°)/(dz°) are 
of an order of magnitude =1. Then if 
one defines a Reynolds number R = 
L"/(KU,"*) and assigns to it a magni- 
tude R,,, the magnitudes of the terms 


in Equation (7) are as follow: 


The quantity v° is of the order 8, since 
dv° 
the continuity equation requires 


° 


~ 1. 


° 


Term 4: a unknown 


x 
0 
Term 5: + 
R dy oy 
(———)*]* (--~) 
( ] ( ay?) } Re 


Only the largest terms have been re- 
tained in Term 5 for n>0. The quan- 
tity f°.2, which denotes the significant 


terms of the operation i- y° -[f°,A°], 
is assumed to be of no greater order of 
magnitude than the largest terms which 
result from i-V° -[(I°:)? A]. To 
give indentical orders of magnitude to 
the inertial and friction terms of Equa- 
tion (7), Rm must be of order 1/8". 

From the dimensionless equation of 


motion in the j direction one finds that 
(dp°)/(dy°) can be of no greater 
magnitude than 8. This means that 
(dp°)/(dx°) must be of the same 
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order of magnitude within the bound- 
ary layer as it is in the potential-flow 
region outside the boundary layer. 
Hence the boundary-layer approxima- 


tion for the i component of the equa- 
tion of motion becomes 


aU a du \? 
02 oy 
dw y F du | 
* (8) 
( ay J 
where U=U(x,z) and W=W(x,z). A 


— 
similar analysis for the k component 
of the equation of motion results in 


a f i& dw 
K——+| { —-) +(—) |* —} 
dy oy dy dy 
+Kf.. 


(9) 


It is important to recognize that the 
applicability of Equations (8) and (9) 
is determined in part by the extent to 
which the inequality 


is true and that R does not depend on 
the effective viscosity in the same way 
that it does on the viscosity of a New- 
tonian fluid. Thus while it is some- 
times stated that boundary-layer theory 
applies to liquids of low viscosity and 
therefore not to non-Newtonian fluids, 
which are characterized by a “high” 
viscosity, it is the magnitude of the 
Reynolds number which is ultimately 
the criterion for applicability. For ex- 
ample, for a 33% lime suspension in 
water flowing under such conditions 
that L = 1 ft. and U, = 5 ft./sec., 
using the rheological properties tabu- 
lated by Metzner (5) one finds that 
R = 310 or 87 X 10°, thus fulfilling 
the condition § <<1. 


SIMILAR SOLUTIONS 

One of the important considerations 
of boundary-layer theory is a deter- 
mination of the types of potential flows 
for which the boundary-layer equations 
will possess similar solutions. Solutions 
which provide expressions for u/U or 
w/W as functions of a single param- 
eter where = (x,y,z), are simi- 
lar. A study of similar solutions has 
been made by Hansen and Herzig (3) 
for incompressible Newtonian fluids in 
three-dimensional flow and by Schlicht- 
ing and others (2, 4, 9) for two-dimen- 
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sional flow. The remainder of this paper 
is concerned with similar solutions for 
pseudoplastic non-Newtonian fluids 
which can be characterized by a power- 
law relationship such as that of Equa- 
tion (5). Only similarity with respect 
to rectangular Cartesian coordinates is 
considered in the present analysis. It is 
possible that more general results can 
be obtained by the use of an approach 
analogous to that outlined by Morgan 


(6). 
As before, the potential velocity is 
given by 
U = U(x, 2) 
W = W(x, 2) 


Two functions and G(n) are de- 
fined so that 


u = UF’(n) 
w = WG'(n) 


(10) 
(11) 


The prime denotes differentiation with 
respect to 7, where 


(12) 


The form of y is analogous to that of 
the similarity parameter commonly 
used with Newtonian fluids. It is pos- 
sible that other similarity parameters 
could be used (cf. reference 3), but 
they do not appear to have any ad- 
vantage over Equation (12). 

The boundary conditions require that 


u=v=w=0Oaty=0 
and 
lim F’ = lim G’ = 1 
n> © 2% 
Following Hansen and Herzig (3), one 


can show from the continuity equation 
that 


og 0 

where F(0) = G(0) = 0. 

Application of Equations (10) through 
(13) to Equation (8) and subsequent 
conversion to dimensionless quantities 
result in 


The explicit Reynolds number dependence is removed by setting N = 1/ 


(n+1). Rearranging terms yields 


: [(F’)? — FF” —1] + W° [F’G’ — 1] 
0z° 
1 ow? 1 
af WwW KL 
[ (F”)* | 2 + fis (15) 
gan | U 
A similar result is obtained from Equation (9) : 
1 ow” dlnW° 
G’)? — GG” — 1] + U° —__—— [F’°G@’ 1] — 
az° ) ] ax° J 
1 a Ue ding | 
\n-1 FG” = 2 Ing GG” — PG” = 
1 U | KL 
On WwW ( if U, (W ) 


If Equations (15) and (16) can be 
expressed in terms of functions of y 
alone, the equations will be ordinary 
differential equations and solutions will 
provide the form of F’ and G’ to be 
used in Equations (10) and (11). 
Such solutions for u/U or w/W are 
similar. The author wishes to establish 
the types of three-dimensional poten- 
tial flows which will permit elimination 
of all quantities from Equations (15) 
and (16) which are not expressible as 
functions of » alone. An immediate 
problem is posed by the presence of 


W/U and U/W in the right sides of 
Equations (15) and (16) respectively. 
If the equations are to reduce to ordi- 
nary differential equations, it is ap- 
parent that one must have W/U = 
const. unless F” and G” are zero. How- 
ever the latter condition does not per- 
mit fulfillment of the boundary condi- 
tions for Equations (10) and (11). 

If W/U = const. and it is presumed 
for the moment that f, is zero, Equa- 
tions (15) and (16) can be expressed 
as ordinary differential equations in 
for the case where n<1 if 


dlnU° aw? Ing 
W - (U°) (U*) 
dlng ds dlnW° 
a, (U°)*"W —— = (W°) 
aU° dln ln 
az ax 


where the a, represent proportionality 
coefficients not equal to zero, and it 
has been assumed that all the terms in 
Equations (15) and (16) other than 
those arising from f, have nonzero 
values. The requirement of propor- 


an | U J 
KLe™ 
fis (14) 
U2(U 
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tionality between U and W is also 
stated in Equation (17): 


CUS) = d, (w°)** 


Therefore 
ax° 


(18) 


Equation (18) can be satisfied only if 
aU°/ax° = 0, a condition which is 
incompatible with the statement that 
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Fig. 1. Orientation of coordinate system with 
respect to solid surface. 


no terms of Equation (17) are zero. A 
similar result is obtained for 3W°/dz° 
from the requirement that a,(U°)™ 
(aW°)/(dz°) = ae (W°)*™ (AW°)/ 
(dz°). Hence for similar solutions 


oU° aw? 
dx° 
= const. 
or 
U° = const. 


W° = const. 


If U° and W° are constant, the simi- 
larity condition reduces to 


dlng 
(U°) 
dln ds 
=a,(W°)*" 
Ox 
dlng 
= dy(W°)*" —— (19) 


Equation (19) leads to the result 


1 1 ° 2..0 1 
= a(n-+1) | 4 
as ds 


| (20) 


The above analysis shows that similar 
solutions to the three-dimensional 
boundary-layer equations can be ob- 
tained only for the case of flow past 
a flat plate, where the potential veloc- 
ity vector is not parallel to one of the 
coordinate axes. On the other hand, 
similar solutions for Newtonian fluids 
exist for several types of potential flows 
(3). If the potential velocity vector is 
perpendicular to the leading edge of 
the plate, the flow is really two dimen- 
sional, but the coordinate axes have 
been chosen in such a way that W + 0. 
For such a flow Is, and therefore f,, 
are zero. However, U° = const. and 
Ww* = const. may also describe 
flow past a flat plate whose leading 
edge is not perpendicular to the poten- 
tial velocity vector. In this case f, may 
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be nonzero, and additional proportion- 
ality conditions may preclude similar- 
ity. Thus at most one can expect simi- 
lar solutions to the three-dimensional 
boundary-layer equations only for the 
case of flow past a flat plate where the 
potential velocity vector is not perpen- 
dicular to the leading edge of the plate. 

It should be noted that the terms of 
Equations (15) and (16) could have 
been collected differently; however, 
the results would not be affected. 

Next the case of two-dimensional 
flow is considered, where W° = 0, 
U® = U*(x), and g = g(x). Equa- 
tion (15) reduces to 


g 
(U°)"* de® 


d 


When one sets 


g" d(U°g) 
dx° 
and 
de” 


Equation (21) becomes 


— (F’)*] + 
d { | 
+ ) 2 2 = (22) 
| [(F”)*] J 
and has a form identical to that given 
by Schlichting (9). 

If Equation (22) is to possess simi- 
lar solutions, it is a necessary condition 
that a and £ be constants. Furthermore 
from the definitions of a and B 


d 
= a(n+1) + B(1—2n) (23) 


If one stipulates that a(n+1)+ 8 
(1—2n) + 0 and that g** (U°)** = 0 
at x = 0, Equation (23) can be inte- 
grated to give 


g= 


[a(n+1) + B(1—2n)]}"" (24) 
It is also true that 
dinU°® ding 
= 25 
(2-8) = (35) 
so that 
=Ag? (26) 


Combining Equations (24) and (26) 
leads to the result 
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U° = [A"™*{x°[a(n+1) 


+ B(1—2n) (27) 
Equations (24) and (27) can be sim- 
plified by choosing g in such a way 
that « = 1 (when one assumes a +0). 
Such an operation will alter g only by 
a constant factor and therefore will not 
interfere with the analysis. If one then 
defines 


B 
n+1-+ B(1—2n) 
ad 
(21) 
(28) 
1—y(1—2n) 


p= [or 


These two equations show that for the 
case of a + 0 and a(n+1) + B(1—2n) 
+ 0 similar solutions are possible 
whenever the potential velocity is pro- 
portional to x° raised to some power. 
This is exactly the same conclusion 
which is obtained for Newtonian fluids 

9). 
: for example a potential flow can 


be described by 
= a(x°)° (31) 


the boundary-layer equation can be 
transformed by setting 


n 
g (x° ) e(n-2)+1 n+l 


Then from Equation (12) 


1 


[ 1+¢(2n—1) |= 
(n+1)KU."°L a"? (x°) 


For the special case where a = 0, 
Equations (24) and (27) reduce to 


g =[(U°)™*x° B(1—2n)]™* (32) 


=[A* x° B(1—2n)]*™ (33) 


In the event that a+ 0 but a(n+1) 
+ B(1—2n) = 0, one obtains from 
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Equation (23) 
Using the definition of @ along with 
the special constraint which relates a 
and 8, one gets 


n—2 dlnU° (35 
n+1 dx° 
or 
(36) 
where 
( n+1 ) a—B 
n—2 B 


Equation (36) is identical in form to 
the result obtained for Newtonian 
fluids when 2a — B = 0. 
From the definitions of a and 8 
dg 
When one substitutes Equation (36) 
into (37) and integrates, 
(a—B) (n+1) mr 
C*"m (n—2) 
In this case g(0) has been chosen so 
that 


(37) 


° 
(n-2) 


(38) 


= 


The function g can again be chosen in 
such a way that a =1; then 


and 


m(2n—1) 
Equation (39) gives g in terms of 
quantities known from the potential 
velocity and from the physical prop- 
erties of the fluid. 


SUMMARY 


The foregoing analysis shows that 
similar solutions to the boundary-layer 
equations for pseudoplastic power-law 
fluids are mathematically possible for 
certain types of potential-velocity re- 
lationships. In two-dimensional flow 
the potential flows which permit simi- 
lar solutions are analogous to those 
which allow similar solutions in the 
case of Newtonian fluids. In _three- 
dimensional flow the possibility for 
similar solutions depends on the form 
of f,. At most, similar solutions will be 
possible only for the case of flow past 
a flat plate where the potential-velocity 
vector is not perpendicular to the 
leading edge of the plate. This is a 
much more restrictive result than is 
obtained for Newtonian fluids in three- 
dimensional flow. 
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NOTATION 
A 


a 


ai 


u, 0, W 


vi 


I 


constant of integration 
in Equation (26) 
constant in Equation 
(31) 

proportionality constants 
in Equation (17) 
constant of integration 
in Equation (34) 
constant of integration 
in Equation (36) 


constant in Equation 
(31) 

function of 7 

external force 

function defined by 


Equation (5) 
largest terms which re- 
sult from the operation 


[f:°A°] 

largest terms which re- 
sult from the operation 

function of 7 

function of x and z 


unit tensor 
the three invariants as- 


sociated with A 


unit vectors in the direc- 
tions shown in Figure 1 
kinematic fluid consist- 
ency index 
characteristic length 


( n+ a—Bp 
‘n-2 B 


flow-behavior index 
pressure 


order of magnitude of R 
potential velocity compo- 
nents in the i, j, and k 
directions, respectively 

velocity components in 


the i, j, and k directions, 
respectively 


the i‘ component of V 
characteristic velocity 
which is of the order of 
magnitude of the poten- 
tial velocity 


velocity vector 
distance components in 


the i, j, and k directions, 
respectively 

x, y, or z for i= 1, 2, 
or 3, respectively 
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Greek Letters 
d(U 
= g'(U 


d 
n+1 Ue 

B 
n+1+ (1—2n) 


(vV)* 
Ov; Ov; 
Ox; Ox; 
dimensionless boundary- 


layer thickness 


L g(x,z) 

= viscosity 

= kinematic viscosity 

- effective kinematic vis- 
cosity defined by Equa- 
tion (4) 


| 


= pressure tensor 


density 


< 


= component of the pres- 


sure tensor on the j face 
of an element of fluid 


and acting in the i direc- 
tion 


Superscripts 


° 


denotes dimensionless 
quantity 
denotes differentiation 
with respect to 


(vV)* 


= transpose of yV 
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Heat and Mass Transfer in Spray Drying 


Studies of the evaporation and drying rates in an experimental concurrent spray dryer, 8 in. 
in diameter and 14 ft. high, are reported for various operating air temperatures. It was found 
that the total evaporation and drying time could be accurately predicted by employing a step- 
by-step method of calculation. Owing to the probable absence of internal diffusional resistance 


in the small particles, less than 30 u, produced 


in the dryer, no significant falling-rate period 


was observed. This was in marked contrast with tray-drying experiments carried out on the 
same substance, under similar drying conditions. The results also confirmed that a Nusselt 


number of 2 can safely be used in spray-drying 


The evaporation and subsequent dry- 
ing of the atomized droplets in a spray 
dryer involve simultaneous considera- 
tions of heat, mass, and momentum 
transfer. Similar considerations also 
form the basis of related operations of 
chemical engineering such as spray 
cooling, flash. drying, spray crystalliza- 
tion, and cyclone evaporation. In spite 
of the growing industrial importance 
of these various operations there are 
still certain aspects of the mechanism 
of evaporation and drying of atomized 
sprays which have not been sufficiently 
investigated to permit the formulation 
of sound design criteria. In particular 
the rate of evaporation of small drop- 
lets suspended in a turbulent gas 
stream has never been properly ascer- 
tained, nor has the rate of drying of 
such droplets been experimentally de- 
termined under conditions likely to be 
encountered in spray dryers. 

Most of the research pertaining to 
heat and mass transfer in spray drying 
has been carried out on single, rela- 
tively large, stationary drops of pure 
solvent. The more important contribu- 
tions are due to Froessling (1) who 
made an experimental as well as a 
theoretical analysis of the problem, and 
to Ranz and Marshall (2) who in 1952 
presented the following equations for 
heat and mass transfer to a drop under 
forced or natural convection: 


= 2+0.60 (1) 
= 2+0.60 (2) 
Nyu = 2+0.60 (3) 
= 2+0.60 (4) 


The Nusselt number as given in 
these equations is termed the “appar- 
ent” Nusselt number and applies only 
at low evaporation rates. At higher 
rates the diffusing vapor leaving the 
drop surface changes the temperature 
gradient in the gas film surrounding 
the drop, and use of a correction has 
been recommended by several workers 
(3, 4, 5,6). 

The reliability of Equations (1) to 
(4) has been amply demonstrated, but 
to permit the calculation of the evap- 


~ Jan Dlouhy is with Cyanamid of Canada, Ltd., 
Niagara Falls, Ontario, Canada. 
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heat transfer calculations. 


oration rate, the temperature of the 
droplet must of course be known. With 
pure solvents there is no problem, since 
the drops will be at or at least very 
close to the wet-bulb temperature of 
the air, provided that dynamic equi- 
librium is attained and that the sur- 
roundings are not at too high a tem- 
perature (2,4). In the presence of a 
solute however the vapor pressure of 
the solvent will be depressed, and the 
droplet temperature will rise. From a 
rather limited study Ranz and Mar- 
shall (2) suggested that a saturated 
film is established very rapidly at the 
drop surface and that the rate of evap- 
oration will correspond to saturated 
conditions, independent of the bulk 
concentration. Their work was done on 
single drops of ammonium nitrate solu- 
tions (about 1 mm. in diameter) sus- 
pended from a capillary, through which 
solvent was added continuously to 
maintain the diameter constant through- 
out the test, and the Reynolds number 
was 66.6. Although it is apparent that 
under these conditions a saturated film 
does form, later work at the University 
of Wisconsin indicated that this mech- 
anism did not apply to certain soluble 
salts (7), and in any case it is doubtful 
whether it will prevail under actual 
spray-drying conditions. 

The same general theoretical con- 
siderations apply for heat transfer to 
clouds of particles as do to single drops, 
but again certain complicating factors 
must be taken into account, such as 
the turbulence of the conveying gas 
stream, the particle-size distribution, 
and the effect of the lowered vapor 
pressure due to the presence of a solute 
(8). 

Kessler (9) studied experimentally 
the diffusion of atomized sprays in tur- 
bulent air streams and concluded from 
his results that the eddy diffusivities of 
the particles and of the gas stream 
were essentially equal. Using alcohol 
drops he also found that the Nusselt 
number had a numerical value of ap- 
proximately 2, although his study of 
the evaporation rate was only of a sec- 
ondary nature. This would indicate 
then that the relative velocity between 
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the particles and the gas stream is 
negligible despite the turbulent eddies. 
Soo (10) made a theoretical analysis 
of this problem, and the equation he 
presented tends to confirm this conclu- 
sion, at least for small particle diame- 
ters. 

Further evidence has also been pre- 
sented by the authors (11) in a study 
of the heat and mass transfer coeffi- 
cients to clouds of water droplets in 
turbulent air streams. For mean Sauter 
diameters ranging from 11.5 to 38.5 g, 
the Nusselt number was found to have 
the value 2.07 + 0.06 under various 
conditions of air velocity and tempera- 
ture, which is in good agreement with 
Kessler’s conclusions. 

Marshall (12) also used a Nusselt 
number of 2 in proposing a step-by- 
step method for the calculation of the 
rate of evaporation of a cloud of water 
droplets of a given size distribution. 

The question of a falling-rate period* 
in spiay drying has received little at- 
tention, principally because of the 
difficulties associated with the experi- 
mental measurements. The calculation 
of particle temperature and the estima- 
tion of diffusional resistance in the 
final stages of drying still remain largely 
a matter of trial and error (8). Some 
qualitative information can be obtained 
from the examination of the physical 
state of the spray-dried product (13), 
but such observations are inadequate 
for quantitative calculations. 


EXPERIMENTAL 


In most conventional spray dryers the 
particle trajectories and gas-flow patterns 
are of such complexity that it is difficult to 
follow the progressive evaporation and dry- 
ing of the particles. A special vertical con- 
current spray dryer was therefore built in 
which all the pertinent variables could be 
measured along the drying path. The rate 
of evaporation and drying of Lignosol 
(trade name of dried calcium spent sul- 
phite liquors, consisting essentially of 
calcium lignosulphonate) was determined 
in this chamber under various operating 
conditions, and the experimental results 
were compared with theoretical calcula- 
tions. No attempt was made in this study 
to take measurements close to the nozzle, 
as this was the object of a separate in- 
vestigation (14). 


® Although the rate of evaporation from a solu- 
tion steadily falls as the solute concentration in- 
creases, the term “falling-rate period” as used 
here is restricted to its conventional meaning and 
applies only to the drying of the solid formed 
near the end of the operation. 
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TABLE 1. OPERATING DATA AND EXPERIMENTAL RESULTS absorbing the water vapor from a known 
Run No. 20 volume of air by contact with magnesium 
perchlorate and of noting the resulting 
Feed rate — 5.68 lb./hr. Feed concentration — 18.2% Feed temp. — 86°F. change in volume. A precision 100-ml. Fee 
mine-air gas burette was used, calibrated 
Atom. air pressure — 20 Ib./sq. in. gauge Drying air rate — 891 Ib. dry air/hr. _ in 0.05-ml. subdivisions in the upper range. Ate 
Calibration tests carried out with air of 
x, t; H, Ds; x ; Xes, known humidity showed that under rigidly 
ft: “P., Ib. water Mh Ib. water /Ib. Lignosol constant conditions of temperature and 
Ib. dry air pressure results with an error of less than 
1% could be obtained (11). 
Air samples were drawn from the dryin 
79 0.0064 9 . stream, through an inverted aluminum cup, 
1.96 199.9 ware 0.75-in. I.D., which was inserted into the 
2.86 196.5 chamber at a predetermined sampling port. 
3.19 0.0079 The air was sucked into an evacuated 
486 1953 0.36 sampling bottle at such a rate that the air 
519 0.0082 velocity in the cup was well below the 
686 : 16.1 0.02 i aateas 0.10 average terminal velocity of the droplets, 
: 195.2, — — — 0.10 thus achieving the desired -liquid 
g the desired gas-liqui 
7.19 a 0.0083 16.9 0.02 — 0.01 separation. ] 
0.0084 0.10 Particle size. The method developed by 
1119 . : . = 0.00 J. H. Rupe (15) was used to determine Le 
; ti a 15.0 0.01 the droplet size and size distribution along - 
; the chamber. It consisted of collecting a ae 
Equipment of the drying chamber to be determined. sample of the spray in a small immersion 1 
The experimental spray dryer, a detailed In addition methods for the measurement cell, 0.22-in. O.D. and 0.18-in. I.D., the hie 
description of which has been given of air temperature, humidity, particle size, bottom of which was made of optical tor 
previously (11), consisted of the same basic and solid concentration were developed. glass and filled with Varsol. The glass was ent 
components as an industrial installation. Air temperature. The presence of liquid coated so that the droplet remained tim 
The well-insulated drying chamber was droplets in the air stream necessitated the spherical. The sample was obtained by — 
14 ft. high and 8 in. in diameter. Sampling US€ of shielding. Thermocouple probes quickly traversing the spray with the cell , ia 
ports were provided throughout the length Were found to be unsatisfactory. A semi- held in a special holder. Because of the ame 
of the unit, and electric heaters with itcular shield, 0.4 in. in diameter and 1.5 very low surface tension between Varsol anc 
automatic control were used to heat the im. long, installed on the bulb of a pre- and water no tendency for the drops to Ps 
air to the desired temperature. The pres- Cision mercury thermometer (0.2-in. diam- coalesce was observed. The target effi- nd 
sure in the chamber was maintained at eter) was found to give the best results, ciency was excellent, as shown by the abl 
nearly atmospheric value by means of a Particularly when the stem of the ther- number of very small droplets which were = 
push-pull blower arrangement. mometer was protected with glass tubing collected. The droplets were photographed ran 
An internal-mixing pneumatic nozzle, to minimize heat losses. Calibration checks immediately upon sampling, and from 150 whi 
was used for atomization of the Lignosol (11) have shown that drop impingement to 300 particles were measured in each I 
solution, and a pressurized feed tank 0n the bulb was insignificant and that the sample. To test the accuracy of the as 
provided a steady flow to the nozzle. true gas temperature was determined. method, determinations were carried out As 
il Air humidity. The more common meth- on several samples collected under identi- ae 
ethods of Measurement ods of humidity determination were re- cal operating conditions, and the agree- - 
To follow the progressive evaporation jected either because they lacked sufficient ment was found to be excellent. A log- _ 
and drying of the droplets special sampling accuracy or because they required too normal distribution was found to be ap- Lig 
techniques had to be used which would large an air sample. A special volumetric proximated by the drop-size data, and at Fol 
permit conditions along the entire length method of measurement was therefore an atomizing air pressure of 20 lb./sq. in. cell 
developed. gauge the maximum droplet size was the 
In essence the technique consisted of found to be around 100 uz. way 
point concentration Phy 
0 0 - 20% 
° 40% dry 
60% of 
A 80% der 
oie | 90% 
= 
g | 
| | 0-08 
> 30 
Fig. 1. Saturation humidities of Lignosol Fig. 2. Photomicrograph of Lignosol particles, Fig. 3. Photomicrograph of Lignosol particles, 
solutions. run number 20 (220 X). run number 23 (220 X). Fig. 
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TABLE 2, OPERATING DaTA AND EXPERIMENTAL RESULTS 
Run No. 23 


Feed rate — 5.70 Ib./hr. 


Atom. air pressure — 20 Ib./sq. in. gauge 


Feed concentration — 18.2% 


Feed temp. — 86°F. 
Drying air rate — 530 lb. dry air/hr. 


x, t, Xno Xmo 
ft. Ib. water Ib. water/Ib. Lignosol 
Ib. dry air 
0 419.0 0.0261 4.50 4.50 
0.79 406.0 3.10 
1.12 385.5 0.85 
1.46 379.5 _ 0.19 
1.79 0.0347 0.00 
1.96 377.8 0.00 
2.86 377.8 = 0.00 
3.19 0.0348 ~ 0.00 


Lignosol concentration. The concentra- 
tion of Lignosol in the particles at various 
distances from the nozzle was determined 
on small samples of the spray by means of 
a colorimetric method. 

The major problem was in collecting the 
sample, since it was essential that evapora- 
tion be stopped as soon as the droplets 
entered the sampler, while at the same 
time it was necessary to know the total 
mass of sample collected. A small immer- 
sion cell was therefore used, filled with a 


* silicone fluid, immiscible with both water 


and Lignosol solutions. Since the vapor 
pressure of the former is only about 0.5 
mm. Hg at 70° to 100°C., no measur- 
able evaporation could occur and the net 
increase in mass of the tared cell cor- 
responded to the mass of sample collected, 
which ranged from 25 to 150 mg. 

Lignosol is brown in color when in the 
presence of water, and concentrations 
around 0.1% can readily be measured in 
a colorimeter with a 425 yw filter. The 
instrument was calibrated by means of 
standard solutions carefully prepared from 
Lignosol of almost zero moisture content. 
Following dilution of the samples from the 
cell the total Lignosol content, and hence 
the solids concentration of the spray, could 
easily be determined by this method. 


Physical Properties of Lignosol 

To analyze the operation of the spray 
dryer certain pertinent physical properties 
of Lignosol solutions were required. The 
density and specific heat capacity were 
readily determined by the use of standard 


laboratory methods, and the following ap- 
proximate equations were obtained in the 
temperature range from 70° to 120°F.: 


ps = 62 + 25/(1 + X) (5) 
Cys = 1—0.61/(1 + X) (6) 


The heat of solution was found to be 
negligible, but the vapor pressure of Ligno- 
sol solutions of various concentrations had 
to be determined over a range of tempera- 
tures. A dew-point apparatus immersed in 
a constant-temperature bath (16) was 
used for this purpose, and the results 
obtained are shown in the form of a 
humidity chart in Figure 1. It can be seen 
that up to a concentration of about 20% 
Lignosol solutions exhibit typical colloidal 
properties, while above that concentration 
a decrease in vapor pressure takes place. 


Procedure and Results 


A rigidly standardized procedure was 
used to make runs on the experimental 
spray dryer (11). The major precautions 
were concerned with the determination of 
heat losses to permit proper heat balances 
and the establishment of equilibrium con- 
ditions prior to the taking of any readings. 

Four runs were made with Lignosol solu- 
tions used as feed under approximately the 
same conditions of air velocity, feed rate, 
feed concentration, and atomizing pres- 
sure, but with inlet drying-air temperatures 
ranging from 106° to 419°F. The operat- 
ing conditions used and experimental re- 
sults obtained for two temperatures are 
shown in Tables 1 and 2. In the first table 


(run 20, inlet air temperature 147°F.) 
X denotes the solid concentration as de- 
termined experimentally. No such data 
could be obtained in run 23, shown in 
Table 2 (inlet air temperature 419°F.), 
because the fluid decomposed at the 
temperature used, and no samples could 
be collected for the determination of solid 
concentration. Samples were still taken for 
particle-size measurement however. 

The values of Xx» and Xm» shown in the 
tables were calculated from heat and 
material balances respectively; _ they 
provided a valuable check on the accuracy 
of the data. Figure 2 shows a typical 
photomicrograph of the product obtained 
in run 20, while Figure 3 shows the 
hollow particles produced in run 23. 
Photomicrographs of samples taken at in- 
creasing distances from the nozzle showed 
clearly that the droplets were still liquid 
at an average concentration of at least 84% 
and that expansion of the particles in run 
23 did not occur until the very last 
stages of drying. 

To permit a comparison between spray 
drying and tray drying an experimental run 
was made in a standard laboratory tray 
dryer, by means of a transite tray with a 
dummy front and a 5- by 5- by %-in. 
depression in the center, in which the 
Lignosol solution was placed. The air 
temperature, air humidity, and initial cor- 
centration of the solution for the tray-dry- 
ing test were practically identical with the 
conditions used in run 20, and the drying 
curve obtained is shown in Figure 4. The 
drying rate was constant up to 65 min., at 
which time a thin crust started to form on 
the surface. The crust was completed after 
about 140 min. and assumed a hard con- 
sistency after 190 min., at which point all 
drying practically stopped in spite of the 
fact that the bulk-moisture content was 
only about 50%. 


Discussion of Results 


The good agreement between the 
observed and the calculated values of 
the particle moisture content (X, X», 
and X,,), as shown in Figure 5, re- 
flects the accuracy of the results. It 
should be noted that because the 
Lignosol concentrations were experi- 
mentally measured as a function of the 
distance from the nozzle, they there- 
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RUN 20 RUN 22 RUN 23 MOISTURE CONTENT 


from stepwise calculation 
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Fig. 4. Drying curve, tray-drying experiment. 
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Fig. 5. Drying curve, spray-drying experiments. 
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fore had to be expressed on the basis 
of time elapsed before comparison with 
theoretical calculations could be estab- 
lished. The conversion could readily be 
made for the so-called “fall zone” of 
the drying chamber, in which the par- 
ticle velocity is the same as that of the 
drying air, since their terminal velocity 
is negligibly small. In the nozzle zone 
however the particle velocity is not 
known and extrapolation is necessary. 
When distance vs. concentration was 
plotted, a curve with an inflection at a 
distance of about 10-in. from the noz- 
zle was obtained for all four runs. The 
lower portion of this curve, which ap- 
plies to the fall zone, was therefore 
extrapolated, and the intercept between 
this curve and the feed concentration 
was taken as the zero distance from the 
nozzle for the purpose of time calcula- 
tions. 

Good agreement was also found be- 
tween the experimental and calculated 
values of the air humidities, as shown 
in Figure 6 (run no. 22, iniet air tem- 
perature 106°F.) on which the ob- 
served variations in air temperature 
down the chamber are also indicated. 
The same type of extrapolation as ex- 
plained above was again carried out, as 
indicated by the dotted lines. 

Further evidence of the accuracy of 
the experimental data was obtained 
from the particle-size measurements. 
The mean volume diameter of the 
spray must be a function of concentra- 
tion and density only, if the particles 
are not hollow and no agglomeration 
occurs, as shown by 


(n7D,*)/(6) = (Z)/(c) (7) 


Since the value of n was not known ac- 
curately, the experimental value of D, 
at a distance of 1.79 ft. from the nozzle 
was taken as a basis, and the value of 
D, was calculated from Equation (7) 
at various points (and hence various 
concentrations) down the chamber. 
Table 3 shows that excellent agreement 
with the experimentally observed val- 
ues was obtained. This, incidentally, 
confirms the validity of the particle- 
size determinations, since in contrast 
to the estimation of D,, the small 
particles are no longer unimportant in 
the measurement of D,. 
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Fig. 6. Temperature and humidity distribu- 
tion, run number 22. 


Calculation of Evaporation and 
Drying Times 

The experimental runs were carried 
out primarily to determine the ob- 
served evaporation and drying rates of 
Lignosol sprays under known condi- 
tions and to compare them with values 
calculated from theoretical considera- 
tions. 

The theoretical approaches devel- 
oped by Probert (17), Daskin (18), 
Miesse (19), and Shapiro and Erick- 
son (20), among others, can be used 
for the estimation of the evaporation 
time only. When solid particles are 
formed, a step-by-step method of cal- 
culation must be resorted to, as ad- 
vocated by Marshall (12), since it is 
no longer permissible to use average 
values for the physical properties of 
the particles. This is clearly indicated 
by Figure 7, which gives the size dis- 
tribution (on a number basis) at vari- 
ous distances from the nozzle for run 
20; it is obvious that the smaller 
particles are completely dried at a 
point where the larger ones are still al- 
most at the feed concentration. 

The calculations were therefore car- 
ried out by division of the particles into 
several groups, each of a given size 
range. For each group the rate of heat 


TABLE 3. MEAN VOLUME DIAMETERS 


x, Run 20 Run 21 Run 22 
ft Exp Calc. Exp. Cale. Exp. Cale. 
1.79 21.6 21.6 20.3 20.3 22.2 22.2 
3.19 Wed 16.9 16.6 15.7 _ 
5.19 14.9 15.1 15.2 14.7 15.8 16.0 
7.19 14.4 14.6 14.3 14.2 _ 
9.19 14.3 14.5 
11.19 13.9 14.5 13.7 13.9 _ 
13.19 13.9 13.9 
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Fig. 7. Particle size distribution, run number 20. 


transfer (when one neglects the sensi- 
ble heat effects due to the increase in 
wet-bulb temperature) can be ex- 
pressed as 


(dQ/dé) = = 
(dm/dé) (8) 


It has been pointed out that the 
Nusselt number in Equations (1) and 
(3), and hence the heat transfer co- 
efficient which it includes, is the ap- 
parent one. Godsave (6) has proposed 
the following equation for the calcula- 
tion of the actual Nusselt number at 
the drop surface: 


(Nyu) actual — (Nyu)s = 
(9) 


In a discussion of this equation Mar- 
shall (3) points out that the actual 
value of the Nusselt number can be 
significantly lower than the apparent 
one at high evaporation rates, that is 
when E is large, and that the convec- 
tive heat transfer coefficient for high 
air temperatures should be calculated 
from the equation 


Race = (Mapp) (a)/(e*—1) (10) 


where a= E(1/Ri—1/R.). At low 
Reynolds numbers a is also equal to 
In (1+ Atc,/d,,). Under the experi- 
mental conditions used in this study 
the correction indicated by Equation 
(10) was found to be negligibly small, 
and h,,, was used in the calculations. 

When one combines Equations (8), 
(10), and (7), the following expres- 
sion is derived for each group: 


(t — to). 
Dip. 


dm = dé (11) 
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TABLE 4, CALCULATED DryING TIME FOR LIGNOSOL SOLUTIONS 
( PARTICLE CONCENTRATION PERCENTAGE ) 


Run 20 
Diameter, u Zi, lb. dry Lignosol/hr. 
2.4 0.0002 
7.2 0.0282 
11.9 0.3458 
16.7 0.4690 
21.4 0.1530 
26.2 0.0387 
6, Dry particle diameter, 
sec. 2.4 7.2 11.9 16.7 21.4 26.2 lb. water Bl 
Ib. Lignosol 
0 18.2 18.2 18.2 18.2 18.2 18.2 4.49 147.0 
0.10 100 100 56.9 30.9 24.9 22.3 1.85 134.4 
0.20 100 100 100 60.4 34.5 27.3 0.68 128.5 
0.30 100 100 100 100 49.7 33.7 0.22 126.2 
0.40 100 100 100 100 76.7 42.5 0.09 125.6 
0.55 100 100 100 100 100 63.1 0.02 125.3 
In this equation the particle concen- step 2. 


tration, density, diameter, and temper- 
ature for each group will be functions 
of dm, as will h,,, [which can be ob- 
tained from (Nyu) app = 2]. 

To carry out the calculations a 
knowledge of Z, in each group is re- 
quired. This is the only information 
which must be obtained experimentally, 
since it depends on the size distribu- 
tion peculiar to the atomizing nozzle. 
In the present study. it was obtained as 
follows: the spectrum of dry particles 
of Lignosol collected at the bottom of 
the chamber was divided into six 
groups of average diameters 2.4, 7.2, 
11.9, 16.7, 21.4, and 26.2 yp, respec- 
tively. From the size-distribution curve 
the number of particles in each group, 
and Z; for the group, could be calcu- 
lated, if one remembered that >Z; = 
the raie of solids fed in the Lignosol 
solution per hour. Equation (11) was 
then used to calculate the change in 
concentration for each group in incre- 
mental intervals. More specifically the 
calculations were based on the follow- 
ing procedure: 


1. For each size group the initial 
diameter of the droplet was back cal- 
culated from Equation (7) and _ its 
temperature obtained from Figure 1 
with the bulk concentration of the feed 
used to determine the saturation vapor 
pressure. 

2. The amount of water evaporated 
in the time increment was calculated 
from Equation (11) with the inlet 
conditions used for all the values in 
the equation and (Nyx) ap =2 as- 
sumed. 

3. The new conditions of air prop- 
erties (temperature and humidity) and 
particle properties following evapora- 
tion occurring during the incremental 
period were calculated from the change 
in concentration that was obtained in 
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4. The calculations in step 2 were 
repeated, but this time the prevailing 
conditions as obtained in step 3 were 
used. 

5. The values of Am obtained in 
steps 2 and 4 were averaged to give a 
more accurate change in concentration 
for each size group in the time interval. 

6. The step-by-step _ calculations 
given in 1 to 5 were repeated for new 
time intervals, until the average con- 
centration of the product was almost 
100%. Corrections for the residual, 
equilibrium, moisture content of each 
fraction of particles were attempted 
but found to have negligible effect on 
the results. 

The results of these step-by-step cal- 
culations for run 20 are summarized 
in Table 4, which shows the average 
values of the moisture content and 
the calculated values of the corre- 
sponding air temperature at 0.05-sec. 
intervals. Similar calculations were also 
made for runs 22 and 23, and the cal- 
culated moisture contents are repre- 
sented by the continuous curves shown 
in Figure 5. The good agreement with 
the experimental points is obvious. 

It should be pointed out that the 
particle-size distribution could not be 
determined experimentally from the 
dried product obtained in run 23, 
since the latter consisted of hollow 
particles which expanded during the 
last stages of the driving process. How- 
ever since identical atomizing condi- 
tions and feed concentration were used 
in run 20, the distribution data ob- 
tained in the latter case were used 
instead. 


CONCLUSIONS 


The results of this study indicate 
that the drying time for a spray can be 
calculated with good accuracy, at least 
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for highly soluble materials such as 
Lignosol. A Nusselt number of 2 can 
be safely assumed, and the estimation 
of particle temperature should be based 
on the bulk concentration of the drop- 
lets. To carry out the calculations 
knowledge of the droplet-size distribu- 
tion for the atomizing nozzle employed 
must be available. This may be ob- 
tained from a spray sample taken in 
the nozzle range if unheated air near 
saturation is admitted to the chamber 
to minimize evaporation, which is 
otherwise appreciable in that region 
(14), or it may be obtained from a 
size-distribution determination on the 
dry product, as was done in the pres- 
ent study. Care must be taken in the 
latter case that the particles are com- 
pletely solid. Marshall pointed out that 
it is not a simple matter to produce 
solid particles by spray drying (12). 
Table 2 clearly shows however that 
solid particles of Lignosol were pro- 
duced at low air temperatures. At 
higher temperatures (run 23) hol- 
low particles were obtained in accord- 
ance with the general behavior (12, 
13). 

It is interesting to note that no sig- 
nificant falling-rate period (as defined 
earlier) could be detected, which is in 
marked contrast with the tray-drying 
experiment (Figure 4). In the latter 
the start of a very definite falling-rate 
period was detected at a moisture con- 
tent of about 2.35 Ib. water/Ib. Ligno- 
sol, and drying almost stopped at a 
value of 0.83 Ib. water/Ib. Lignosol. In 
contrast Figure 5 and Table 4 indicate 
that the rate of moisture removal in the 
spray dryer is governed by the rate of 
evaporation under free liquid condition 
up to very high solid concentrations. 

The difference lies in the concentra- 
tion at which crust formation takes 
place. In the tray-drying experiment 
the depth of the sample was relatively 
large, and a heavy crust formed at a 
low bulk concentration. The diffusional 
resistance through this crust effectively 
reduced the evaporation rate. In the 
spray-drying experiments, on the other 
hand, the droplets were very small, 
and a crust did not form until the very 
last stages of drying; visual observa- 
tions showed no evidence of crust 
formation below a solid content of 
0.85. 

Most authors argue from indirect 
evidence that the formation of a solid 
phase at the droplet surface introduces 
a diffusional resistance which slows 
down the rate of evaporation. The fact 
that residual moisture is almost always 
found in spray-dried products has been 
attributed to this cause (21) (in addi- 
tion, of course, to equilibrium moisture 
considerations), although Table 4 
shows that it may also be due to the 
comparatively long time required by 
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the larger particles to dry under free 
liquid condition. With solutions other 
than Lignosol it is possible that the 
falling-rate period will become signifi- 
cant, but this will have to be deter- 
mined experimentally for each indi- 
vidual case. 


ACKNOWLEDGMENT 


Financial assistance from the National 
Research Council of Canada in the form of 
a research grant and of the award of a 
fellowship to Jan Dlouhy is gratefully 
acknowledged. 


NOTATION 
a = E(1/R,—1/R.); 
c = solution concentration, Ib. 


solids/Ib. solution 

solution concentration in ith 
group, lb. solids/Ib. solution 
heat capacity of particles, 
B.t.u./ (Ib.) (°F.) 

heat capacity of water vapor, 
B.t.u./ (Ib.) (°F.) 

= particle diameter, ft. 

= average particle diameter in 
ith group, ft. 

= mean volume diameter, ft. 
mean Sauter diameter, p 

= (C,/4zk,) 

= heat transfer coefficient, 
B.t.u./ (hr.) (sq.ft.) (°F.) 

= air humidity, lb. water/Ib. 
dry air 

air humidity calculated from 
heat balance, Ib. water/Ib. 
dry air 

air humidity calculated from 
material balance, lb. water/ 
Ib. dry air 

thermal conductivity of gas 
film surrounding the drop, 
B.t.u./ (hr.) (ft.) (°F.) 


I I 


I 


I 


H mb — 


= evaporation, lb. 

= rate of particles, No./hr. 
heat transferred to droplets, 
B.t.u. 

R, = radius of particle, ft. 

R = radius of outer limit of gas 
film surrounding the drop, ft. 


t = temperature of air, °F. 
te = temperature of particles, °F. 
xX = moisture content, lb. water/ 


Ib. dry Lignosol 


Xx = moisture content calculated 
from heat balance, Ib. water 
/\b. dry Lignosol 

Xm» = moisture content calculated 
from material balance, lb. 
water/lb. dry Lignosol 

x = distance from nozzle, ft. 

Z = total rate of dry Lignosol, 
Ib./hr. 

Zs = rate of dry Lignosol in parti- 
cles in ith group, lb./hr. 

Am = amount of water evaporated 

A@ = time increment 

0 = time, hr. 

x = latent heat of evaporation at 
the particle temperature, 
B.t.u./Ib. 

Ps = density of particles, lb./cu.ft. 

Pst = average density of particles 
in ith group, lb./cu.ft. 

Ne, = Grashof number 

Ny. = Nusselt number 

Ny.’ = modified Nusselt number 

Np, = Prandtl number 

= Reynolds number 

Ns. = Schmidt number 
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The Effect of Dynamic Surface Tension 
on Nucleate Boiling Coefficients 


A study was made of the effects the surface tension of aqueous solutions of surface-active 
agents had on the bubble-formation characteristics of these solutions. Bubbles were formed by 
two processes: by passing air through a horizontal orifice submerged in the solution and by 
nucleate boiling at an electrically heated surface. The experimental measurements taken with 
the air-bubble system were used to determine the nature of the surface-tension effect on air- 
bubble formation. This knowledge was then applied to the interpretation of boiling measure- 
ments made with the same solutions. The boiling coefficients of the Tergitol-water solution 
were found to vary inversely with dynamic surface tension. Boiling coefficients for Aerosol-water 
solutions, however, varied in a manner which could not be related to surface-tension effects. 


Numerous investigators have studied 
the role of surface tension in boiling 


P. D. Jontz is with Union Oil Company of 
California, San Francisco, California. 


Page 34 


and have reported widely contradictory 
results. Westwater (10) summarizes 
the results in terms of the value as- 


A.1.Ch.E. Journal 


P. D. JONTZ and J. E. MYERS 


Purdue University, West Lafayette, Indiana 


signed to the exponent n in an assumed 
exponential relationship, hal/o"; the 
range of values he reports is 2.5 to 
—1.275. As Westwater points out, there 
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Fig. 1. Diagram of bubble apparatus. 


are theoretical grounds for considering 
surface tension to be an important 
variable in boiling, and these have led 
numerous investigators to attempt 
quantitative measurements of the rela- 
tionship. Experimental evidence gath- 
ered to date, however, has not proved 
the existence of such an effect. 

The commonest experimental ap- 
proach has been to add a surface-ac- 
tive agent to a boiling solution and 
from the results tc establish an ex- 
ponential relationship between the 
measured boiling coefficients and the 
static surface tension of the solution. It 
is known that the surface tension of 
a solution of a surface-active agent is 
dependent on the history of the system. 
For example, DuNouy (3) reports 
equilibrium values for aqueous sodium 
oleate solutions which are only 40% of 
the measured dynamic values. The 
time necessary to achieve equilibrium 
was between 2 and 10 min., depending 
on concentration. Tests with rabbit 
serum required up to 2 hr. for equilib- 
rium to be established. Weiser (9) 
shows large differences between static 
and dynamic surface tensions for solu- 
tions of sodium oleate, saponin, hep- 
tylic acid, and lauryl sulfonic acid; dy- 
namic determinations were made by 
the capillary-wave method and static 
surface tensions by the capillary-tube 
method. 

Because the formation of bubbles in 
a boiling system is an extremely rapid 
process, sometimes requiring only a 
few milliseconds, it would seem that if 
surface tension has any effect on boil- 
ing solutions it would be the dynamic 
surface tension which would apply and 
not the static surface tension. Several 
methods have been reported for the 
measurement of dynamic surface ten- 
sion (8). These involve measurements 
of such diverse quantities as the oscil- 
lation rate of a falling drop, the dis- 
tance between nodes in a_ vibrating 
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liquid jet issuing from an elliptic orifice, 
and the cone angle produced by two 
impinging jets. However the total lack 
of geometric similarity between these 
systems and a boiling system makes it 
unlikely that they would be of use in 
predicting the dynamic surface tension 
of a boiling system. 

In the present investigation (4) an 
attempt was made to measure the sur- 
face tension of aqueous solutions of 
surface-active agents under nonboiling 
conditions which nevertheless approxi- 
mated the boiling process. These re- 
sults were used to interpret the effect 
of surface tension on boiling coeffi- 
cients under actual boiling conditions. 

The nonboiling studies were based 
on the work of Benzing and Myers 
(2), who, studying factors affecting 
gas-bubble formation at horizontal cir- 
cular orifices, found that for a number 
of gas-liquid systems the bubble vol- 
umes could be predicted with consider- 
able accuracy by 


This was based on an equation derived 
by writing a force balance on a bubble 
which was just at the point of breaking 
off. The theoretical expression however 
contains an exponent of 0.33 on the 
right-hand side instead of 0.25. The 
data obtained under a variety of con- 
ditions fitted this expression, including 
results obtained with an aqueous solu- 
tion containing 1.0 wt. % of the com- 
mercial preparation Drene. The surface 
tension employed in Equation (1) for 
this solution was a static value. Con- 
versely, results obtained with a 0.1 wt. 
% solution of Drene in water deviated 
considerably from the correlation. The 
conclusion drawn from these experi- 
ments was that at a concentration of 
1.0 wt. % there was sufficient surface- 
active agent present in the water to 
achieve orientation in the vapor-liquid 
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interface in the time available during 
bubble formation. Thus the measured 
static surface tension of the solution 
was approximately the same as the dy- 
namic surface tension, but the 0.1 wt. 
% solution was apparently so dilute 
that a longer orientation time was re- 
quired than was available. The static 
surface tension in this case, therefore, 
was not equivalent to the dynamic sur- 
face tension, and the use of the static 
value in the correlation resulted in sub- 
stantial deviations. The measured val- 
ues of the static surface tension were 
30.6 and 26.0 dynes/cm. for the 0.1 
and 1.0 wt. % solutions respectively. 

Further evidence supporting this in- 
terpretation was obtained by studying 
the effect of bubble-formation rate on 
bubble volume. The volume of air 
bubbles in water was approximately 
twice the volume of air bubbles in 1.0 
wt. % Drene solution in water, which 
was in accordance with the predicted 
effects of surface tension in Equation 
(1). The results obtained with a 0.1 
wt. % solution of Drene in water were 
intermediate. At high rates of bubble 
formation, when very little time was 
available for surface concentration, the 
bubble volumes approached _ those 
measured for pure water. However at 
low bubble-formation rates the surface 
had moxe time to approach equilib- 
rium, and the bubble volumes ap- 
proached those measured for the 1.0 
wt. % Drene solution. 

From these experiments it was con- 
cluded that there may be concentra- 
tions of surface-active agent for which, 
under certain circumstances, the dy- 
namic surface tension is equal to the 
static surface tension. It appears that 
this condition is approached by in- 
creasing the concentration of the agent 
or by decreasing the bubble-formation 
rate. 

The information described above 
was used in the present study by per- 
forming a series of air-bubble experi- 
ments at various air rates and solution 
concentrations to determine the values 
of the dynamic surface tension. Boiling 
experiments were then conducted under 
conditions as nearly like the air-bubble 
studies as possible. The measured boil- 
ing coefficients from the heat transfer 
experiments were then correlated with 
the dynamic surface-tension measure- 
ments from the air-bubble experiments. 


EXPERIMENTAL 


Air-bubble and boiling investigations 
were performed with aqueous solutions of 
detergents known as Tergitol and Aerosol. 
Tergitol is a water-soluble yellow liquid 
containing 25% sodium tetradecyl sulfate 
in water; Aerosol-22 is an anionic agent 
containing n-octadecyl tetrasodium 1,2 di- 
carboxyethyl sulfosuccinamate and is sol- 
uble in both hot and cold water. 
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Fig. 2. Boiling apparatus. 


Air-Bubble Experiments 


The investigation of air-bubble volumes 
was done on an apparatus essentially the 
same as that described by Benzing and 
Myers (2) (Figure 1). Air passed through 
a pressure-reducing valve, discharging at 
approximately 5 Ib./sq. in. gauge into 
a surge tank constructed from a 14-in. 
section of 2-in. pipe. This was followed 
by passage through a humidifier, con- 
structed of 12 in. of 2-in. pipe. The flow 
rate was controlled by two needle valves 
in series. The orifice employed was made 
from brass bar stock and had a throat % 
in. long with an LD. of 0.357 cm. The 
orifice was immersed 3 in. beneath the 
surface of the liquid, which was con- 
tained in a cylindrical glass jar 1 ft. in diam- 
eter and 1 ft. high. The bubble-collection 
system consisted of an inverted funnel 
connected by rubber tubing to a 50-ml. 
burette, which was connected through a 
valve to an aspirator. 

All data in this phase of the project 
were taken at room temperature, which 
ranged from 72° to 76°F. A platinum 
ring tensiometer was used to measure the 
static surface tension of the solution. 
Solutions were prepared on a volumetric 
basis and concentrations recorded as 


Fig. 3. Locations of thermocouples. 
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Fig. 4. Volume-frequency-concentration plot for Tergitol solution at 


volumetric parts of surface-active agent 
per ten thousand parts of water. 


Boiling Experiments 


The boiling data were taken with an 
apparatus (Figure 2) built by Kurihara 
(5) and described by Kurihara and Myers 
(6). The heater was cut from a cylinder 
of copper to a diameter of 3 in. Seven 
fins on the bottom of the block were heated 
by nichrome ribbon wound on a mica 
core and inserted between the fins. A 
stainless steel skirt (5-in. O.D.) was 
silver-soldered to the top of the block, and 
the copper and stainless steel were turned 
down till the skirt had a thickness of 1/16 
in. No boiling was observed from the 
stainless steel skirt. Thermocouples of No. 
30 copper-constantan, located as shown in 
Figure 3, were used to measure tempera- 
tures in the heater block and on the skirt. 
Liquid temperatures were measured with 
a mercury thermometer whose bulb was 
1/2 in. above the center point of the 
heater surface. All thermocouples and the 
thermometer were checked against an 
N.B.S. calibrated thermometer and were 
considered to be accurate within + 0.1°F. 

The liquid was confined in an 8-in— 
diameter inverted glass bell jar, 11 in. 
high, which was bolted to the heater 


72° to 76°F. 


skirt and sealed by a Teflon gasket. An 
auxiliary heater inserted in a 6-mm. glass 
tube encircled the periphery of the heater 
to compensate for minor heat losses in the 
upper part of the apparatus. The external 
heater circuit included a 7-kv.-amp. variac 
rated at 20 amp. and 270 v.; two watt- 
meters, a high-range meter with 4,000 w. 
minimum and a low-range meter with 500 
w. maximum; a 300-v. voltmeter; and a 
25-amp. ammeter. Table 1 shows a sample 
of the experimental boiling data and re- 
sults. All boiling data were taken at an 
approximately constant heat input of 400 
B.t.u./hr. with heat flux from the heater 
surface varying from 7,460 to 8,040 B.t.u./ 
(hr.)(sq. ft.), depending on heat loss. 
Estimated bubble-formation rates were 
between 800 and 1,000 bubbles/min. 
for pure water. Upon the addition of the 
detergents these rates increased to values 
which could not be estimated visually. 

In the Tergitol-water runs there were 
approximately twenty active nuclei on the 
heater surface when pure water was boiled 
and approximately seventy nuclei when 
the concentration of Tergitol was 75 p.p.tt.; 
for the Aerosol-water runs there were 
thirty bubble columns with pure water 
and about 200 when the concentration 
was 7.5 p.p.t.t. 
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Fig. 6. Boiling coefficient vs. static surface tension. 


The heat flux was determined by sub- 
tracting the skirt loss from the power 
input. A description of the details of the 
experimental measurements, including the 
method of determining average surface 
temperature, is given by Kurihara and 
Myers (6). 

The boiling surface was prepared before 
each set of runs by systematic polishing 
with No. 2 emery paper. The differences 
in the boiling coefficient for pure water 
(716 for the Aerosol runs to 627 for the 
Tergitol runs) may be attributed to slight 
differences in the surface roughness (25.0 
win. root mean square for the Aerosol runs 
and 22.6 win. root mean square for the 
Tergitol runs). The roughness was meas- 
ured in the manner described by Kurihara 
and Myers (6). 

The boiling surface was examined for 
fouling after each run. No visible deposits 
were left on the surface; however a slight 
increase of root mean square microrough- 
ness was observed (25.0 to 26.9 win. in 
one set of Aerosal runs and 25.0 to 26.4 
in another set). This commonly occurs 
when pure water is boiled on a copper 
surface and is to be expected with aque- 
ous solutions. It seems probable however 
that most of this change occurred during 
the 2 hr. of boiling which always pre- 
ceded the taking of data. 


Air-Bubble Results 


The results of air-bubble measure- 
ments made in solutions of Tergitol are 


shown in Figure 4. It is apparent that 
over the entire range of bubble fre- 
quencies employed there is a signifi- 
cant effect of detergent concentration, 
and thus of surface tension, on the 
measured bubble volumes. Measure- 
ments could not be taken at rates 
greater than 500 bubbles/min. in pure 
water because the bubbles were no 
longer uniform in volume or shape be- 
yond this point. The limiting rate was 
even lower in solutions of detergent. 
There does not appear to be any major 
effect of bubble rate on the relative be- 
havior of solutions of different concen- 
trations, contrary to the observations of 
Benzing and Myers (2). With the ex- 
ception of the most concentrated solu- 
tion, the lines representing the various 
solutions appear to have nearly the 
same slope. 

The results of air-bubble studies 
with solutions of Aerosol in water are 
shown in Figure 5. It may be seen that 
none of the solutions appeared to be 
affected by the presence of the deter- 
gent, as the bubble volumes were in all 
cases the same as for pure water. Thus 
the dynamic surface tension in this 
case is the same as the surface tension 
of pure water and, as far as surface 
tension can affect boiling, it would 
seem that the boiling coefficients of 


TABLE 1. SAMPLE EXPERIMENTAL BOILING DATA AND RESULTS 


System: Tergitol-water 


Surface roughness: 22.6uin. 


Fig. 7. Boiling coefficient vs. concentration. 


these solutions should be the same as 
for water. 


Boiling Results 

The results of the boiling experi- 
ments are shown in Figures 6 and 7. 
As was expected from the air-bubble 
experiments with Tergitol solutions, 
there was a noticeable effect produced 
on the boiling coefficients. Addition of 
Tergitol up to 75 p.p.t.t. increased 
the boiling coefficient by about 50%. 
Although the air-bubble rates were be- 
low 500 bubbles/min. and the boiling 
rates generally above 1,000 bubbles/ 
min., an estimate was made of the ef- 
fect of surface tension on the boiling 
coefficients. 

The first step in the calculation was 
to determine the values of the effective 
or dynamic surface tension from meas- 
urements of bubble volume by the use 
of Equation (1). The results of these 
calculations, based on bubble volumes 
taken from the straight lines of Figure 
4, are given in Table 2 which also 
contains static readings for the same 
solutions. 

If the heat transfer coefficient is as- 
sumed to follow a relation of the form 
ha(1/o"), then the exponent can be 
evaluated from a proportionality con- 
sisting of the ratios of heat transfer co- 
efficients and dynamic surface tensions. 
This was done by using the data of 
Figure 6 and Table 2 with pure water 
as the reference state and produced 
the values shown in Table 3. 


Static Boiling The heat flux for these runs was 
surface Heat coeffi- held between 7,400 and 7,710 B.t.u./ 
Concen- tension Average flux Film cient, (hr.) (sq. ft.). Temperature-difference 
tration, at 72° to surface Liquid Power Skirt q/A, temper- B.t.u./ driving towee ranged from 9.0 to 
p-p.t.t. 76°F., temper- temper- input, loss, B.t.u./ ature  (hr.) 12.1°F. The values of the exponent n 
(by  dynes/ ature, ature, B.t.u./ B.t.u./  (hr.) drop, (sq. ft.) df 0.65 t 1.04 
volume) ‘cm °F, Ch) CH ranged from V.00 1.08, not a 
range in view of the assumptions made. 
0 724 2935 2116 3099 33 7640 119 627 Although widely scattered values of 
f 20 600 2232 2111 399 31 7,510 121 621 the exponent have been reported by 
10.0 518 2924 2111 399 32 7,499 113 663 other authors, Bankoff (1) in a recent 
on at 35.0 44.5 221.2 211.1 392 29 7,400 10.1 732 paper predicts a value of n = 2/38. 
75.0 38.5 220.1 211.1 403 25 7,710 9.0 856 The results presented in Tables 1, 
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2, and 3 are based on the dynamic sur- 
face tensions measured by air-bubble 
experiments at 72° to 76°F. When one 
uses this information to evaluate boil- 
ing performance at temperatures of 
212° to 220°F., however, only the 
ratios of the surface-tension values at 
72° to 76°F. are used. For this pro- 
cedure to be valid, therefore, it is 
necessary only that the ratios not 
change with temperature. This point 
was investigated in the initial stages of 
the research by a series of measure- 
ments of the static surface tension of 
Tergitol solutions at temperatures up 
to 210°F. These values decreased by 
about 15% over the range of 70° to 
210°F. However, the ratio of the static 
surface tension of a Tergitol solution to 
the static surface tension of water 
changed by amounts ranging only from 
3 to 6%. Ratios of dynamic surface 
tension were assumed to have the same 
response to temperature change. 

Preliminary experiments were made 
in which the air-bubble system was 
operated at 210°F. However, convec- 
tion effects made it impossible to re- 
produce the results even when insula- 
tion was applied to the system. 

The boiling results obtained with the 
Aerosol solutions were in direct con- 
trast to what was expected. In Figure 
5 it can be seen that the addition of 
the surface-active agent Aerosol had no 
effect on the volume of air bubbles. 
Thus it might be expected that it 
would have no effect on the boiling co- 
efficients. An examination of Figures 6 
and 7 shows, however, that the addi- 
tion of 7.5 parts of Aerosol/10,000 
parts of solution increases the boiling 
coefficient from 716 to 2,500 B.t.u./ 
(hr.) (sq. ft.) (°F.). In these runs the 


heat transfer rate varied from 7,740 to 
8,040 B.t.u./ (hr.) (sq. ft.) and the 
temperature-difference driving force 
from 10.8° to 3.2°F. 

The presence of an effect in boiling 
but not in the air-bubble measurements 
clearly indicates that the effect of the 
detergent in this case is not related to 
the break-off dimensions of the bubbles 
in boiling. In fact, it would seem to 
have nothing to do with surface ten- 
sion, since the dynamic surface tension 
of the solution is apparently unaffected 
by the presence of the detergent. 

Lowery and Westwater (7) have 
suggested that large organic molecules 
in a solution may serve as nuclei for 
the formation ‘of bubbles at smaller 
degrees of superheat than would be 
necessary at a liquid-solid interface. 
This explanation is attractive in view 
of the fact that the highest boiling co- 
efficient [h = 2,500 B.t.u./(hr.) (sq. 
ft.) (°F.)] occurred with a tempera- 
ture-difference driving force of 3.2°F. 
At this superheat stable nucleate boil- 
ing is seldom attained, and the usual 
mechanism is one of natural convec- 
tion. 


CONCLUSIONS 


It appears that the addition of sur- 
face-active agents to liquids may affect 
nucleate boiling coefficients in two 
quite different ways. First there may 
be a decrease in the dynamic surface 
tension with a consequent increase in 
the boiling coefficient. A method of 
studying this effect quantitatively has 
been proposed and tried with solutions 
of Tergitol in water. Results indicate 
that the exponent n in the relation 
ha(1/o") varies between 0.65 and 


TABLE 2. Static AND DYNAMIC SURFACE TENSIONS 
TERGITOL-WATER SOLUTIONS 


Dynamic surface tension, dynes/cm. 


Air-bubble rates, bubbles/min. 


100 200 300 

72.4 72.4 72.4 
72.4 72.4 72.4 
65.7 66.0 66.6 
58.0 60.2 61.9 
47.6 47.4 47.2 


TABLE 3. VALUES OF EXPONENT 1 FOR TERGITOL-WATER SYSTEM 


[Equation ha(1/o") ] 


Air-bubble rates, bubbles/min. 


Concentra- Static 
tion by Liquid surface 
volume, temper- tension, 
p-p-t.t. ature, °F. dynes/cm. 30 
0 124: 72.4 
2 73 60.0 72.4 
10 75 51.8 65.5 
35 75 44.5 56.3 
75 13 38.5 48.6 
Solution 
concen- 
tration, 
p-p.t.t. 30 100 
10 0.65 0.68 
35 0.66 0.74 
15 0.79 0.76 
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200 300 
0.70 0.78 
0.89 1.04 
0.76 0.75 


A.1.Ch.E. Journal 


1.04. 

The second effect, which is much 
stronger, was found to occur in solu- 
tions of Aerosol and water. The pres- 
ence of this detergent was found to 
have no effect on the dynamic surface 
tension. However a fourfold increase 
resulted in the boiling coefficient, 
which is, perhaps, due to the effect of 
the detergent on the number of active 
nuclei in the solution. 

The authors suggest that a pluralistic 
explanation of the effects of detergents 
on the boiling behavior of solutions 
may be necessary to explain the ex- 
treme divergence of results obtained 
by previous workers in this field. 
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NOTATION 


d = orifice diameter, cm. 

D = bubble diameter, cm. 

g = acceleration due to gravity, 
980 cm./sec.” 

h = boiling heat transfer coeff- 


cient, B.t.u./(hr.) (sq. ft.) 
(°F.) 
n = constant in exponential rela- 


tion ha(1/o") 
= heat flux, B.t.u./ (hr.) (sq.ft. ) 
AT = average surface temperature 
of heater minus bulk tem- 
perature . of boiling liquid, 


°F. 
= liquid density, g./cc. 
o = surface tension, dynes/cm. 
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Thermodynamic Behavior of Hydrogen- 
Hydrocarbon Mixtures 


R. L. MOTARD and E. I. ORGANICK 


By use of the Benedict-Webb-Rubin (BWR) equation of state an attempt has been made to 
correlate experimental vapor-liquid equilibrium data on hydrogen-methane-propane mixtures in 
the temperature range from 0° to —250°F. and pressure range from 500 to 1,500 Ib./sq. in. 
abs. Considerable improvement in hydrogen K values has been obtained by adjusting the co- 
efficient y in the BWR equation for hydrogen. In the final adjustment it was necessary to 
specify a new value of y for hydrogen at each temperature. The root-mean-square deviation 
of calculated from observed K values for hydrogen is 6.6% 

As a further check the recommended BWR coefficients for hydrogen have been used to 
calculate the low-temperature hydrogen K values in mixtures with ethane and ethylene with 


good results. 


The predicted K values for propane at temperatures below —150°F. have not been altered 
and are still in error by as much as 2 orders of magnitude. 


The expanding use of digital com- 
puting equipment in the simulation of 
processes has developed a strong in- 
centive for the compact quantitative 
expression of physical phenomena. In 
the area of hydrocarbon vapor-liquid 
equilibrium ratios some attempts have 
been made to fit the experimental 
relationships to a curve, but an equally 
promising approach, for light hydro- 
carbons at least, is the use of an equa- 
tion of state, the Benedict-Webb-Rubin 
(BWR) equation (1, 2). This equation 
has been used to predict from single- 
phase pvessure-volume-temperature 
(PVT) data of pure hydrocarbons both 
the singular two-phase behavior and 
the phase behavior in multicomponent 
mixtures of these hydrocarbons. While 
considerable success has been obtained 
in the use of the BWR equation for 
mixtures of paraffins and olefins, sev- 
eral deficiencies in the equation have 
been noted in areas of its application 
critical to its utility. For instance, prior 
to this investigation it had been estab- 
lished that the equation would not pre- 
dict satisfactorily the subatmospheric 
vapor pressures of pure compounds 
(2) and would not adequately repre- 
sent the phase behavior of mixtures of 
hydrocarbons with light gases such as 
hydrogen (9), nitrogen (5), and car- 
bon dioxide (15). 

In an effort to expand the utility of 
the equation Benedict (2) suggested 
first that the prediction of pure-com- 
ponent vapor pressures at low tempera- 
tures could be improved by adjusting 
C, at every temperature in such a 
manner as to satisfy the two criteria: 


P(d,)= P(d,) = Pros. 
f(d.) = f(d,) 


The phase behavior of mixtures is 
predicted from the equation-of-state 
coefficients for pure compounds based 
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on combining rules inferred from sta- 
tistical mechanics. In cases of poor 
agreement with data on the phase be- 
havior of mixtures it has been assumed 
that an improvement or revision of the 
interaction coefficients is necessary to 
correct the assumed combining rule. 
Thus Benedict and Stotler (5) modi- 
fied the combining rule for A, in cor- 
relating V-L data on the nitrogen- 
methane system. 

The prediction of the phase behavior 
of hydrogen-hydrocarbon mixtures is 
of immediate technical interest and 
represents one area where the BWR 
equation has not been too successful 
(9). It is well known that the vapor- 
liquid equilibrium ratios for hydrogen 
do not apparently follow the conven- 


University of Houston, Houston, Texas 


tional behavior observed for mixtures 
of light hydrocarbons. For all tem- 
peratures above —250°F. K values for 
hydrogen decrease with increasing 
temperature in contrast with normal 
expectations, where the K values should 
increase with increasing temperature. 
One might suppose that such radical 
behavior could not possibly lend itself 
to prediction by the conventional equa- 
tion-of-state approach; however Katz 
(14) has pointed out that this behavior 
of hydrogen is really only a manifesta- 
tion to a larger degree of a phenome- 
non observed in all hydrocarbon mix- 
tures involving very light and very 
heavy components. 

In the light of these observations 
and because of the burden of calcula- 
tions involved, a series of studies was 
undertaken with an IBM 650 to adapt 
the BWR _ equation-of-state approach 
to vapor-liquid equilibrium in hydro- 
gen-hydrocarbon mixtures at low tem- 
peratures. A computer program (20) 
was available to calculate vapor-liquid 
equilibria from the BWR equation of 
state. The data employed in the study 
were those of Benham and Katz (3) for 
hydrogen-methane-propane _ mixtures. 
To extend the range of the hydrogen- 


100 


K-VALUF FOR HYDROGEN 


-100 0 


TEMPERATURE, °F 


Fig. 1. Comparison of calculated K values with observed for hydrogen in 
hydrogen-ethylene and hydrogen-ethane mixtures at 1,000 Ib./sq. in. abs. 


© = calculated Ku. in hydrogen-ethane mixture, 0 = 


in hydrogen-ethylene mixture. 
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propane binary data, two runs were 
selected from the Williams and Katz 
data (4). 

Previous studies had indicated that 
the best available set of BWR coeffi- 
cients (7) for hydrogen did not satis- 
factorily correlate hydrogen phase be- 
havior. A new set of hydrogen coeffi- 
cients was obtained from PVT data 
(8) over the range of interest, namely 
—250° to 100°F. and 0 to 2,000 lb./ 
sq. in. abs. by means of a digital com- 
puter program (20). 

To improve the prediction of pure- 
component vapor pressures, a general- 
purpose computer program for adjusting 
C, was developed. 

The BWR equation of state approach 
was checked at this point in the study 
by evaluating the new coefficients for 
hydrogen and the adjusted C, values 
for methane and propane in the calcu- 
lation of phase equilibria. Since further 
refinements were necessary to fit the 
hydrogen K values, the work proceeded 
with the objective of finding improved 
binary interaction coefficients from V-L 
data on binary mixtures of hydrogen 
methane and hydrogen propane and of 
using these coefficients in the calcula- 
tion of the phase equilibria of ternary 
mixtures. It was found that improved 
binary interaction coefficients for hy- 
drogen in hydrocarbon mixtures were 
not necessary. The behavior of hydro- 
gen could be adequately represented 
by modifying y at each temperature. 

The BWR coefficients used in the 
calculations for all substances other 
than hydrogen are those recommended 
by Benedict (2), with the exception 
that C, has been adjusted where neces- 
sary to fit the observed vapor pressure. 


RESULTS 


Fitting Hydrogen PVT 

The method employed in _ fitting 
hydrogen PVT data is that of Brough, 
Schlinger, and Sage (6), where the 
coefficients are obtained by a least- 
squares fit of the PVT data for assumed 
values of y. Several guesses are made 
of y, and the value which yields the 
minimum standard deviation of the fit 
is selected as best. 

A set of hydrogen coefficients had 
been obtained by Eubanks (7), shown 
in Table 1, but preliminary calcula- 
tions conducted at the university lab- 
oratory indicated poor agreement be- 
tween computed hydrogen K values 
with observed ones. The root-mean- 
square (RMS) error was 137%. Eu- 
banks fitted hydrogen PVT data at 
temperatures below —172°F. only; 
therefore a new set of hydrogen co- 
efficients was obtained with a different 
range of hydrogen PVT. The data were 
obtained from the same source (8) 
but were restricted to the range of in- 
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terest, namely temperatures from 100° 
to —250°F. and pressures to 2,000 Ib./ 
sq. in. abs. The results of the fit of 
hydrogen PVT over the range of inter- 
est are shown in Table 1. As a by- 
product of the curve-fitting work, it 
was found that the fit of the hydrogen 
PVT over the range of interest de- 
scribed above was insensitive to the 
value of y over the range from 0.4 to 
1.0. 

One aspect of the curve-fitting re- 
sults needs clarification. As was found 
by Eubanks, the best values of a and 
a for hydrogen are negative. Such a 
result need not influence the ability of 
the BWR equation to fit the PVT data, 
but it leads to an incongruity in defin- 
ing the fugacity of hydrogen in the 
pure state and in a mixture. Thus the 
coefficient for the fifth power of the 
density, the product da, is positive in 
the equation for the fugacity of pure 
hydrogen, but the corresponding term 
+ a(a*a;)**] is negative for 
hydrogen in a mixture. To resolve the 
difficulty, Eubanks suggested that the 
signs of a and a be changed and that 
b be modified to correct the third 
virial coefficient, (bRT-a). The modi- 
fied b is defined by 


2 


RT 


The results obtained in calculating 
K values with the new set of BWR co- 
efficients for hydrogen, set 1, Table 1, 
were somewhat better, as indicated by 
a root-mean-square error of 36%. 


by = b + 


Adjustment of C, for Pure Substances 

All calculations of K values described 
in this paper included the use of C, 
values which satisfactorily fit the BWR 


equation to the observed vapor pres- 
sures of pure substances at the tem- 
perature in question. 


Improvement in Combining Rules 

The combining rules employed in 
deriving the BWR coefficients for a 
mixture are as follows: 


Ben = =x, Box 

= 

Con = 
= 


An = 
Ym = 


Stotler and Benedict (5) empirically 
adjusted the interaction term Ao» to fit 
vapor-liquid equilibrium data in the 
system nitrogen-methane. 

According to the recommended 
combining rule for A,, the interaction 
term in a binary mixture should be 
Qx If the coefficient of 
xx. is to be determined formally and 
empirically from vapor-liquid equilib- 
rium measurements, an iterative pro- 
cedure can be devised on the basis 
of the Newton-Raphson method. In 
the present study it is reasoned that 
the vapor-phase fugacities of hydrogen 
are fairly accurate, since hydrogen 
vapor behaves almost ideally. It was 
decided therefore to adjust the inter- 
action term in the combining rule for 
C., for the liquid-phase hydrogen 
fugacity only, by a much shorter pro- 
cedure. Thus in the adjustment of the 
combining rule for C, in the liquid 
phase only of a binary mixture, a 
direct solution for the interaction term 
can be obtained if one ignores the 
small change in d, accompanying the 


TABLE 1. BENEDICT-WEBB-RUBIN EQUATION OF STATE COEFFICIENTS FOR HyDROGEN 
UNITs: LB./SQ. IN. ABS., LB. MOLES/CU. FT., °R. 


Eubanks (7) 


Coefficients for this paper 


Set 1* Set 2 Set 3 Set 4 
Ao 791.5 585.127 > 
B, 0.3782 0.333937 > 
C 0.625 x 10° 4.8282 x 10° 2.25 x 10° 4.41 x 10° 4.41 x 10° 
a 30.375 98.597 > 
60.75 197.194 
b’ 0.131143 + Tr 0.08682 + > 
Cc 0.55029 x 10° 1.42317 x 10° > 
a 0.868577 0.479116 > 
0.9 0.9 0.9 0.74909 
. ole least-squares fit of Woolley et al.(8) hydrogen PVT. Mean absolute relative deviation = 
is a function of temperature as follows: 
F. 
0 0.82810 0.9100 

—100 0.77440 0.8800 

—150 0.74909 0.8655 

—200 0.70057 0.8370 

—250 0.70057 0.8370 
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change in Q. The combining rule for 
C, becomes 


where Q is originally 2C.,"C.,"*. If 
In f’, is to equal In f*, at the observed 
composition, then 


RT* L 1/2 12 

QO In + Co, 

The results of adjusting the C, com- 
bining rule by the short procedure for 
binary mixtures indicated that a large 
part of the error in predicting hydro- 
gen K values could be eliminated by 
merely adjusting C, for pure hydrogen. 
Thus in the idealized combining rule 
for C, suggested by Benedict Q = 
and a calculated new 
value of C, for hydrogen could be ob- 
tained from the above relationship. 
The new C, for hydrogen calculated 
from the values of Q, that is from 
binary V-L data, is shown in Table 1 
as set 2. The results of the K values 
calculated with the modified hydrogen 
C, indicated an improvement in the fit 
(by the reduction of the RMS error to 
25%) but mainly in the predicted K 
values for hydrogen in the binary mix- 
tures. In order to improve the predic- 
tion of hydrogen K in ternary mixtures, 
the coefficient y for hydrogen was ad- 
justed; a degree of freedom was avail- 
able here, namely that the least-squares 
fit of hydrogen PVT had been found 
to be independent of y. However every 
adjustment of y to improve Kna, in 
ternary mixtures resulted in a poorer 
fit of the agreement in K values in 
binary mixtures. An iterative trial-and- 
error procedure was developed where- 
by y and C, for hydrogen were ad- 
justed alternately to arrive at the opti- 
mum combination to fit hydrogen K in 
both binary and ternary mixtures. 


Adjusting for Hydrogen 

The best set of C, and y for hydro- 
gen developed by the trial-and-error 
procedure described in the last section 
is 


C, =441x 10° 
C22 =21x 10 
¥ = 0.74909 
0.8655 


These coefficients are shown as set 3 
in Table 1, and the RMS error in com- 
puted K values is 14%. The final value 
of C, does not differ greatly from the 
original value obtained from a least- 
squares fit of the hydrogen PVT. 
Further improvements in hydrogen 
K values were obtained by making y 
a function of temperature as shown in 
Table 1. The final results are listed in 
Table 2, and the recommended BWR 
coefficients for hydrogen are listed as 
set 4 in Table 1. The root-mean-square 
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TABLE 2. COMPARISON OF OBSERVED K VALUES WITH THOSE CALCULATED 
FROM BWR EQuaTION 
For Two AND THREE COMPONENT MIXTURES IN THE SystEM HyproGEN METHANE 
Propane. Data: (3) 


Liquid- 
Benham phase 
and Katz composition 
run number parameter, Observed 
#0,/(#0, * #0,) Ky 
46 0 39.4 _ 
30 0.119 34.9 3.70 
28 0.163 30.8 3.76 
26 0.238 25.3 3.40 
46 0 19.8 _ 
35 0.185 19.1 1.93 
33 0.265 17.0 1.86 
1 0.53 — 1.70 
46 0 63.9 _ 
18 0.216 56.3 1.42 
22 0.437 36.0 1.75 
20 0.498 31.8 1.69 
1 0.62 — 1.59 
46 0 32.8 _ 
38 0.354 18.9 1.07 
40 0.606 11.8 0.909 
0 82.0 
3 1.0 9.31 0.856 
0 43.6 
4 1.0 463 0.651 
46 0.086 121 0.441 
44 0.445 46.6 0.365 
2A 1.0 18.6 0.374 
45 0.1032 55.4 0.0365 
43 0.577 29.2 0.215 
42, 0.595 29.6 0.208 
41 0.616 27.8 0.221 
47 0.863 13.4 0,241 
5 1.000 9.74 0.259 
12 1.0 29.1 0.0745 
13 1.0 9.98 0.059 


Calculated* 
Ko, Ey Ko, Ko, 
0°F., 500 Ib./sq. in. abs. 
0.095 40.6 — 0.094 
0.125 34.5 3.58 0.119 
0.137 318 3.54 0.131 
0.150 276 342 0.146 
0°F., 1,000 lb./sq. in. abs. 
0.062 20.4 _ 0.057 
0.082 164 1.99 0.082 
0.094 14.4 1.97 0.095 
0.206 — 1.72 0.204 
—100°F., 500 Ib./sq. in. abs. 
0.0099 65.4 — 0.0077 
0.0106 50.6 1.63 0.0107 
0.0214 346 1.69 0.0181 
0.0242 29.4 1.66 0.0211 
0.034 1.59 0.0289 
—100°F., 1,000 Ib./sq. in. abs. 
0.0071 33.3 — 0.0050 
0.022 20.4 1.01 0.012 
0.099 12.0 1.034 0.024 
—150°F., 500 Ib./sq. in. abs. 
0.00198 82.7 — 0.00114 
9.11 0.852 
—150°F., 1,000 Ib./sq. in. abs. 
0.00133 42.5 0.00082 
— 4.45 0.650 
—200°F., 500 Ib./sq. in. abs. 
0.0053 112 0.189 0.00009 
0.0125 72.8 0.186 0.00012 
18.8 0.340 
—200°F., 1,000 Ib./sq. in. abs. 
0.00716 57.2 0.122 0.00008 
0.00633 312 0.207 0.00012 
0.00664 30.4 0.208 0.00012 
0.00715 29.4 0.212 0.00013 
0.0242 15.1 0.234 0.0002 
9.24 0.246 
—250°F., 490 Ib./sq. in. abs. 
— 29.6 0.0732 
—250°F., 1,490 lb./sq. in. abs. 
9.68 0.061 


® Set 4—BWR coefficients for hydrogen; K values computed at observed composition. 


+ Data of Williams and Katz (4). 


deviation in hydrogen K values for 
twenty-eight runs with the recom- 
mended hydrogen coefficients is 6.6%, 
excluding one error of 56.2%. 


K Values for Components Other 
Than Hydrogen 

The calculated K values for methane 
in the final comparison of Table 2 are 
in reasonable agreement with observed 
values except for three runs. Since no 
trend is detectable in the deviations 
for methane, these discrepancies’ could 
be partly attributed to experimental 
error. 


A.1.Ch.E. Journal 


The agreement in propane K values 
is a different story. The present BWR 
equation of state approach is still in- 
adequate to represent propane K values 
below —100°F. This result is not re- 
lated primarily to the presence of 
hydrogen in the system but has been 
observed for all hydrocarbons heavier 
than methane at low temperatures, 
specifically for ethane and propane in 
the methane-ethane-propane system 
(9) and n-butane in the methane— 
n-butane system (10). The Lorentz 
combining rule for Bo, was explored to 
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TABLE 3. COMPARISON OF OBSERVED K VALUES WITH THOSE CALCULATED 
FROM BWR EQuaTION 
FOR BINARY MIXTURES OF HYDROGEN ETHYLENE AND HYDROGEN ETHANE 


Tempera- 
ture, °F. Pressure, 


Ib./sq. in. abs. 


Reference 


K observed K calculated 
c H 


2 2 2 2 


System hydrogen ethylene 


0 500 (4) 17.1 0.863 13.7 0.871 
0 2,000 (4) 3.94 0.496 3.29 0.513 
—100 250 (4) 84.2 0.320 83.3 0.301 
—100 2,000 (4) 10.8 0.0924 10.2 0.0827 
—175 250 (4) 147 0.0408 162 0.0350 
—175 2,000 (4) 20.2 0.0179 218 0.0128 
System hydrogen ethane 
+50 500 (4) 12.1 0.922 11.6 0.936 
+50 2,000 (4) 3.21 0,567 3.00 0.568 
0 250 (4) 48.8 0.896 42.9 0.912 
0 2,000 (4) 6.12 0.264 5.79 0.261 
—50 250 (4) 75.4 0.424 72.5 0.424 
—50 2,000 (4) 9.05 0.113 9.07 0.108 
—125 250 (4) 112 0.077 131 0.075 
—125 2,000 (4) 14. 0.0246 17.1 0.022 
—200 250 (4) 160. 0.00462 292. 0.00431 
—200 2,600 (4) 23.6 0.00272 43.1 0.00228 
—121 302.7 (11) 91.2 0.088 105.4 0.0709 
—121 (CLT) 29.8 0.0465 27.8 0.0284 
—175 204.3 (11) 378 0.0551 260 0.0157 
—175 1,137.5 (11) 76.1 0.0111 49.7 0.0111 


TABLE 4. COMPARISON OF OBSERVED K VALUES WITH THOSE CALCULATED 
FROM BWR EQuaTION 
FOR TERNARY MIXTURES OF HYDROGEN METHANE ETHYLENE AND HYDROGEN 
METHANE ETHANE 


Pressure, 
Ib./sq. K observed K calculated 
ature, °F. 
System hydrogen methane ethylene 
—121 44] 13 150 425 ‘0183 
—121 1,176 (13) 9.77 0.674 0.0978 8.89 0.700 0.118 
—175 44] (13) 25.2 0.631 0.0306 30.5 0.591 0.378 
—175 1,176 (13) 25.9 0.438 0.0311 26.4 0.295 0.0158 
System hydrogen methane ethane 
—121 44] (12) 162 1.36 0.0890 40.4 1.40 0.0750 
—121 41,176 (12) 11.8 0.921 0.0966 10.5 0.706 0.0648 
—175 441 (12) 24.2 0.638 0.0443 39.6 0.597 0.0150 
—175 1,176 (2?) 12.4 0.352 0.125 12.3 0.3834 0.0137 
—100 500 (19) 34.8 1.56 0.114 33.8 1.63 0.107 
—100 ‘1,000 (19) 12.2 0.98 0.120 110 0.98 0.110 
—200 500 (19) 212 0.34 ' OO11 215 033 0.0072 
—200 1,000 (19) 28.8 0.24 0.0041 33.2 0.21 0.0032 


assess the improvement in predicted 
K values of propane which might re- 
sult, but the effect, while large by the 
usual standards, did not warrant fur- 
ther investigation. K values for propane 
were increased by a factor of 3 at 
—200°F. with the Lorentz combina- 
tion for B, used, whereas a factor of 
several hundred is needed to match the 
observed values. 


COMPARISON OF PREDICTED 
HYDROGEN K VALUES 
WITH INDEPENDENT DATA 


The values of the BWR coefficients 
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for hydrogen given in Table 1 have 
been employed to predict the phase 
behavior of hydrogen in hydrogen-eth- 
ane (4,11) and hydrogen-ethylene (4) 
binary mixtures and hydrogen-meth- 
ane-ethane (12,19) and _hydrogen- 
methane-ethylene ternary mixtures. 
These results are shown in Tables 3 
and 4 and have been plotted in Figure 
1 for the binary system hydrogen-eth- 
ylene and hydrogen-ethane at a pres- 
sure of 1,000 lb./sq.in.abs. 

Generally the calculated K values 
for hydrogen agree very well with 
those of Williams and Katz (4) except 
at very low temperatures, below 
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—175°F., in the hydrogen-ethane sys- 
tem. It should be noted that there are 
marked differences in the experimental 
data of Williams and Katz and those of 
Levitskaya (11) on the hydrogen-eth- 
ane system at these conditions. Further, 
curves for the Williams and Katz ex- 
perimental data on hydrogen-ethylene 
and hydrogen-ethane cross at —150°F., 
which seems to be contrary to experi- 
ence, to the trends shown in the cal- 
culated K values, and to the qualitative 
relationship demonstrated by the Levi- 
tskaya data. 

While the calculated hydrogen K 
values show serious disagreement with 
some of the Russian experiments, these 
differences are within the +0.5 mole% 
accuracy claimed by Levitskaya et al. 
for their component analyses. The 
agreement between calculated K values 
and the data of Cosway (19) is good. 


CONCLUSIONS 


An empirical approach to improving 
the prediction of hydrogen K values in 
mixtures with methane and propane at 
low temperatures has resulted in a re- 
definition of the Benedict-Webb-Rubin 
equation of state coefficient y as a func- 
tion of temperature for hydrogen and 
in a small adjustment to C, for pure 
hydrogen. 

The predicted behavior of hydrogen 
in binary mixtures can be markedly 
improved by refitting only C, in the 
BWR equation for hydrogen to binary 
V-L data, but in ternary mixtures such 
a correction to C, obtained from single- 
phase PVT is inadequate. 

The predicted K values for propane 
in mixtures with hydrogen and meth- 
ane at very low temperatures (<— 
150°F.) are still too low by 2 orders 
of magnitude. 


NOTATION 

A,, a = BWR _ equation of state 
coefficients 

B., b, b’ = BWR _ equation of state 
coefficients 

= BWR equation of state 
coefficients 


C,, C., Cc; = methane propane, ethane 
propane, or ethylene pro- 


pane 

d, = vapor-phase density, 
moles/cu. ft. 

d, = liquid-phase density, lb.- 
moles/cu. ft. 

= fugacit 

= fugacity, lb./ 
sq. in. 

i = liquid-phase fugacity, Ib./ 
sq. in. 

K = vapor-liquid equilibrium 

P = pressure, lb./sq. in. 

QO = interaction term in com- 


bining rule for equation of 
state coefficients 
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state 
state 
state 


thane 
pro- 


lb.- 
lb.- 


, 


R = universal gas content, 


(Ib.) cu. ft./(sq. in.) (Ib.- 


mole) (°R.) 

T = temperature, °R. 

x = mole fraction 

a = BWR equation of state 
coefficients 

y = BWR equation of state 
coefficients 

Subscripts 

i = component i 

m = mixture property 

1, 2 = components | and 2 
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The Constant-Volume Heat Capacities of 
Gaseous Perfluorocyclobutane and Propylene 


NOEL DE NEVERS and JOSEPH J. MARTIN 


The constant-volume heat capacities of gaseous perfluorocyclobutane and propylene have 
been measured over a considerable range of temperatures and densities with a new type 
of adiabatic calorimeter. This calorimeter differs from previous constant-yolume gas calorimeters 
in having very thin walls and being equipped with an internal motor stirrer to provide temperature 
uniformity. The experimental results have been compared with the predictions of the Benedict- 
Webb-Rubin and Martin-Hou equations, by use of published values of the zero-pressure- 
constant-volume heat capacity. The over-all agreement is satisfactory, with a maximum differ- 
ence between the experimental and calculated heat capacities of 6.7%; however the comparison 
reveals several interesting systematic differences between the experimental and calculated 
values of the derivatives of the constant-volume heat capacity with respect to temperature 


and density. 


Although the constant-volume heat 
capacity has been less intensively in- 
vestigated than the constant-pressure 
heat capacity, it is just as useful in 
thermodynamic calculations as C,. At 
zero pressure the two are related by 
the equation C,* = C,* — R. At finite 
pressures C, and C, may be computed 
from the corresponding zero-pressure 
values and PVT data as represented by 
an equation of state by use of the rela- 
tions 


c,—C,* = 


"Noel ‘De Nevers is with California Research 
Corporation, Richmond, California. 
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(Although in principle the necessary 
second derivatives can be computed 
directly from PVT data, in practice 
such data are rarely available in such 
quantity and precision that the second 
derivatives can be calculated without 
recourse to a numerical equation of 
state or a graphical one, for example a 
compressibility plot.) 

Comparison of the experimental 
values of C,—C,* or C,—C,* with 
those calculated by Equations (1) and 
(2) is a very sensitive test of the ac- 
curacy of an equation of state. Inspec- 
tion of Equations (1) and (2) reveals 
that C,—C,* is readily calculated by 
means of a pressure-explicit equation of 
state, P= f(V,T), and that C,—C,* 
is readily calculated by means of a 
volume-explicit equation V = f(P,T). 
Computation of C,—C,* from a vol- 
ume-explicit equation or of C,—C,* 
from a pressure-explicit equation is 
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possible but awkward. Most currently 
used equations are pressure-explicit, for 
example the Beattie-Bridgeman (1), 
Benedict-Webb-Rubin (2), and Mar- 
tin-Hou (14) equations; the accuracy 
of these equations can be tested and 
possible improvements suggested by 
C,—C,* data, but such tests cannot 
be conveniently made with C,—C,* 
data. Furthermore C, increases without 
limit near the critical state, whereas 
C, does not; so C, may be used to 
check state data near the critical point 
but C, may not. 

The major experimental problems of 
C, calorimetry have long been solved 
(17); C, calorimetry presents a differ- 
ent set of experimental problems, which 
have not yet been completely over- 
come. Measurements of C, are per- 
formed in a flow calorimeter at steady 
state. As the temperature of the ap- 
paratus does not change with respect 
to time, the heat capacity of the calo- 
rimeter does not enter the calculations 
of C,. Measurements of C,, however, 
are performed in an unsteady state by 
heating a known mass of gas plus its 
container through a measured tempera- 
ture interval. The heat capacity of the 
container must be subtracted from the 
measured heat capacity to compute the 
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heat capacity of the contents. In pre- 
vious C, calorimetry (3, 4, 5, 7, 10, 11, 
19,21) the heat capacity of the calo- 
rimeter has been up to twenty times 
that of its contents; under these cir- 
cumstances a small error in the meas- 
ured heat capacity corresponds to a 
large error in the heat capacity of the 
contents. Michels and Strijland (19) 
using a differential calorimeter meas- 
ured the C, of carbon dioxide with 
fair precision. Theirs has been the only 
work to date which shows C, over a 
wide range of temperature and density 
for any compound. 

In this research a new type of calo- 
rimeter was used. In principle the 
calorimeter was the simple adiabatic 
type; the experimental substance was 
contained in the calorimeter, which 
was placed in an evacuated space and 
surrounded by a shield whose tempera- 
ture was maintained as close as pos- 
sible to that of the calorimeter. Meas- 
ured amounts of heat were added to 
the calorimeter and its contents, and 
from the measured temperature rise 
the heat capacity of the aggregate was 
computed. The calibrated heat capac- 
ity of the calorimeter was subtracted 
from the heat capacity of the aggre- 
gate to find the heat capacity of the 
contents. This calorimeter was novel in 
two respects. First, it was very thin- 
walled. Being designed to operate in 
the pressure range of 200 to 900 lb./ 
sq. in. and to burst at a pressure of 
1,000 Ib./sq. in., it had a heat capacity 
much lower than that of a comparable 
calorimeter designed with a normal 
safety factor; naturally it was neces- 
sary to provide shielding to limit the 
destructive effects of rupture of the 
calorimeter. Second, this calorimeter 
had an internal, electric motor stirrer 
to provide temperature uniformity. ‘The 
several constant-volume calorimeters of 
Sage et al. (4) have used internal 
stirring, dependent on external motors; 
all other previous C, calorimeters have 
depended on natural convection and 
conduction of heat through their thick 
metal walls to provide temperature 


Fig. 1. View of lower half of the unassembled 
calorimeter. 
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uniformity. The internal motor stirrer 
was chosen in preference to an ex- 
ternal one because it was simple (no 
shaft seals or magnetic coupling), be- 
cause it made calculation of the stir- 
ring energy input simple (all the elec- 
trical energy used by the motor entered 
the gas as motor heat loss or as stir- 
ring energy), and because it eliminated 
the problem of heat conduction along 
the stirrer shaft or magnetic coupling 
shaft. 


EXPERIMENTAL APPARATUS AND 
MATERIALS 


The calorimeter proper was a sphere of 
type-304 extra-low-carbon stainless _ steel, 
8.015 in. I.D. and with a wall thickness of 
0.031 in. Inside it were a platinum coil, 
which served both as a heater and as a 
platinum-resistance thermometer, and a 12- 
volt D.C. motor which drove a 2%-in. pro- 
peller. The electrical leads to these instru- 
ments left the calorimeter through kovar- 
glass lead seals, silver-soldered into the 
wall of the calorimeter. A small needle 
valve, also silver-soldered into the wall of 
the calorimeter was used for loading and 
unloading the calorimeter. Figure 1 shows 
the lower half of the calorimeter before 
assembly; on it the thermometer heater 
and motor are visible. The two cold-drawn 
halves of the calorimeter were joined by 
Heliarc fusion welding, and the outside of 
the calorimeter was copper-plated to re- 
duce its emissivity for radiant heat trans- 
fer. Figure 2 is a cross section of the calo- 
rimeter assembly, showing the calorimeter, 
adiabatic shield, and vacuum container. 

The calorimeter was supported in place 
by three Fiberglas strings. Surrounding it 
was an adiabatic shield in the form of a 
cubical box made of six copper plates, 
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each 10 in. square and % in. thick. The 
inside surfaces of the shield were coated 
with aluminum foil to reduce radiant heat 
transfer. Electric heaters attached to the 
outside of the shield were used to control 
its temperature. Three differential thermo- 
couples measured the differences in tem- 
perature between the top, side, and 
bottom of the calorimeter and correspond- 
ing points on the adiabatic shield. 

The shield was supported within a steel 
vacuum container, which was designed to 
contain the experimental substance and 
any fragments in case of a rupture of the 
calorimeter. It was constructed of %-in.- 
thick mild steel and had a removable top, 
retained by 8%-in. bolts, with a silicone- 
rubber gasket making a vacuum seal at the 
top. A vacuum pump was used to evacu- 
ate the container and to provide the 
necessary vacuum for loading and unload- 
ing the calorimeter. The container was 
covered with Fiberglas insulation to re- 
duce heat leakage to the surroundings. 
The electrical leads to the calorimeter and 
to the differential thermocouples left the 
vacuum system through a vacuum junction 
box placed several feet from the vacuum 
container in order to prevent thermal elec- 
tromotive forces from forming in the 
soldered junctions. 

During heating periods the current in- 
put to the calorimeter passed through the 
motor and thermometer heater in series. 
About three quarters of the power was 
dissipated by the thermometer heater and 
the remainder by the motor. The current 
through the thermometer heater and mo- 
tor was determined by measuring the volt- 
age across a standard resistor in series with 
them; the voltage across the thermometer 
heater and motor was determined by 
measuring the voltage across a standard 
resistor in a circuit parallel to them. A 
balancing resistor (9) in series with the 
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Fig. 2. Cross section of the calorimeter assembly. 
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. The TABLE 1. THE CoNSTANT-VOLUME HEAT 0.26 | i 
coated CAPACITY OF PERFLUOROCYCLOBUTANE 


O 0.1569 GM./cc \ 
Tmean, Heat capacity, 0.1927 
ermo- 0.1569 101.58 0.2117 0.3902 
tem- 103.45 0.2164 > 0.4465 \ 
and 114.99 0.2190 © 0.5366 
pond- 126.33 0.2212 L \ 
0.24 
0.1927 109.18 0.2204 
of the 119.24 0.2237 s 
144.05 0.2277 2 
icone- 0.2394 110.50 0.2272 
at the 118.11 0.2269 pe 
the 136.20 0.2287 
aload- 145.10 0.2301 é 
0.3201 117.32 0.2357 Lo | 
dings, | 126.40 0.2339 
the 144.40 0.2341 
action 0.3902 114.67 0.2482 ra 
ore: 118.37 0.2436 
elec- 124.01 0.2393 
the 131.58 0.2377 
139.12 0.2373 willl 
ot in- 146.69 0.2374 80 90 100 no 120 130 140 150 
h the TEMPERATURE °C 
series. 0.4465 119.27 0.2492 
r was 123.01 0.2445 Fig. 3. Constant-volume heat capacity of perfluorocyclobutane. 
r and 127.74 0.2416 
urrent 134.3 0.2398 complete, the calorimeter was lowered into tem was evacuated (normally to about 
1 mo- 141.97 0.2388 place, the adiabatic shield and vacuum 0.050 mm. Hg). 
> volt- 147.66 0.2390 container were reassembled, and the sys- When the calorimeter had been heated 
with 0.5366 119.04 0.2594 
123.56 0.2498 0.80 
129.42 0.2445 © 0.04814 emcee. 
136.16 0.2417 \ 
© 0.1102 
heater and motor minimized the changes in ! X 7 0.1404 
heater power that occurred with changes 0.48 i @ 0.1609 
in thermometer-heater and motor resist- | 
ance. The temperature of the calorimeter 
was determined from the resistance of the 0.47 | A gi Pe one Se 
thermometer heater. (This measurement | “el 


was never made while current was flowing he 
through the thermometer heater and mo- 
tor.) Elapsed time of a heating period was 
measured with a synchronous timer, whose . \ 
clutch was actuated by the switch which 
controlled the power to the calorimeter. 
The perfluorocyclobutane was stated to 
be 99.78 weight % pure; the propylene was 
C.P. grade, specified to be 99.0 mole % oo 
pure. Neither of these materials was sub- 


jected to any additional purification. P Fal 
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The material to be investigated was 0.42 
placed in a light-weight stainless steel 
transfer container, which was weighed, 
and then an amount of substance was 0.41 
transferred to the calorimeter by vacuum a WA 
transfer methods. The transfer container aga A 
was reweighed and the calorimeter loading 040 
thus determined. For this operation and we Wg 
for unloading, the top of the vacuum con- 
tainer and the top member of the adiabatic 0.39 
shield were removed and the calorimeter 
was suspended from a crane above the 
vacuum container. When loading was Fig. 4. Constant-volume heat capacity of propylene. 
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Fig. 5. Cv-C.* as a function of reduced temperature and reduced density. 


to the desired starting temperature, the 
shield was controlled to maintain zero 
average temperature differences between 
the control points on the surfaces of the 
calorimeter and the shield. The tempera- 
ture was measured at 5 min. intervals un- 
til its rate of change with respect to time 
or “drift” had been determined. (This 
drift was normally about 0.002°C./min.) 
Then the power was switched to the ther- 
mometer heater and motor. At times cor- 
responding to one quarter, one half, and 
three quarters of the heating period the 
power input to the thermometer heater 
and motor was measured, and the average 
of these three power readings was used in 
subsequent calculations. Heating periods 
were of 15-, 20-, 25-, 30- and 40-min. 
duration, depending on the desired tem- 


perature change. At the end of the heating 
period the power was switched away from 
the calorimeter. The temperature was 
again measured at 5-min. intervals until 
the drift had been determined. This drift 
was used to extrapolate the temperature- 
time curve to the time of power shut-off. 
If only one measurement was planned, 
operations ceased after this drift had been 
found; if several measurements were 
planned, a new heating period was begun 
as soon as this drift had been determined. 
When the heat capacity had been meas- 
ured over the planned temperature range, 
the calorimeter was cooled and unloaded 
by methods similar to the loading proce- 
dure. The difference between the meas- 
ured load and the quantity of material re- 
covered seldom exceeded 0.1% of the load. 
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Fig. 6. Comparison of the experimental C, 


of propylene with the C, predicted by the 


Martin-Hou equation. 


Page 46 


A.1.Ch.E. Journal 


TABLE 2. THE CONSTANT-VOLUME HEAT 
CAPACITY OF PROPYLENE . 


Tmean, | Heat capacity, 

Density, g./cc. cal./(g.)(°C.) 
0.04814 67.15 0.3903 
82.14 0.3952 
98.45 0.4047 
111.62 0.4159 
123.90 0.4226 
140.21 0.4357 
0.07219 75.09 0.4160 
85.21 0.4163 
99.93 0.4208 
117.06 0.4305 
133.72 0.4412 
145.92 0.4485 
0.09228 84.64 0.4380 
92.91 0.4337 
103.71 0.4341 
115.35 0.4385 
125.32 0.4439 
0.1102 90.71 0.4486 
95.75 0.4460 
101.28 0.4438 
107.59 0.4439 
113.37 0.4438 
0.1404 93.17 0.4842 
99.58 0.4710 
106.68 0.4659 
112.47 0.4638 
0.1609 94.92 0.4991 
99.51 0.4840 
104.51 0.4761 
103.74 0.4768 
108.41 0.4704 


All the data reported in this paper were 
collected at calculated pressures less than 
800 Ib./sq. in. An attempt was made to 
make a final measurement on propylene 
in the pressure range of 800 to 900 lb./ 
sq. in.; however during this measurement 
the calorimeter ruptured at a pressure esti- 
mated to be about 860 Ib./sq. in. The vac- 
uum container had been designed to con- 
tain the propylene in case the thin-walled 
sphere leaked, but the sphere split in half 
along the weld almost instantly, blowing 
the top off the vacuum container. The 
propylene rushed out, mixed with the air, 
and exploded. A new container—cylindrical 
instead of cubical—is being constructed 
with better safety features. 


CALCULATIONS 


The gross heat capacity C, of the 
calorimeter plus contents was deter- 
mined at the mean temperature of a 
given experiment by the equation 


C, mean (AT (3) 


AT.or- was that change in temperature 
which would have occurred in time “A@ 
if no energy had been added electri- 
cally. It was computed from the drift 
before the heating period, drift, and 
the one after, drift., by 


AT corr = AO (drift, + drift,)/2 (4) 


Equation (3) assumes that the gross 
heat capacity varies linearly with re- 
spect to temperature and that the 
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Fig. 7. Comparison of the experimental C, of propylene with the C. predicted by the 
Benedict-Webb-Rubin equation. 


mean power varies linearly with time. 
The error introduced by these assump- 
tions is negligible. 

The estimated maximum uncer- 
tainty in C, due to the uncertainties in 
the various measurements is mean, 
0.3%; Ad, negligible; AT, 0.3% and 
AT .orr, 0.2%. Thus the maximum un- 
certainty in C, if these uncertainties 
had had the same sign would have been 
0.8%. If an error of 0.8% had been 
made in one direction in the calibration 
and in the other direction in the heat- 
capacity measurements, this would 
have led to an error in C, of 1.1% at 
the highest density used and of 3.2% 
at the lowest. The internal consistency 
of the data (maximum scatter of 0.7%, 
average scatter of less than 0.3%) in- 
dicates that the uncertainties were ran- 
dom in direction and thus that the ac- 
curacy of the data is much better than 
the above maxima. The maximum error 
in density was estimated to be 0.3%. 


CALIBRATION 


The heat capacity of the calorimeter 
as a function of temperature was de- 
termined by filling the calorimeter with 
materials of known heat capacities, 
measuring C,, and subtracting the heat 
capacities of the contents according to 


calibration = C, — MC,* — 


Two calibration substances were used, 
propylene and dichlorodifluoromethane 
(Freon 12). The values of C,* used for 


Vol. 6, No. 1 


propylene were those given by Kil- 
patrick and Pitzer (12); for dichloro- 
difluoromethane those of Masi (18) 
were used. The values of C,—C,* 
used were calculated by the Martin- 
Hou equation, from constants presented 
in (13) and (14). For none of the 
calibration values did the value of 
MC,* exceed 7% of the value of C,, 
nor did the value of M(C, —C,*) ex- 


ceed 0.1% of C,. The maximum scatter 
of the calibration points from the curve 
drawn through them was 0.8%, and 
the average was 0.4%. 


THE CONSTANT-VOLUME HEAT 
CAPACITY OF 
PERFLUOROCYCLOBUTANE 


The constant-volume-heat-capacity 
results for perfluorocyclobutane are 
shown in Table 1. Seven densities were 
used ranging from 0.1569 (26.2% of 
the critical density) to 0.5366 g./cc. 
(89.6% of the critical density). The 
temperature range for each density was 
from the saturation temperature to 
150°C. The measured heat capacity 
over this temperature and density 
range varies from 0.2164 to 0.2594 
cal./(g.) (°C.). These data are shown 
in Figure 3 on a C,-vs.-temperature 
plane; a smooth curve has been drawn 
through the individual points for each 
density. Also shown on Figure 3 are 
the boundary of the two-phase region 
calculated from the PVT data, the 
values of C,*, and the critical tempera- 
ture and density reported by Martin et 
al. (15). 


THE CONSTANT-VOLUME 
HEAT CAPACITY OF PROPYLENE 


Table 2 shows the constant-volume- 
heat-capacity results for propylene. Six 
densities were used, ranging from 
0.04814 (21.8% of the critical density) 
to 0.1609 g./ec (72.6% of the critical 
density). There is some question 
about the value of the critical density 
of propylene; throughout this paper 
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Fig. 8. Comparison of the experimental C. of propylene with the calculated C. according 
to Michels et al. 
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Fig. 9. Comparison of the experimental C, of perfluorocyclobutane with the C, predicted 
by the Martin-Hou equation. 


the value of 0.220 g./cc. reported by 
Marchman, Prengle, and Motard (16) 
has been used. Farrington and Sage 
(8) report a value of 0.230 g./cc., 
which seems more reasonable in com- 
parison with other compounds. The 
temperature range for the two lowest 
densities was from the saturation tem- 


PR 
f 


Pr 


perature to 150°C.; for the two inter- 
mediate densities, from the saturation 
temperature to that temperature at 
which the calculated pressure was 700 
lb./sq. in.; for the two highest densi- 
ties, from the saturation temperature 
to that temperature at which the calcu- 
lated pressure was 800 Ib./sq. in. Over 
this range of temperatures and densities 
the measured C, varies from 0.3903 to 
0.4991 cal./(g.) (°C). These data are 
shown in Figure 4 on a C,-vs.-tempera- 
ture plane. Also shown on this figure are 
the values of the critical temperature 
and the critical density, the boundary 
of the two-phase region calculated from 
the PVT data of Marchman et al. (16), 
and the values of C,* reported by Kil- 
patrick and Pitzer (12). 


DISCUSSION 


Several interesting features of the 
data are revealed by Figure 5, which 
is a modified cross plot of Figures 3 
and 4. On it, for equal reduced tem- 
peratures, isotherms for both com- 
pounds have been constructed on a 
molar C, — 
plane. According to the law of cor- 
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responding states (6), which says that 
the compressibility factor (Z=PV/RT) 
is the same function of reduced tem- 
perature and reduced density for all 
gases, the molar value of C,—C,* 
must be the same for all gases at the 
same reduced temperature and reduced 
density: 


dT,’ oR PR dT» pR 

As is seen from Figure 5, the values of 
C,—C,* for perfluorocyclobutane are 
1.6 to 2 times those for propylene at the 
same reduced temperatures and re- 
duced densities. Thus it is clear that 
although the law of corresponding 
states is sufficiently accurate to make 


= d (= ) | 


approximate generalizations of PVT 
data, it is not sufficiently accurate to 
generalize C, — C,* data. The reason 
for this is apparent from Equation (6); 
an error of several per cent in Z is 
made by assuming that perfluorocyclo- 
butane and propylene have the same 
Z = f(T2z,px), and the two differentia- 
tions and one integration in Equation 
(6) greatly magnify this error. 

As noted above, comparison of C, 
data over a range of temperatures and 
densities with C, calculated from C,* 
and an equation of state is a very sen- 
sitive test of a pressure-explicit equa- 
tion of state. The measured C, values 
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of perfluorocyclobutane have been 
compared with the C, predicted by 
the Martin-Hou equation, by use of 
the constants and values of C,* pre- 
sented by Martin et al. (15). The 
measured C, values of propylene have 
been compared with the predictions of 
the Martin-Hou equation by use of the 
constants presented by Martin and Hou 
(14) and the C,* values of Kilpatrick 
and Pitzer (12). They have also been 
compared with the predictions of 
the Benedict-Webb-Rubin equation 
through the constants presented by 
Marchman et al. (16) and the above 
C,* values; finally they have been com- 
pared with the C, values calculated 
from PVT data by Michels et al. (20). 
[Michels et al. used the C,* values of 
Stull and Mayfield (22), which differ 
slightly from those mentioned above.] 
The comparisons for propylene are 
shown in Figures 6, 7, and 8, and the 
the comparison for perfluorocyclobu- 
tane is shown in Figure 9. 

In general the agreement is good; 
the maximum difference between the 
experimental and calculated values in 
any of the above comparisons is 6.7% 
of C,. This maximum occurred between 
the experimental and calculated values 
of C, for perfluorocyclobutane at 89.6% 
of the critical density and 4.67°C. 
above the critical temperature. Further 
from the critical state the agreement is 
much better. However the comparison 
reveals the following systematic dif- 
ferences between the experimental data 
and the predictions of the equations of 
state. 

1. The experimental isotherms on a 
C,-vs.-density plane (or a C, — C,°*- 
vs.-density plane) curve upward at low 
densities. (If the lowest density C, 
values were extrapolated linearly to 
zero density, errors of 1 to 4% in C,° 
would result.) Mathematically _ this 
means that 


(7) 


is positive at low densities. This up- 
ward curvature decreases with increas- 
ing temperature. The Beattie-Bridge- 
man equation predicts that Equation 
(7) is positive at low densities, while 
the Martin-Hou and Benedict-Webb- 
Rubin equations predict that it is nega- 
tive.* For this reason both the latter 


* An improved form in the Martin-Hou equation 
has been developed and will be published soon. 
In the improved form the Cs constant, which 
was previously zero, has a finite positive value, 
and the Cs constant, which was previously posi- 
tive, is negative. The values of As, Bs, As, As, 
Bs, and Cs are changed slightly, but their signs 
are not changed. This improved version makes 
[(d2Cv)/(d»?)]7r positive at low densities. 
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equations predict C, values which are 
too high in the density range from 
zero to about one-quarter the critical 
density as seen in Figures 6, 7, and 9. 
Michels et al. (20) do not present 
formulas for the calculation of C, but 
only tabulated values of the 75°, 100°, 
and 125°C isotherms. These tabulated 
values show that the 75°C isotherm 
curves upward slightly more than the 
experimental isotherm, while the 100° 
and 125°C. isotherms are almost ex- 
actly straight, as is shown in Figure 8. 

2. The experimental isotherms are 
straight or nearly straight in the den- 
sity range of one-quarter to one-half 
the critical density; that is, Equation 
(7) is zero or very small in this region. 
The Beattie-Bridgeman equation has a 
zero value of Equation (7) at one 
point in this region, and the Benedict- 
Webb-Rubin and Martin-Hou equa- 
tions predict that it is negative through- 
out the region. According to the iso- 
therms of Michels et al., Equation (7) 
is zero throughout this region. 

3. The experimental data show that 
for densities greater than one-half of 
the critical density the isotherms for 
temperatures near the critical tempera- 
ture are straight or curve upward, but 
those at higher temperatures curve 
downward; that is, Equation (7) is 
zero or positive for low temperatures 
and negative for higher temperatures. 
All three of the above equations repre- 
sent C, — C,* as the product of a func- 
tion of temperature and a function of 
density: 


C.—C,°=f(T)-f(p) (8) 


Thus these equations predict that the 
isotherms on a C,— C,*-vs.-density 
plane will be similar; that is, given 
one isotherm it will be possible to con- 
struct any other isotherm by multiply- 
ing the ordinates of the first isotherm 
by a constant multiplier. In particular 
these equations predict that Equation 
(7) must have the same sign for all 
temperatures at a given density, since 
f(T) is always positive in these equa- 
tions. Thus the above equations can- 
not accurately represent both the high- 
and low-temperature isotherms over 
the density range of the data. In order 
to represent accurately all the C, data, 
an equation which predicts a more 
complicated C,—C,* function will be 
necessary. 

4. At densities greater than one- 
half of the critical density C, decreases 
with increasing temperature; that is, 
(dC,/dT), is negative, as shown in 
Figures 3, 4, 6, and 7. From Figures 6 
and 7 it is seen that for propylene the 
Martin-Hou equation predicts this be- 
havior qualitatively but does not pre- 
dict (dC,/dT), accurately and that the 
Benedict-Webb-Rubin equation predicts 
that (dC,/dT), is positive over the en- 
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tire range of the data. For perfluoro- 
cyclobutane the Martin-Hou equation 
predicts that (dC,/dT), is negative for 
temperatures below 130°C. and posi- 
tive for higher temperatures. Because 
the Beattie-Bridgeman equation uses 
the same f(T) in Equation (8) as the 
Benedict-Webb-Rubin equation, their 
predictions of (dC,/dT), at these 
densities should be similar. 

5. The measured C, increases very 
rapidly with decreasing temperatures 
at high densities and temperatures 
close to the saturation temperature. 
Michels and Strijland (19) observed 
similar behavior in their measurements 
on carbon dioxide, as did Pall, Brough- 
ton, and Maass (21) in their measure- 
ments on ethylene. None of the above 
equations predict this rapid increase, 
an indication that the true value of 
(@P/dT’), in this region must be 
much larger than that predicted by the 
above equations; there is a little pre- 
cise PVT data available in this region 
to verify or refute this conclusion. The 
work of Pall et al. (21) suggests an 
alternate explanation, namely that the 
currently accepted model of phase be- 
havior in this region may be too simple 
and that one-phase thermodynamic re- 
lations, for example Equations (1) and 
(2), may not apply. 


ACKNOWLEDGMENT 


The authors wish to thank Yu-Tang 
Hwang, who assisted in the construction 
and operation of the equipment. They are 
also grateful for the financial assistance of 
the Faculty Research and Equipment 
Fund of the University of Michigan and 
the National Science Foundation Fellow- 
ship Program. 


NOTATION 

Cc. = gross heat capacity of the 
calorimeter and contents 

€; = heat capacity at constant 
pressure 

C,* = heat capacity at constant and 
zero pressure 

GC. = heat capacity at constant 
volume 

C,* = heat capacity at constant 
volume and zero pressure 

d = differential operator 

f = function 

M = mass 

ik = absolute pressure 

q = power input 

mean = average power input 


universal gas constant 
absolute temperature 
specific volume 
compressibility factor 

zero pressure or ideal gas 
state 

finite-change operator 

time 

p = density 


V 
Z 
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A@ = time interval of power input 
AT = change in temperature 
AT..., = correction for the heat leak- 
ages from the calorimeter 


Constants 


The following constants have been used 
throughout this research: 
1 cal. = 1 thermochemical cal. = 4.1840 
absolute j. 
Temperature °K. = temperature °C. plus 
273.16 
1 atm. = 14.70 Ib./sq. in. 
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The Critical Constants of the Elements 


DAVID S. GATES and GEORGE THODOS 


The Technologice! Institute, Northwestern University, Evanston, Illinois 


The critical temperatures available in the literature for seventeen elements constitute the 
basis of this study for predicting critical temperatures from normal boiling points. When not 
available, the normal boiling point can be estimated from vapor-pressure data. The extension 


of the vapor-pressure data beyond the normal 
from the estimated critical temperature. 


boiling point establishes the critical pressure 


In accordance with this procedure, critical temperatures and pressures have been predicted 


for thirty-six elements included in the periodic 


table from lithium to uranium. These critical 


constants constitute the core of this study and have been used to calculate both van der 
Waals’ constants. These constants, when plotted against their atomic numbers, produce 
correlations that may permit the further prediction of van der Waals’ constants for other 


elements. 


A simple relationship between the critical volume and the volume van der Waals’ constant 
is found to exist and is presented as a basis for predicting the critical volume of elements. 


Considerable attention has been 
directed in the literature to the predic- 
tion of critical constants for organic 
compounds. In this respect Riedel 
(49, 50, 51) and Lydersen (27) pre- 
sent methods of calculating the critical 
temperatures, pressures, and volumes 
from group contributions, the normal 
boiling points, and the molecular 
weights of these substances. Another 
approach has been demonstrated (67, 
68) for the calculation of van der 
Waals’ constants which are used to 
predict the critical constants of ali- 
phatic hydrocarbons from molecular 
structural considerations. 


tions of temperature and pressure. In 
this study procedures were adopted 
that permitted the extension of meager 
vapor-pressure information obtained at 
moderate conditions into the critical 
region. 


CRITICAL TEMPERATURE 


Experimental critical temperatures 
are limited primarily to those reported 
by Kobe and Lynn (31). In addition, 
values reported by Hoge and Lassiter 
(26) for hydrogen deuteride and deu- 
terium, by Cady and Hildebrand (9) 
for fluorine, and by Marckwald and 


stitute present knowledge of the criti- 
cal temperatures of the elements. These 
critical temperatures are presented in 
Table 1 along with their correspond- 
ing normal boiling points. The follow- 
ing relationship between the normal 
boiling point and the critical tempera- 
ture was proposed by Guldberg in 
1890 for simple molecules containing 
one and two atoms (21): 


T, 


= 0.567 (1) 
In 1942 Meissner and Redding (42) 
presented the following relationship for 
all the elements: 


T, = 1.70T, — 2.0 (2) 


The available critical temperatures 
and corresponding normal _ boiling 
points of the elements presented in 
Table 1 have been correlated on loga- 
rithmic scales to produce the relation- 
ship of Figure 1. With the exception of 
helium, the sixteen elements correlate 
linearly to define the critical tempera- 
ture as 


1.0813 
Because modern technology requires Helmholtz (37) for phosphorus con- T. = 1.47827, (3) 
information on the state of materials at 
elevated temperatures and pressures, it — og I L2 14 16 18 Lo 
is necessary to learn about hitherto un- 8000} os 
explored areas, such as the high-tem- 6000 \ 06 
perature and pressure regions. In order 04 
to fill in some of the existing voids, the 30 % \ 03 
study of the critical state of the ele- asin SODIUM ry 02 
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Fig. 2. Vapor-pressure function of sodium. 
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-5 (36). The vapor-pressure data for 
600 1000 1500 sodium available in the literature (14, 
Temperature, K 36, 52, 56) are presented in Figure 2 


Fig. 3. Vapor-pressure relationships for low-boiling metals. 


Values calculated with Equation (3) 
are found to have a mean deviation of 
1.38% from the experimental values 
reported in Table | for elements rang- 
ing from hydrogen to phosphorus and 
sulfur. In view of this close agreement, 
Equation (3) appears to be reliable 
and has been assumed applicable to 
the elements. 

With Equation (3) the prediction of 
the critical temperature is readily 
made for those elements for which nor- 
mal boiling points are available. For 
several elements this value is either 
not reported or agreed upon by differ- 
ent sources. This condition necessitated 
a critical review of vapor-pressure data 
available in the literature to establish 
not only dependable normal boiling 
points but also information that would 
enable the extension of the vapor-pres- 
sure function above its normal boiling 
point. 


INTERPRETATION OF 
VAPOR-PRESSURE DATA 


Vapor-pressure data reported in the 
literature for high-boiling elements are 
limited to the low-pressure range. The 
correlation of these data on a logarith- 
mic pressure scale vs. reciprocal abso- 
lute temperature does not necessarily 
produce a_ straight-line relationship, 
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and consequently the extension of this 
function up to and past the normal 
boiling point becomes unreliable. 
Therefore the direct use of vapor-pres- 
sure data alone cannot be relied upon 
to extend a knowledge of normal boil- 
ing points and critical pressures. In 
view of these limitations, the use of a 
vapor-pressure reference-state correla- 
tion has been adopted. This method of 
plotting was introduced by Cox (12) 
and later more fully discussed by Oth- 
mer (45). 

The elements for which extensive 
information is lacking can be roughly 
classified as those of intermediate and 
low volatility. In order to correlate the 
vapor-pressure data of these elements 
properly, two reference-state plots have 
been utilized, with the vapor-pressure 
data of sodium used to construct the 
plot for elements of intermediate vola- 
tility and those of copper used to estab- 
lish the low-volatility plot. 


SODIUM 


The current interest in sodium as a 
heat transfer medium for nuclear re- 
actors has accelerated the determina- 
tion of properties for this element. As 
a result vapor-pressure data have been 
determined for temperatures as high as 
1400°K. and pressures up to 6.4 atm. 
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and indicate a curvature in the low- 
pressure region. The vapor-pressure 
function for pressures above 10 mm. of 
mercury is linear, and the straight-line 
portion has been assumed to extend up 
to the critical point. For this portion of 
the curve the vapor-pressure of sodium 
can be defined as 


log p = 7.41417 = 


(4) 

A reference-state plot based on 
sodium has been constructed by con- 
sidering the coexisting vapor pressures 
of the substance and of sodium at the 
same temperature. In accordance with 
this approach, the vapor-pressure be- 
havior for a number of elements has 
been translated to a Cox-Othmer type 
of chart as presented in Figure 3. In 
this figure the abscissa has been trans- 
lated directly to temperatures corres- 
ponding to the vapor pressures of 
sodium. Only vapor-pressure curves of 
representative elements have been in- 
cluded in this plot. The complete list- 
ing of references selected for this study 
is presented in Table 2. 


COPPER 


In an approach similar to that used 
for sodium, the data of Edwards, John- 
ston, and Ditmars (15), Harteck (23), 
Hersch (25), and Marshall, Dornte, 
and Norton (38) have been utilized in 
conjunction with the normal boiling 
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elements. 


point reported by Brewer (47). On the 
basis of this information the vapor- 
pressure relationship for copper below 
its normal boiling point becomes 


16,352 
log p = 8.464 — — 


+ 0.036 log T (5) 


For the selection of vapor-pressure 
data those of Jones, Langmuir, and 
Mackay (30) have not been used to 
produce Equation (5). Their data for 
copper on a log p vs. 1/T plot produce 
a curve that is essentially parallel to 
that obtained with Equation (5). This 
equation produces a_ vapor-pressure 
function having a slight curvature 
which becomes insignificant in the 
vicinity of the normal boiling point. 
This vapor-pressure function from the 
normal boiling point, 2,868°K., to the 
critical point has been assumed to be 
linear and to have the slope calculated 
from Equation (5) at 2,868°K. This 
straight-line portion of the vapor-pres- 
sure function for copper has been 
found to be 


16,402 
log p = 8.600 — a (6) 
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Equations (5) and (6) permit the 
calculation of exacting vapor pressures 
for the construction of a plot similar to 
Figure 3 in which the available vapor 
pressures of the elements having low 


volatilities have been correlated. 

Vapor-pressure data for certain high- 
boiling metals are reported by Jones, 
Langmuir, and Mackay (30). This 
group indirectly establishes vapor pres- 
sures by heating the substance in vac- 
uum and accounting for the rate of 
evaporation (33). Using this method, 
Jones, Langmuir, and Mackay estab- 
lished the vapor pressures for copper, 
iron, nickel, platinum, molybdenum, 
and tungsten. A slight discrepancy has 
been found between the values re- 
ported by the Langmuir group and 
those calculated from Equation (5) for 
copper. In view of this disagreement 
with copper, it is reasonable to assume 
that this difference also exists in the 
vapor-pressure data reported for iron, 
nickel, platinum, molybdenum, and 
tungsten. Consequently the vapor-pres- 
sure data of Jones, Langmuir, and 
Mackay have been translated to make 
them consistent with Equation (5). As 
a result of this correction, normal boil- 
ing points have been obtained that are 
in closer agreement with those re- 
ported in the current literature (47) 
for these elements. 

The information resulting from the 


data of Langmuir and associates has 


been utilized to produce the vapor- 
pressure relationships presented in 
Figure 4. The abscissa of this figure 
has been generated from the vapor 
pressures of copper resulting from 
Equations (5) and (6). In addition to 
the data for iron, nickel, platinum, 
molybdenum, and tungsten, relation- 
ships are also presented in Figure 4 
for manganese and uranium. 


CRITICAL PRESSURE 


The reference plots of Figures 3 and 
4 include curves that are essentially 


TABLE 1. COMPARISON OF EXPERIMENTAL AND CALCULATED CRITICAL VALUES 


Critical constants 


( experimental ) 

Hydrogen 20.5 33.3 12.80 
Hydrogen 

deuteride 22.1 35.91 14.64 
Deuterium 23.6 38.26 16.28 
Helium 4.3 53 2.26 
Nitrogen 77.4 126.2 33.5 
Oxygen 90.0 154.8 50.1 
Fluorine 86.2 144 55 
Neon 21.3 44.5 26.9 
Phosphorus 553 993.8 120.8 
Sulfur 718 116 
Chlorine 238.6 417 76.1 
Argon 87.6 151 48.0 
Bromine 331.9 584 102 
Krypton 121.4 209.4 54.3 
Iodine 457.5 785 116 
Xenon 164.1 289.75 58.0 
Radon 211 377.16 62.0 
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Van der Waals’ Calculated 
constants values 
ax 

De; (cc./g.- b, Dey 
cce./g. mole)?  cc./g.- cc./g. 
mole atm. mole T., °K. ‘mole 

65.0 0.246 26.68 33.2 62.2 
62.8 0.250 25.16 35.94 58.7 
60.3 0.255 24.10 38.45 56.2 
57.8 0.0353 24.05 56.1 
90.1 1.350 38.64 130.6 90.2 
74.4 1.359 31.69 152.6 73.9 
1.071 26.85 146 62.6 

41.7 2.091 16.97 44.6 39.6 
23.22 84.38 987.2 196.9 

42.21 116.10 1,299 270.9 

124 6.491 56.20 417 13% 
75.2 1.349 S297 148 75.3 
144 9.498 58.73 586 137.0 
92.2 2.294 39.56 207.8 92.3 
15.09 69.41 816 162.0 

118.8 4.116 51.24 283.59 119.6 
6.517 62.40 367.53 145.6 
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Fig. 6. Relationship of volume van der Waals’ constant and atomic number of the elements. 


TABLE 2. SUMMARY OF CALCULATED CRITICAL CONSTANTS FOR SOME ELEMENTS 


Sodium reference plot 


Lithium 
Sodium 
Potassium 
Rubidium 
Cesium 


Beryllium 
Magnesium 
Calcium 
Strontium 
Barium 


Aluminum 
Gallium 
Indium 
Thallium 
Silicon 
Germanium 
Tin 

Lead 
Antimony 
Bismuth 
Selenium 


Tellurium 
Polonium 


Gold 
Zinc 


Cadmium 


Mercury 


Copper reference plot 
Molybdenum 
Tungsten 
Manganese 
Iron 
Nickel 
Platinum 
Copper 
Silver 
Uranium 
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Calculated critical constants 


Ts, °K. 


1,598 
1,156 
1,026 
982 
964 


3,243 
1,373 
1,755 
1,647 
1,961 


2,520 
2,418 
2,331 
1,730 


2,739 
2,982 
3,067 
1,878 


1,610 
1,764 

962 
1,264 
1,239 


2,938 
1,180 


1,039 
630 


5,165 
5,950 
2,305 
3,147 
3,315 
4,323 
2,868 
2,532 
3,946 


2,966 
2,124 
1,878 
1,795 
1,760 


6,153 
2,535 
3,267 
3,059 
3,663 


4,744 
4,546 
4,377 
3,219 


5,159 
5,642 
5,809 
3,584 


2,989 
3,284 
1,757 
2,329 
2,281 


5,557 
2,169 


1,903 


1,135 


9,880 
11,500 
4,327 
5,966 
6,294 
8,280 
5,421 
4,767 
7,533 


P., atm. 


215 

116 
72.6 
52.4 
46.7 


47.2 
254 
151 
155 

72.3 


1,695 
1,208 
301 
263 


530 
715 
524 
416 


740 
574 
249 
148 

90 


371 
229 


209 


134 


169 
445 
561 
271 
158 
267 
493 
336 
778 


Ve, 
cc./g.- 


mole 


329.7 
437.6 
618.2 
818.7 
900.7 


3,115 
238.5 
517.1 
471.7 

1,211 


67.0 
89.9 
347.5 
292.5 


232.6 
188.6 
264.9 
205.9 


96.7 
136.7 
168.6 
376.1 
605.7 


358.0 
226.4 


217.6 
202.4 


1,399 
618 
184 
526 
952 
741 
263 
339 
231 


References used 


24, 39 

14, 36, 52, 56 
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22, 62 
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23 

1 

11, 20, 34 
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8 


57, 60 

3, 4, 11, 29, 41, 
53, 69 
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23 


48 
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linear; hence their extension to atmos- 
pheric pressure establishes the normal 
boiling point. The prediction of the 
critical temperature is then made with 
Equation (3) and the estimated nor- 
mal boiling point. The further exten- 
sion of the vapor-pressure functions in 
Figures 3 and 4 beyond the normal 
boiling point and up to the predicted 
critical temperature locates the critical 
pressure. This approach was utilized 
for the prediction of critical pressures 
of thirty-six additional elements for 
which a limited number of vapor-pres- 
sure data were available. These pre- 
dicted critical temperatures and pres- 
sures are presented in Table 2. 

The critical temperatures and pres- 
sures reported in the literature for the 
elements are summarized in Table 1, 
those predicted from this study, in 
Table 2. These critical values have 
been used to calculate both van der 
Waals’ constants a and b from the re- 
lationships 


(7) 
64P, 
and 
RT, 
b= 8 
8P. 8) 


The resulting van der Waals’ constants, 
when correlated with their atomic 
numbers, produce the relationships of 
Figures 5 and 6. These van der Waals’ 
constant correlations exhibit a typical 
periodic variation similar to those al- 
ready available for molecular volume 
and normal boiling point. 


CRITICAL VOLUME 


The critical volume defined in terms 
of the volume van der Waals’ constant 
has been theoretically derived to be 


v. = 8b (9) 


For the critical volumes of hydrocar- 
bons (67, 68), the ratio of v./b was 
not found to be equal to 3 but varied 
with the nature and size of the hydro- 
carbon molecule. 

The volume van der Waals’ constant 
for the elements of Table 1, when 
divided into the experimental critical 
volume, produced essentially constant 
ratios. For the elements for which com- 
plete information was available, the 
ratio v./b was found to be as follows: 


v./b 
Hydrogen 2.43 
Hydrogen deuteride 2.50 
Deuterium 2.50 
Helium 2.40 
Nitrogen 2.33 
Oxygen 2.35 
Neon 2.36 
Chlorine 2.20 
Argon 2.33 
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13h 3 
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137.0 30 
92.3 
119.6 
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Bromine 2.46 
Krypton 2.33 
Xenon 9.82 


Since helium, hydrogen, and to some 
extent neon possess quantum effects, 
their ratios have been excluded to pro- 
duce an average value of v./b = 2.335 
for the remaining seven elements. This 
ratio suggests that the critical volume 
for the elements may be predicted with 
the expression 


af 
(10) 


Values calculated with Equation 
(10) have been compared with the 
available experimental values presented 
in Table 1 and produce an average 
deviation of 1.75%. 

Figures 5 and 6 can be used to pre- 
dict the critical constants of the ele- 
ments. Volume van der Waals’ con- 
stants, obtained from Figure 6, when 
substituted in Equation (10) enable 
the calculation of the critical volumes 
of the elements. It is noteworthy that 
for this development the state of associ- 
ation of the elements in the critical re- 
gion has not been utilized. A review 
points to some interesting speculations 
about the state of aggregation for ele- 
ments such as sodium and copper. For 
these elements critical volumes are cal- 
culated to be 438 and 263 cc./g.-mole 
respectively, as compared with 75.3 
and 90.2 cc./g.-mole for argon and 
nitrogen. 

As a result of these studies Equa- 
tions (3) and (10) are presented for 
the prediction of the critical tempera- 
ture and volume of the elements. In 
addition to the experimental critical 
temperatures and pressures for seven- 
teen elements, the critical temperatures 
and pressures for thirty-six other ele- 
ments have been estimated through the 
use of vapor-pressure data and Equa- 
tion (3). 

Attention should be directed to the 
fact that the proposed critical constants 
for elements for which no experimental 
data exist must be considered tentative 
until these values are verified experi- 
mentally. 


NOTATION 

aq = pressure van der Waals’ con- 
stant, (cc./g.-mole)* atm. 

b = volume van der Waals’ con- 


stant, cc./g.-mole 

= vapor pressure, mm. of mercury 
« = Critical pressure, atm. 

= gas constant, 82.055 
(atm.) / (g.-mole) (°K.) 

= absolute temperature, °K. 
» = normal boiling point, °K. 
critical temperature, °K. 
critical volume, cc./g.-mole 


(cc.) 


I 
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Effect of a Cylindrical Boundary ona Fixed 
Rigid Sphere in a Moving Viscous Fluid 


A. M. FAYON and JOHN HAPPEL 


In this investigation of the effect of a cylindrical boundary on a spherical particle sus- 
pended in a moving viscous fluid the pressure drop due to the motion of fluid past a stationary 
sphere and the drag on the sphere are independently measured, and the sphere- to-cylinder- 
diameter ratios varying from 0.1250 to 0.3125 are studied at different positions of eccentricity. 
The investigation shows that in the range of Reynolds numbers from 0.1 to 40.0, based on the 
approach velocity to the sphere and the diameter of the sphere, the pressure drop due to the 
presence of a sphere and the drag on it can be represented by a semiempirical relationship con- 
taining two terms. One term, owing to the effect of the cylindrical boundary, is derived theo- 
retically from the creeping-motion equations which neglect inertial effects. The second term, 
owing to the inertial effects, is established from data on the drag coefficient of a sphere in 


an unbounded medium. 


The effect of the boundary on the 
resistance to flow through an assem- 
blage of particles in a moving fluid is 
important in problems involving such 
phenomena as fluidization, sedimenta- 
tion, and flow through fixed beds. To 
obtain an insight into the fundamental 
hydrodynamics involved in problems of 
this type, the motion of a sphere in a 
cylinder was selected as a mathemati- 
cal model. 

When motion occurs at low Reyn- 
olds numbers, a suitable theoretical 
treatment is possible by omitting the 
inertial terms from the Navier-Stokes 
equations of motion to obtain the so- 
called “creeping-motion” equations. On 
the basis of these equations theoretical 
studies (4, 7) indicate that for the case 
where a sphere settles axially in a 
vertical cylinder containing a viscous 
fluid which is stationary, the drag is 


W 
a 
1 


1—2.105 (<)+ 2.087 (<) (1) 


An extension of this treatment (6, 
11) gives the following expression for 
the drag on a stationary sphere at the 
axis of a cylindrical tube through 
which fluid is moving: 


W — 
a 


a 
— 2 
2.105( 2) + 2.087( ©) (2) 


The case for sedimentation has been 
checked experimentally, but that for 
the drag on a stationary sphere has not. 
Haberman (5) has developed more ex- 
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act equations for the above two cases, 
especially applicable to high sphere- 
to-cylinder-diameter ratios. 

Faxen (4) on the basis of Oseen’s 
(9) equation, which partially takes in- 
ertial terms in the Navier-Stokes equa- 
tions into consideration, derived the 
following expression for a sphere set- 
tling axially: 

W 


6z7pua 


(3) 
Faxen calculated f(Nze.D/d) as equal 
to 2.105 for Nze, equal to zero. He ob- 
tained values for f(Nee.D/d) which 
decreased rapidly as Nee, increased. 

McNown et al. (8) conducted an 
extensive experimental study for the 
case of a sphere sedimenting along the 
axis of a cylinder. Reynolds numbers 
up to 70 and d/D from 0.2 to 0.8 were 
included. 

Brenner and Happel (1) developed 
solutions of the creeping-motion equa- 
tions for the case of a sphere located 
eccentrically in a cylinder; they gave 
the following theoretical equation for 
a stationary sphere in a moving fluid: 


WwW a 
= 1-F (6) + 


(B) 


where — F(8) = 2.105 — 0.6977 8° 
b 
and B=— 
and B R 
Equation (4) may be written as fol- 
lows to preserve analogy with Equa- 


tions (1) and (2): 
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(4a) 

1— = 

R 
or for the case of a sedimenting sphere 

WwW 1 
(4b) 
a 
6rpua 1— F(B) (<) 


For the case of sedimentation of an 
eccentric sphere the experimental data 
of Craig (2) show that for values of 
8 =0.5, — F(8) will be close to 2.105, 
as indicated by the expression above. 
It was also not possible in this work 
to establish the validity of the constant 
0.6977, which has only a small effect 
on F() in the range where it is ap- 
plicable (that is near the axis of the 
cylinder). 

The purpose of the present investiga- 
tion was to study the effect of higher 
Reynolds numbers on the drag of a 
stationary sphere at various eccentrici- 
ties. This technique is superior to sedi- 
mentation, because it is possible to sup- 
port the sphere in a fixed position. 
Otherwise it would tend, in either case, 
to move toward the center of the tube, 
owing to inertial effects. 


DESCRIPTION OF APPARATUS 


The apparatus for measuring the pres- 
sure drop and drag on a single sphere in a 
moving fluid consisted of a glass tube 4 
in. in diameter and 1 ft. long, flanged with 
gaskets at both ends to sections of 4-in. 
standard brass pipe. The upper section 
was 1% ft. long and the lower section 4% ft. 
long, the total length of the column being 7 
ft. The circulating system was started with 
a 50 gal./min. capacity gear pump, which 
was provided with a bypass and driven by 
a 5-hp. motor. 

The circulating fluid, which consisted of 
a 98% glycerol solution in water, entered 
the column through one of two rotameters, 
having a capacity of 0.3 to 3 and 3 to 
38 gal./min. respectively. From the rota- 
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meter the liquid was introduced to the 
bottom of the column, upward through the 
column, and from the top back to a re- 
circulating drum, which was provided with 
cooling coils. All flow lines in and out of 
the column, leading to the various pieces of 
the experimental setup, were 1.5-in. stand- 
ard brass pipe. 

Pressure taps were mounted 18.2 in. 
apart on the upper and lower side of the 
4-in. brass pipe, near the flanges which 
held the 4-in. glass tube. The pressure taps 
were connected to a differential hook gauge 
which consisted of two glass tubes 4 in. 
long and 2.5 in. in diameter, flanged on 
both ends through suitable gaskets to pre- 
vent leakage and connected to each other 
from the upper flanges by copper tubing. 
Each glass tube had an opening at the 
bottom flange to connect to the leads from 
the pressure taps and contained two im- 
miscible liquids at different densities; the 
heavier liquid was glycerol, the circulating 
liquid, and the lighter was dye-colored 
benzene. A micrometer was mounted at 
the bottom of each container, with the 
spindle extending vertically upward into 
the liquid. The end of the spindle was 
sharpened to a point which could then be 
raised and lowered to locate the position of 
the interface in both glass tubes with an 
accuracy of + 0.002 in. The gauge was 
provided with a suitable venting device. 

Thermometers were inserted at the inlet 
and exit side of the column, at the exit of 
the rotameters, and adjacent to the hook 
gauge. 

In measuring the pressure drop due to a 
sphere, the sphere in question was mounted 
on the end of a 0.0625-in. wire connected 
to a rod having a diameter of 0.22 in. A 
0.25-in. thick brass sliding plate was held 
in position at the upper end of the column 
by a brass ring having six uniformly spaced 
thumb screws. This sliding plate was 
provided with a vent valve and a packing 


gland, through which the 0.22-in. rod was 
inserted. This rod could be raised and 
lowered to introduce the sphere and part 
of the 0.0625-in. wire into the pressure-tap 
zone. The position of the sphere was at 
equal distances from either pressure tap. 
The wire and sphere could also be removed 
from the pressure-tap zone. The sliding 
plate could be moved horizontally so as to 
place the sphere in any desired position of 
eccentricity. 

To measure the drag on a sphere the 
upper end of the column was modified as 
follows. The sliding plate was replaced 
with a plate of the same thickness, through 
which a 1.25-in. hole was drilled. An 
analytical balance was mounted on a plat- 
form above the column. The distance be- 
tween the tray of the balance and the up- 
per end of the column was 18 in. A hook 
was attached to this tray and held a 
0.01-in. wire, which was connected to the 
sphere and also extended to the glass 
section of the column so that the sphere 
might be observed at a point equidistant 
from both ends of the glass section of the 
column. 


EXPERIMENTAL PROCEDURE 


Since the data on drag are more accurate 
than those on pressure drop, only the 
former are treated in this paper. The 
procedure for obtaining the drag measure- 
ments follows. 

A run was begun by taring the sphere 
and the wire on the balance with no fluid 
flowing through the column. The fluid was 
then circulated at a desired flow rate until 
no change in rotameter setting and fluid 
temperature could be observed. The sphere 
and wire were then reweighed with the 
fluid flowing through the column. The 
difference between this reading and the 
original reading was the drag due on the 
sphere and the wire. To measure the drag 


- - 
4 Sphere Diameter 1.250 inches 
! | Column Diameter 4.0 inches 
d/D =0.3125 


© Sphere at Cylinder Axis : 
4 Sphere O.5 inches off Cylinder Axis 


fae o Sphere 1.0 inch off Cylinder Axis 
10° ING - - 
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Fig. 1. Drag on a single stationary sphere at three different eccentricities. 
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on the wire alone, the experiment was 
repeated under the same conditions at an 
additional wire length. The difference of 
the two readings at the two different wire 
lengths was due to the drag on the wire 
alone. This quantity was subtracted from 
the original reading, and thus the drag on 


the sphere alone was obtained. 


CORRELATION AND DISCUSSION 
OF THE DATA* 


The drag on the sphere was meas- 
ured at Reynolds numbers ranging from 
0.1 to 20 on the basis of the average 
linear velocity and sphere diameter. 
Spheres of diameter sizes of 1.250, 
0.998, 0.750, and 0.5 in. were used. 
The sphere- to cylinder-diameter ratio 
for each of these spheres was 0.3125, 
0.2495, 0.1675, and 0.1250. In addi- 
tion to placing the sphere at the cylin- 
der axis, two off-cylinder axis positions 
of 0.5 and 1.0 in. were studied. (Ow- 
ing to the great quantity of data, only 
the experiments involving the 1.250-in. 
sphere are presented here.) 

The experimental data were corre- 
lated in such a fashion as to separate 
the wall effect from the inertial effects. 
The data were fitted by the following 
semiempirical equation: 


W 
6rpu,a ( 1—p’) 


[ 1+ 


where K is equal to 2.105 according to 
the theoretical developments noted pre- 
viously. The term [(C,/Cs)—1] ap- 
pearing in Equation (5) is due to in- 
ertial effects and is dependent on the 
Reynolds number only. This term is 
obtained by simply considering the 
actual drag on a sphere at an infinite 
distance from the cylinder wall and 
comparing it with the drag according 
to Stokes’s law, which also applies to 
an unbounded system. C, is the actual 
drag coefficient for a sphere in an un- 
bounded system taken from _experi- 
mental data (10a) and C; the drag co- 
efficient according to Stokes’s law. C. 
and Cy are evaluated at the Reynolds 
number corresponding to the approach 
velocity to the sphere. The term 
[(C./Cs)—1] therefore represents the 
fractional deviation of the actual drag 
from the drag according to Stokes's 
law. 


Multiplying the, fluid velocity at the 


® Part of the results are summarized in Figure 
1. Complete detailed data appear in reference 3. 
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cylinder axis by (1—8°), as it appears 
in the denominator in the left-hand 
side of Equation (5), one obtains the 
approach velocity to the sphere. 

The first term in the right-hand side 
of Equation (5) represents the effect 
of the cylindical boundary and is the 
same as derived from the creeping- 
motion equations. As calculated from 
this equation, the coefficient of (a/R) 
designated here as K is equal to 2.105. 
A test of the hypothesis that the wall 
effect and inertial effects are additive 
as represented by Equation (5), where 
the wall effect is independent of the 
Reynolds number, would be to deter- 
mine whether or not K is constant over 
the whole range of Reynolds numbers 
investigated. 

The constant K was determined 
from Equation (5) for each of the 118 
runs performed; the average value was 
1.959. A_ statistical analysis showed 
the standard deviation to be 0.383 
from the average value. 

The values of K were very consistent 
for the runs involving the spheres of 
1.250- and 0.998-in. diameter. Thirty- 
five runs were performed with the 
1.250-in. sphere in the Reynolds num- 
ber range of 0.2 to 37.0, based on the 
approach velocity to the sphere and 
the diameter of the sphere. For these 
runs the average value of K was 2.017 
and the standard deviation equal to 
0.180 from the average value. 

The average value of K obtained 
from all the experimental data, equal 
to 1.959, differs by 6.8% from the 
value of 2.105 derived from the creep- 
ing-motion equation. Owing to the 
high standard deviation, there is no 
way of telling whether the difference 
between these two values is significant. 
The value of 2.105 for K, the co- 
efficient of a/R, was adopted in the 
semiempirical Equation (5). 

Equation (5) reduces to Equation 
(2) for the drag on a sphere located 
at the cylinder axis at Reynolds num- 
bers smaller than .0.3. For this case 
B=0 and [(C,/Cs)—1] =0. On 
the other hand, when the sphere is at 
an infinite distance from the wall and 
at Reynolds numbers smaller than 0.3, 
0, a/R= 0, and [(C./Cs)—1] 
=0; hence Equation (5) reduces to 
Stokes’s law. If however for the latter 
ease the Reynolds number is higher 
than 0.3, Equation (5) reduces to 


Wa C, 


= —— 6 
6rpu,a Cs ( 


In Figure 1 the drag coefficient cal- 
culated from the experimental data for 
the sphere with diameter of 1.250 in., 
which the authors consider the most 
accurate, is plotted as a function of the 
Reynolds number for all three sphere 
positions. The drag coefficient and the 
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Reynolds number are based on the ap- 
proach velocity to the sphere. The ex- 
perimental data are compared with the 
creeping-motion equation [Equation 
(2) ] and with the semiempirical Equa- 
tion (5). At increasing Reynolds num- 
bers, where inertial effects become 
appreciable, the experimental results, 
as had been expected, are higher than 
the results predicted from the creep- 
ing-motion equations. The semiempiri- 
cal Equation (5) checks the experi- 
mental data reasonably well. In other 
words, the deviation of the experimental 
data from the creeping-motion equa- 
tions at higher Reynolds numbers can 
be accounted for by simply adding to 
these equations the term [(C./C; 
—1)], which accounts for the inertial 
effects. 

The method developed here may be 
adapted for comparison with the data 
for a sedimenting sphere along the axis 
of a cylinder of McNown et al. (8). In 
other words, one may assume that the 
wall effect, as derived by the creeping- 
motion equations, and inertial effects 
are additive. Equation (5) can be 
slightly modified for this purpose to 


W 
6zpu a 
1 


a ay 
1—2.105 — + 2.087 
R R 


+(¢-1)] (7) 


2.087 (a/R)*] is the effect of the 
cylindrical boundary for a sphere sedi- 
menting in a fluid. 

In Figure 2 the drag coefficient ob- 
tained from Equation (7) is compared 
with the experimental results for sedi- 
menting spheres of McNown et al. 
(8), who plotted the drag coefficient 
as a function of the Reynolds number 
at different d/D ratios. Their experi- 
mental points appearing in Figure 2 
were obtained from this plot. Equation 
(7) is in fair agreement with Mc- 
Nown’s data, which justifies the hy- 
pothesis that the wall effect and the 
inertial effects are additive whether or 
not the sphere is stationary in a moving 
fluid or sedimenting in a fluid. The 
drag coefficient obtained from Faxen’s 
theory [Equation (3)] is also plotted 
in Figure 2. Up to Reynolds numbers 
of approximately 0.4 his theory is in 
agreement with experimental data. At 
higher Reynolds numbers, however, it 
deviates very sharply from the experi- 
mental data. 


CONCLUSIONS 


The study shows that over a range 
of Reynolds numbers of 0.1 to 49.0 
based on the approach velocity to the , 
sphere and the diameter of the sphere, 
the drag on a sphere surrounded by a 
cylindrical boundary, whether or not 
the sphere is stationary in a moving 
fluid or sedimenting in a fluid, can be 
expressed by a semiempirical equation 
composed of two additive terms. One 
term is due to the effect of the cylindri- 
cal boundary and the other due to in- 
ertial effects. Furthermore it can be 
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Fig 2. Drag on a single sedimenting sphere placed axially in a cylinder. 
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concluded that when the data are ex- 
pressed as in Equation (5) or (7), the 
wall effect is a function of the (a/R) 
ratio only. Up to sphere- to-cylinder- 
diameter ratios of 0.3125 and eccen- 
tricities of 50% of the cylinder radius 
the effect of the cylindrical boundary is 
not affected by an increase of the 
Reynolds number and by various posi- 
tions of eccentricity. It is the same as 
derived by the creeping-motion equa- 
tions. 

The present work does not agree 
with the theory of Faxen, who uses the 
Oseen approximation (9), where the 
value of L|8L] in Equation (3) de- 
creases with an increase of the Reyn- 
olds number. 
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NOTATION 

a = radius of sphere 

b = cylinder axis to center of 
sphere distance 

C = actual drag coefficient of a 
sphere in a bounded medium 


= W/[pu.°/2) za*] 


C, = actual drag coefficient of a 
sphere in an unbounded 
medium 

Cc. = drag coefficient according to 


Stokes’s law equal to 24/Nre, 
[(C./Cs)—1] = dimensionless group 
in Equations (5) and (7), 
indicating fractional devia- 
tion of actual drag from drag 
calculated by Stokes’s law 
d diameter of sphere 
D = diameter of cylinder 
F(8) = function in Equations (4), 
(4a), and (4b) defined by 
(2.105 — 0.6977 


I 


K = constant in Equation (5) 

Nre, = Reynolds number based on 
approach velocity to the 
sphere = [(du, p/p)](1— 

R = radius of cylinder 

U, = fluid velocity at cylinder axis 

u = velocity of sphere 

WwW = drag force on the sphere in 
a bounded medium 

W. = drag force on a sphere in an 
unbounded medium 

B = dimensionless number equal 
to b/R 

m = viscosity of fluid 

p = density of fluid 
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Centrifugal Filtration Through Beds 


of Small Spheres 


adapted for centrifugal filtration. 
THEORY 


A mathematical expression for lami- 
nar flow of an incompressible fluid in 
a centrifugal filter may be derived from 
the classical Darcy equation, which is 
written 


age 


Ruth (6) used an equivalent expres- 
sion: 


(2) 


It is evident from Equations (1) and 
(2) that 

5. B. @ingeman is with Ethyl Corporation, 
Baton Rouge, Louisiana. 
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In 1856 Darcy observed that water flowed through a sand bed at a rate proportional to the 
area of the bed and to the difference between the upstream and dowstream hydraulic heads 
and inversely proportional to the bed thickness. Since that time many investigators have ac- 
cumulated masses of data in support of numerous theoretical and empirical relationships for 
correlating and predicting pressure drop, flow rate, and fluid and bed properties. Naturally 
certain areas of research have received less attention than others. 

Among the areas receiving least attention are flow through beds composed of particles of 
identical shape but mixed size, flow through unconsolidated beds composed of small particles, 
and flow under the influence of a centrifugal driving force. Accordingly, the flow of liquids 
through unconsolidated beds of small spherical particles of mixed size was investigated in two 
laboratory centrifugal filters. Experimental conditions were such that the flow was laminar and 
the cakes were incompressible. While there was some difficulty in obtaining reproducibility of 
cakes, the data for any particular cake were correlated satisfactorily by the Darcy equation 


= — (3) 


The Darcy equation may be adapted 
to centrifugal filtration as follows: 
For a centrifugal filter 


(4) 

where 

= = tarp (5) 
and 
volume to 
H = = (6) 
area 


Substitution of Equations (5) and (6) 
into Equation (4) yields 
(2aN)° pr (to — 17°) 


2g. 


(7) 
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Substituting Equation (7) into Equa- 
tion (1) and noting that u= a leads 


to 
A. 
Taking A, as 
A, = 2atimh (9) 


and substituting in Equation (8) leads 
finally to the expression 
Q. N? p; h a(r.? — 17) (10) 


pln —— 
fo 


Equation (10) is the theoretical ex- 
pression for the rate of flow of filtrate 
Q,, of density p,, and of viscosity 
through a bed of solids of permeability 
a in a centrifugal filter in which the 
liquid level is at r, and the cake level is 
at r.. The permeability has a constant 
value for an incompressible cake but 
changes with pressure when the cake 
is compressible. 

The resistance of the filter medium 
to flow of the filtrate is not included in 
Equation (10). It may be taken into 
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Fig. 1. Large basket. 


account as 


(11) 
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Adaptations of the Darcy equation for 
centrifugal filtration have been pro- 
posed by Maloney (5), Smith (7), 
Burak and Storrow (1), Inglesent and 
Storrow (4), and Grace (2). The 
Burak-Storrow and Grace equations 
have been supported by experimental 
data and are equivalent to Equations 
(10) and (11) respectively. From 
Burak and Storrow 


TABLE 1, DIMENSIONS AND OPERATING 
RANGES OF EXPERIMENTAL 
CENTRIFUGAL FILTERS 


Small Large 
basket basket 
Diameter, D, in. 5 Va 
Radius to inside of 2.303 5.187 
cloth ro, in. 
Liquid levels ry, 
in. 
Level 1 1.937 3.938 
Level 2 2.047 4.469 


Radius to cake Asrequired As required 
surface fc, in. 


Depth of basket 1.125 2.125 
h, in. 
Range of revolu- 300-1,000 300-1,000 


tions per min- 
ute 
1,200-4,000 1,200-4,000 

Maximum gees 1,140 2,500 
Maximum total hy- 13 93 

draulic driving 

force for filtra- 

tion (water) 

AP, lb.-force/ 

sq. in. 
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According to Grace 
47° N? Pr 


OF = 

| (l—e) — + 
(13) 

Equations (10) and (12) are seen to 
be equivalent, as are Equations (11) 
and (13), from the following relation- 
ships: 


(14) 


For later use it is noted here that for 
additive resistances 
AP AP) m AP), 
(AP). 
Qr Qn Q. 


and that 


Or Qn Q. 

when 

(AP), (AP),, (AP), from sepa- 


rate runs. 

Three types of experiments are run 
to check the theoretical equations: (1) 
centrifugal drain rates where filtrate is 
run through a_ previously deposited 
cake, (2) centrifugal filtration rates 
where a slurry is fed into the machine 
and a constant liquid head is main- 
tained, and (3) modified centrifugal 
filtration wherein cake is deposited in 
successive increments and drain-rate 
data are taken on the beds so formed. 
Haruni and Storrow (3) performed 
several centrifugal drain-rate runs on 
starch, chalk, and kieselguhr cakes and 


50/100 mesh 


200/400 mesh 


400/—mesh 


Fig. 2. Photomicrographs of styrene-divinyl benzene spheres. 
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Revolutions Cake 


per minute 


Liquid 
depth, in. 


5-in.-diameter Basket 


1,330-3,810 0.256, 0.366 0.069-0.233 
11-in.-diameter Basket 
1,310-2,550 0.718, 1.249 0.380-0.633 


found agreement with the revolutions 
per minute, liquid depth (r.*—r,’), and 
viscosity factors of Equation (12). 
Earlier attempts by Burak and Storrow 
(1) and Inglesent and Storrow (4) 
had been unsuccessful. General agree- 
ment was obtained by Grace (2) with 
the revolutions per minute and cake 
depth [In(r./r.)] factors in drain rate 
and modified filtration runs on cakes of 
titanium dioxide, carbon, cellulose fi- 
bers, or diatomaceous earth. However 
values of 0.5 to 1.7 were found for the 
exponent of N, some of the cakes ap- 
parently being compressible. The ex- 
pected value of 2 was not found, how- 
ever, even with incompressible cakes. 
Concurrently with the work undertaken 
at Louisiana State University and re- 
ported in this paper, Valleroy (8) at 
the University of Kansas obtained ad- 
ditional support for the revolutions per 
minute and liquid-depth factors with 
drain-rate data taken on Lucite spheres. 

This paper reports the data taken in 
twenty-five centrifugal drain-rate runs 
on four sizes of styrene-divinylbenzene 
spheres. Equation (10) is applied to 
the data by statistical analysis. 


EQUIPMENT, METHOD OF 
OPERATION, MATERIALS 


Equipment 

Two perforated baskets for centrifugal 
filtration were mounted horizontally on in- 
dividual drive shafts. Figure 1 shows the 
larger basket. By means of a variable- 
speed drive and two sets of pulleys, it was 
possible to drive either basket over the 
approximate ranges from 300 to 1,000 and 
1,200 to 4,000 rev./min. Thus in the 5-in. 
-and 11-in.—diameter baskets it was possi- 
ble to develop maximum centrifugal forces 
of approximately 1,140 and 2,500 Gees, 
respectively. Revolutions per minute were 
measured with a stroboscope. 

Water or other filtrate was run into the 
small basket through a spray nozzle and 
into the large basket through a wing tip. 
A glycerol-water solution was supplied by 
means of a centrifugal pump and storage 
tank. Flow rates were regulated by a 
hand-operated needle valve. 

Dimensions and operating ranges are 
given in Table 1 for both baskets. 

From the dimensions given in Table 1 
and Equation (7) the maximum driving 
force for the filtration of water through 
porous cakes is calculated to be approxi- 
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thickness, in. 


TABLE 2, RANGES OF VARIABLES 


Revolutions 
per minute 
squared (AP)r, 
107 sq. in. Ib./sq. in. 
1.8-14.5 1.0-11.5 
1.7-6.5 6.93, 11.4 6.1-38 


mately 13 lb./sq.in for the small bowl and 
93 lb./sq.in. for the large one. Approxi- 
mately 1,140 and 2,500 Gees, respectively, 
can be developed. Thus, on this laboratory 
installation it is possible to cover the range 
of Gees and pressure drop existing in nor- 
mal commercial operation. For example, a 
40-in.-diameter commercial machine oper- 
ating at 800 rev./min. and a liquid depth 
of 6 in. would develop 364 Gees at the 
basket wall and a total hydraulic driving 
force of 67 lb./sq.in. when the filtrate has 
the density of water. 

Cloth, supported by coarse wire mesh, 
served as the septum. Putty and caulking 
were forced into seals at both the back 
and the front of the basket to prevent 
leaks of filtrate around the ends of the 
cake. It was possible to make several runs 
with one cloth. 


Method of Operation 
Cake was deposited by spooning dry 


200/400 mesh 


Particle size, Viscosity, 
Re mesh cp. 
0.01-1.7 50/100, 100/200 0.81-0.91 
200/400, 400/— 
0.02-0.7 50/100 0.85, 2.2 
200/400, 400/— 


solids into a pool of liquid in the rotating 
basket. The mass of cake used for the 
small bowl was 10, 20, or 25 g., whereas 
300 to 450 g. were used in the large ma- 
chine. In the case of the small bowl the 
cake was deposited in approximately 1-g- 
increments, whereas the increments were 
5 to 10 g. for the large bowl. This pro- 
cedure forms a smooth and uniform cake 
and simulates the actual formation of a 
cake when slurry is fed and there is a 
liquid level above the cake. Any effect of 
classification is minimized by addition of 
the solids in many increments. A liquid 
level was maintained above the cake at all 
times during a run. 

The flow rate of filtrate was measured 
over a range of revolutions per minute and 
at each of two liquid levels for each cake 
deposited as above. Immediately before 
each cake run the flow rate of filtrate 
through the septum only was measured 
over the same range of revolutions per 


fines from 200/400 mesh 


Fig. 3. Photomicrographs of styrene-divinyl benzene spheres. 
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Fig. 4. Typical data (run 22), large basket, 
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minute and at the same two liquid levels. 


Materials 

Styrene-divinylbenzene spheres com- 
prised the cakes. Four mesh ranges were 
used as received from the manufacturer: 
50/100, 100/200, 200/400, and 400/— 
mesh. Photomicrographs of these materials 
and the fines contained in them are shown 
in Figures 2 and 3. 


DATA 


The ranges of variables over which 
the data* were taken on the styrene- 
divinylbenzene spheres are shown in 
Table 2. 

Data for a typical run (run 22) are 
plotted in Figure 4. As predicted by 
Equations (10) through (13), for an 
incompressible bed (constant perme- 
ability) the flow rate is proportional to 
revolutions per minute squared. By 
Equation (16) the flow rate which 
would exist through the solids if there 
were no resistance in the septum may 
be calculated. Plots for Q, so calcu- 
lated for run 22 are also given in 
Figure 4. 

Q, was calculated for individual 
data points for all runs. These calcu- 
lated values of Q, as well as the pri- 
mary data Q, and Q,y were used to 
check the theoretical correlation. To 
check N and the liquid-depth factor 
(r,"—r,?), the data for each cake were 
fitted to the model 

Q (17) 
by the method of least squares. Table 
3 summarizes the results. 

Runs 11, 12, 23, and 24 were not ap- 
plicable to testing Equation (17) be- 
cause they contained only two data 
points, whereas a three-constant equa- 
tion was being evaluated. The expo- 


* Data and calculated results are on file at 
University Microfilms, 313 North First Street, 
Ann Arbor, Michigan, as Publication No. 21,982, 
Mic. 57-3157. 
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TABLE 3. ExPONENTS FOR N AND (f.7-r7’) 


Calcu- 
lated Number 
from of runs Exponent 
Qm 21 b 
c 
Qr 18 b 
c 
Q. 18 b 
c 


nents calculated from Q,r and Q, for 
runs 8, 13, and 16 lay outside the 1% 
confidence limits and therefore were 
excluded from the mean values. As 
might be expected, the precision in the 
values of the exponents is best where 
the only resistance to flow is made up 
by the filter medium. Greater variabil- 
ity of data is seen when filter medium 
and cake comprise the resistance to 
flow, and as a result of being calculated 
from Q,, and Qr the values of the ex- 
ponents predicted from Q, show the 
greatest variability of all. 

From the mean values of the expo- 
nents listed in Table 3 and their stand- 
ard deviations it is concluded that the 
data for any particular cake may be 
correlated satisfactorily by the expres- 
sion 


Q, = AN*(r,’—1,’) (18) 
as predicted by the theoretical Equa- 
tion (10). 

To check the cake-thickness factor 
[In (r./r.)] from run to run, it is nec- 
essary to have cakes of constant char- 
acteristics, that is the same perme- 
ability. Consequently the permeability 
was calculated by Equation (10) for 
all readings on all cakes. The averages 
for each cake run are listed in Table 4 
except for runs 8, 13, and 16, which 
were eliminated above from further 
consideration. 

If the cakes were formed reproduc- 
ibly and if Equation (10) describes 
the flow through them, then the same 
permeability should be calculated for 
all runs in a given mesh size. However 
wide variation is observed in the calcu- 
lated permeabilities, with the possible 
exception of those for 100/200 mesh 
particles. This general lack of repro- 
ducibility may have been caused by 
differing structure in the cakes (per- 
haps owing to the fines), by experi- 
mental difficulties such as in measuring 
r. sufficiently accurately, or possibly 
by the inadequacy of Equation (10). 

The runs on 100/200 mesh particles 
show the smallest variation in the cal- 
culated permeabilities, and an attempt 
was made to check the effect of the 
cake-thickness factor here. However 
the correlation coefficient of A [Equa- 
tion (17) ] plotted vs. the reciprocal of 
In (r./r-) is only 0.475, which consti- 
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Standard deviation 
Mean Single value Mean 
2.04 0.15 0.03 
1.13 0.31 0.07 
2.03 0.33 0.08 
1.22 0.35 0.08 
1.98 0.64 0.15 
1.23 0.60 0.14 


tutes relatively weak statistical support 
for the theoretical equation. Therefore 
it is concluded that other more suitable 
data must be taken to confirm the cake- 
thickness factor. 

The viscosity was varied significantly 
for run 25, in which a glycerol-water 
solution served as the filtrate. But the 
great variation in the apparent perme- 
abilities makes it impossible to com- 
pare run 25 with the other runs on 
400/— mesh material and _ therefore 
impossible to check the effect of viscos- 
ity. 


TABLE 4. PERMEABILITIES OF CAKES OF 
STYRENE-DVB SPHERES 


Radius 
to Perme- 
cake, ability, 


Run in. Viscos- aX10*, 
surface ity, cp ft. 


s of 
Mean Mean 
50/100 Mesh 
1 2.191 0.85 9.0 0.7 
= 2.184 0.85 68 0.6 
3 2.070 085 372 23 
4 2.156 0.828 11.5 Ll 
S 2.223 0.819 96 12 
6* 4.554 0.85 20.3 0.9 
100/200 Mesh 
7 2.188 0.85 55 07 
8 2.188 0.838 eliminated 
9 2.164 0.819 89 1.0 
10 2.164 0.838 6.1 04 
ll 2.196 0.814 58 1.2 
12 2.185 0.814 64 1.0 
23 2.195 0.907 5.1 05 
24 2.196 0.907 38 03 
200/400 Mesh 
13 2.195 0.85 eliminated 
14 2.188 085 122 1.5 
15 2.230 0.85 6.0 0.6 
16* 4.651 0.85 eliminated 
400/— Mesh 
17 2.195 0.828 46 04 
18 2.188 0.838 11.0 08 
19 2.230 0.866 64 04 
20 2.183 0.828 13.0 1.0 
21 2.234 0.828 45 0.3 
o2° 4.807 0.866 10.1 0.3 
25+ 2177 219 2S 


* Large basket used for these runs, small bas- 
ket for all others. 

+ Glycerol-water solution used for filtrate, all 
others water. 
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APPENDIX B 


Least? Squares Fir or Dara to MopeL QO = A — 1/7)° 


[ Correlation 


Om 
Run —log A b 
50/100 Mesh 
1 4419 2.008 1.352 
2 5.416 2.310 1.227 
3 3.196 1.912 0.577 
4 3.468 1.765 1.294 
> 4.464 1.937 1.611 
6 3.630 1.894 0.850 
100/200 Mesh 
7 5.265 2.250 1.258 
8 4.435 2.029 1.126 
9 4218 1.868 1.587 
10 4609 2.112 1.640 
11 Not enough data 
12 Not enough data 
23 Not enough data 
24 Not enough data 
200/400 Mesh 
13 4.965 2.141 1.296 
14 4.033 2.032 0.728 
15 4.564 2.097 0.870 
16 4.251 1.985 0.842 
400/— Mesh 
17 4.246 1.918 — 1.030 
18 4.528 2.038 1.256 
19 5.587 2.298 1.283 
20 4.990 2.192 1.180 
21 5.103 2.177 0.926 
22 4.584 1.996 1.096 
25 4.001 1.955 0.635 
CONCLUSIONS 


Centrifugal filtration data taken on 
four mesh sizes of styrene-divinylben- 
zene spheres support the theoretical 
form of the revolutions per minute and 
liquid-depth factors in the adapted 
Darcy equation. Indices of 2 and 1, 
respectively, are indicated. The data 
do not allow an adequate check of the 
cake-thickness and viscosity factors be- 
cause of a general irreproducibility of 
cakes. 
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NOTATION 

A = constant for incompressible 
cake 

A. = area of cake perpendicular 
to flow 

a = acceleration in centrifugal 
field 

b = constant 

Cc = constant 

Be = conversion factor (32.2 lb.- 


mass/Ib.-force-ft./sec.’) 


coefficient 


0.99 
0.99 
0.99 
0.99 
0.99 
0.99 


0.99 
0.96 
0.99 
0.99 


0.98 
0.99 
0.99 
0.99 


0.98 
0.99 
0.99 
0.98 
0.99 
0.99 
0.99 


Qr 
Correlation 
—log A b c | 

4.710 2.046 1.028 0.98 
4.889 2.063 1.606 0.99 
5.854 2.580 0.830 0.98 
2.873 1.504 1.498 0.96 
5.045 2.085 1.454 0.99 
3.415 1.756 0.876 0.99 
4.656 1.985 1.885 0.86 
4.983 2.045 2.147 0.97 
3.279 1.551 1.370 0.99 
5.603 2.276 1.136 0.99 

Not enough data 

Not enough data 

Not enough data 

Not enough data 
9.907 3.349 2.307 0.99 
6.652 2.703 0.888 0.99 
5.364 2.256 0.992 0.97 
9.751 3.358 1.553 0.99 
4,292 1.845 1.413 0.95 
5.026 2.140 1.139 0.98 
5.274 2.165 1.330 0.99 
4.574 2.024 1.018 0.99 
5.128 2.124 1.232 0.99 
4.773 2.033 1.044 0.99 
2.815 1.511 0.559 0.98 


coefficient | —log A b 


s 


Correlation 
c | coefficient 


4460 2.120 0.463 0.86 
3.519 1.743 2.090 0.98 
6.692 2.891 0.958 0.97 
1.593 1.222 1.716 0.86 
6.248 2.679 0.696 0.86 
2.327 1.538 0.912 0.99 
3.568 1.710 2.425 0.66 
4.780 2.031 2.941 0.94 
0.235 0.826 0.859 0.82 
5.763 2.381 1.790 0.96 
Not enough data 
Not enough data 
Not enough data 
Not enough data 
10.909 3.662 2.570 0.99 
8.371 3.290 1.004 0.99 
5.607 2.431 1.136 0.87 
14.455 4.683 2.249 0.99 
3.666 1.751 1.904 0.88 
5.148 2.333 0.833 0.85 
3.284 1.742 1.497 0.95 
3.117 1.754 0.642 0.88 
4.435 2.046 1.871 0.87 
4.303 2.128 0.884 0.95 
0.686 0.966 0.450 0.81 


depth of centrifugal basket 
parallel to the axis 

depth of liquid in centrifu- 
gal filter 

cake permeability 
mass/sec.’) 

depth of bed in direction 
of flow 

thickness of filter medium 
rate of rotation of centrifu- 
gal basket 

pressure 

total pressure drop across 
cake and medium 

pressure drop across cake 
pressure drop across medium 
filtrate flow rate through 
medium only 

filtrate flow rate through 
solids only 

filtrate flow rate through 
medium and cake 

Reynolds number 


(Ib.- 


filter medium resistance 
ts 

radius 

radius to average depth of 
liquid 


radius to surface of cake 
radius to surface of fluid 
log-mean radius 

radius to inside of filter 
medium 

superficial velocity of fil- 
trate 


A.1.Ch.E. Journal 


Greek Letters 


a = cake permeability, (ft.*) 
property of the cake 

@m = permeability of filter me- 
dium 

a = specific resistance of cak 
(ft./Ib.-mass ) 

A = finite change of variable 

€ = cake porosity 

= absolute viscosity 

Pe = bulk density of cake 

Pr = density of fluid 

Ps = true density of solids com- 
prising cake 

@ = angular acceleration 
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Th ivi 
ermal Conductivity of Packed Beds 
8 
WILLIAM SCHOTTE 
6 E. I. du Pont de N s and Company, Wilmington, Delaware 
19 
6 A correlation has been developed to predict the thermal conductivity of packed beds for 
4 various conditions of pressure, temperature, and ~~ ticle s‘ze. The correlation takes into account 
yy) the reduction in thermal conductivity of the ga: t lower pressures when the mean free 
6 path of the gas molecules is of the same order 7 distance between particles which are APPARENT THERMAL CONDUCTIVITY 
effective in transferring heat. Radiation becomes sig. cant for large particles and high tem- OF THE GAS PHASE 
peratures. A new relationship for the radiation contribution to the thermal conductivity of 
packed beds has been developed. It has been known for a long time 
that the thermal conductivity of a gas 
Packed beds containing refractory were not found in the literature. A re- is reduced when low pressures are 
9 materials are often used as insulation lationship which correlates available reached. This occurs when the distance 
9 to minimize heat losses from furnaces data has been developed and is pre- Over which the conduction takes place 
57 and reactors. A number of correlations sented in this paper. becomes of the same order as the mean 
9 have been reported in the literature At high temperatures radiation heat free path of the gas molecules. Since 
to predict the thermal conductivity of transfer between particles becomes molecules can cross from one surface 
8 packed beds. Although the conduction important. Damkéhler (2) analyzed to another before reaching thermal 
35 process through such a two-phase sys- the contribution due to radiation but equilibrium, there is an abrupt change 
15 tem with undefined internal boundaries did not suggest a definite equation for of temperature from the surface to the 
38 is extremely complex, simple correla- its effect. Later workers have inter- gas instead of the gradual transition 
37 tions have been quite successful. Gen- preted Damkéhler’s analysis in various which occurs at higher pressures. Many 
5 erally the thermal conductivity of the ways to arrive at definite relationships. authors (for example, reference 6) 
31 bed is expressed as a function of the For instance McAdams (8) suggests have related the apparent thermal con- 
thermal conductivity of the gas, the adding the following radiation contri- ductivity of the gas, to the normal 
thermal conductivity of the solid, and bution to the thermal conductivity of thermal conductivity with the follow- 
") the void fraction of the bed. The in- the packed bed: ing expression: 
fluence of particle size, pressure, and 
me- temperature has not been accounted T° k,’ 
for except insofar as they affect the k, = 0.692 D, To (1) (2) 
cake primary variables mentioned above. 1+2- 
It has been recognized, however, b 
le er correlations are similar but in- 
clude different factors to account for Kinetic theory (6) gives also the fol- 
normally be predicted. When the effec- the emissivity of the particles. Only osetia ae f 
tive gas spaces have dimensions which recently have some data become avail- a 2 kL 
are of the same order as the mean free ble in the literature to evaluate the j= ( r- ) ) ( : ) 
com- path of the gas molecules, the thermal contribution due to radiation. The work a l+y BC. 
conductivity of the gas phase is re- of Yagi and Kunii (14) has shown that (3) 
duced. Since most of the conduction Equation (1) — be used. They which can be rewritten to give 
takes place near points of contact be- have developed a single relationship to 
tween particles, this reduction starts to account for all modes of heat transfer 2—a Qy ) ( k,T ) 
occur when the particle diameter is which contribute to the conductivity of j= eS (-2. ae 
Soc. about one thousand times the length of packed beds, but this correlation does a a BV ato Npr 
the mean free path. Deissler and Eian not give satisfactory results when the a 
r., 49, (3) have measured so-called “break- thermal conductivity of the — 954 x =) 
ee away pressures,” below which the as phase is used for the case of small a l+y 
“Te thermal conductivity of the packed bed particles. A new correlation for the T 
, Ind. will decrease with a decrease in pres- radiation contribution is presented in (aes) (4) 
sure. They have also developed a cor- this paper. Po*Np, 
1., 38, relation to predict the break-away The case of fine dusts with void ; — h 1 
pressure for a particular system. The fractions above 0.6, such as carbon An equation for the gu erage 
1935) break-away pressure may be quite black, has not been considered here conductivity of the gas phase a 
7). high; for example Deissler and Eian for reasons which will be discussed tained by the substitution of Equation 
tation, have shown that a value of 41 Ib./sq. _ later. (4) into Equation (2): 
wugust, in. abs. is obtained for 0.2 mm. mag- 
nesium oxide particles and helium at A 
, 400°F. However methods for the pre- > T (5) 
3; revi- dicti 2—a Y 
od June iction of the thermal conductivity at 1+5.08 x 10 es 12 ) a 
pressures below the break-away value a l+y / \Pbho'N; 
1960 Vol. 6, No. 1 A.1.Ch.E. Journal Page 63 
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Fig. 1. Deissler-Eian correlation for the thermal 
conductivity of packed beds. 


A useful solution of Equation (5) 
will require a knowledge of the accom- 
modation coefficient and the effective 
distance over which the conduction 
takes place. Only few experimental 
values of the accommodation coeffi- 
cient are available, and even for a 
given solid-gas system values differ 
widely depending on the condition of 
the surface. An exact relationship for 
the effective distance is also difficult to 
determine, since most of the conduc- 
tion will take place near points of con- 
tact between the particles. However 
the success of Deissler and Eian in 
predicting break-away pressures indi- 
cates that an empirical constant may be 
used to include the accommodation co- 
efficient and a proportionality factor 
for the evaluation of b. Actually b is 
equal to the heat transfer-average dis- 
tance between particle surfaces. As a 
simplification however it will be as- 
sumed that b is proportional to the 
length-average distance between _par- 
ticle surfaces. 

If one considers spherical particles 
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PREDICTED 


THERMAL CONDUCTIVITY , B.T.U./(HR.)(SQ.FT.)(°F/FT.) 
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Fig. 2. Effect of pressure on the thermal conductivity of packed 


6 D,*). In a given direction these parti- 
cles will present a total interfering area 
which is equal to the sum of their 
cross-sectional areas: 


1—8 
( = 15( = 
D 3 


6 Pp 


The average interparticle distance is 
equal to the free volume divided by 
the total interfering area: 


Then 


8 
b | — D, (6) 
The final expression for the apparent 
thermal conductivity is obtained by 
the substitution of Equation (6) into 
(5) and by the inclusion of the term 
[ (2—a)/a] in C: 


k, = 


(7) 


in a unit cube, the number of particles 
within the cube will be (1—8)/(/ 


TABLE 1. COMPARISON OF DATA FOR 
SysTEM® 


Refer- 
ence °C: k/k, 
(5) 10 0.32 0.35 6.62 
(7) 60 4.06 0.40 12.0 
(12) SO 0.40 5.35 
80 10.0 0.40 5.0 
(9) 40 0.34 0.40 9.4 


® All measurements made with glass spheres 
and at atmospheric pressure. 
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A value of C = 2.03 x 10™ has 
been determined by a comparison of 
the results from Equation (7) with ex- 
perimental data of a number of investi- 
gators. This will be discussed below. 


THERMAL CONDUCTIVITY 
OF A PACKED BED 


A relationship is needed to predict 


k,° 


beds. 


the thermal conductivity of the packed 
bed. Various methods have been pro- 
posed in the literature. The most suit- 
able one appears to be that of Deissler 
and Eian (3), who have presented the 
semiempirical relationship shown in 
Figure 1. The ratio of the thermal con- 
ductivity of the bed to that of the gas 
phase is plotted against the ratio of the 
thermal conductivity of the solid to 
that of the gas phase with the void 
fraction used as a parameter. 

The accuracy of the correlation of 
Deissler and Eian, or those of other 
workers, is difficult to ascertain. It ap- 
pears that many of the experimental 


‘data reported in the literature are 


somewhat inaccurate; for example, 
data for the system glass spheres—air 
at nearly the same temperature and 
with almost the same void fraction 
differ widely, as shown in Table 1. 
The data differ by as much as a factor 
of 2.4, and as a result some data which 
appeared to be greatly in error were 
not considered in this study. 

Deissler and Eian’s correlation (3) 
for the break-away pressure 


. D 2 


po 


can be used to determine whether 
pressure, temperature, or particle size 
will affect the gas-phase thermal con- 
ductivity. If the pressure is below the 
break-away pressure, the gas-phase 
thermal conductivity should be calcu- 
lated by the use of Equation (8): 


k, = 
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ail This value of k, is used to calculate the lieved that the differences are caused conductivity is the same for larger and 
an ratio of k, to k, at the average bed mainly by inaccuracies of the experi- smaller particles; however more con- 
oeie temperature. Figure 1 then gives the mental data and by the simplified ap- tact resistances must be added in series 
ratio of k to k, from which the bed _ proximation of Deissler and Eian. for smaller particles to obtain the con- 
conductivity can be determined. This Theoretically there may be no lower ductivity over a unit distance. As a 
procedure, but in the reverse order, limit for application of Equation (8). result calculations can show that pre- 
was applied to calculate values of the It has been reported in the literature dicted values may be an order of mag- 
a a apparent gas-phase conductivity from that at very low pressures the thermal _ nitude larger than experimental values 
experimental data for the thermal con- conductivity of the gas phase is pro- for very small particles. Development 
| ductivity of packed beds in order to portional to the pressure. Equation of a new correlation for the contact 
oe arrive at values for C in Equation (7). (8) shows this also, since the first conductivity will be difficult until more 
hea Values of C varied by a factor of 2 term, 1, in the denominator on the data become available. 
++ possibly owing to variations in the ac- right-hand side of the equation be- 
* commodation coefficient but perhaps comes negligible compared with the EFFECT OF RADIATION 
ECAIR to an even greater extent to inaccura- second term at low pressures. In prac- net 
Ps cies of the experimental data and to tice however there are limits to the use Radiation heat _ transfer between 
a the approximations in the method of of Equation (8) and Figure 1 for the particles should be included at high 
Deissler and Eian. prediction of thermal conductivities of *™peratures, particularly when the 
packed beds. It is therefore not advisa- particles =e larger. For example radia- 
hel COMPARISON WITH ble to extend Figure 1 beyond its — becomes important for 1 — 
0 EXPERIMENTAL DATA limits, that is outside of 0.2<8 < 0.6 at C. 
or beyond k,/k, = 6,000. Although for particles above 
. Thermal conductivities of packed eissler and Eian have included the 1-200°C. A simplified analysis can be 
packed | beds at different pressures have been whole range of void fractions from 0 to made for spherical particles, but ex- 
measured by a number of investigators. jn their correlation, the experimental perimental data indicate that the final 
For the same systems Equation (8) yalues for which the correlation was ©®'Telation will apply also to other 
yacked and Figure 1 were used to obtain pre- tested fell in the range 0.2 <8< 0.6. shapes. ; 
1 pro- dicted thermal conductivities. The re- Pine dusts have large void fractions, The derivation presented below will 
t suit- sults are compared in Figures 2 to 4. up to values of 0.98, but known corre- be limited to opaque particles which 
eissler | In addition, predicted results have been ations do not apply. This is at least ae large compared with the wave 
od the compared with data of Schumann and partly due to the formation of agglom- length of radiation. Transparency of 
vn in | Voss (11) and have been deposited yates. For very large values of k,/k,, the particles would increase the rate of 
it oa with the American Documentation In-  gojid conduction at contact points be- heat transfer and therefore the thermal 
he gas | Stitute.° comes significant. This has not been conductivity of the bed. When the 
of the Predicted and experimental curves accounted for in Deissler and Ejan’s P@'ticles are in the micron range, scat- 
lid to compare quite well, particularly if one correlation. Wilhelm (13) has pre- tering of radiation should be considered 
» void } considers the curves on a relative ented a correlation for this contact 2d the absorption of radiation is more 
rather than an absolute basis. Devia- conductivity: complicated. — 
ion of tions are about as large at higher pres- The analysis given here is somewhat 
other sures, where the apparent gas-phase k, similar to that used by Argo and Smith 
It ap- conductivity is nearly equal to the nor- log k, = —1.76 + 0.0129 > (1), but a different interpretation has 
nental mal thermal conductivity of the gas, as led to an improved correlation. When 
e are at lower pressures. It is therefore be- Since this correlation does not account one considers the radiation from a 
unple, a for the particle size, the thermal con- plane located on one side of a particle 
es—air une tabular material has been deposited as dec- ductivity contribution due to contact to a plane located on the far side of the 
e and tion Institute, Photoduplication Service, Library 
: of Congress, Washington 25, D. C., and may be 
‘action obtained for $1.25 for photoprints or 35-mm. 
ble 1. microfilm. 
factor 
which 
were 
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Fig. 3. Effect of pressure on the thermal conductivity of Fig. 4. Effect of pressure on the thermal conductivity of 
packed beds. packed beds. 
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Fig. 5. Model for derivation of the radiation 
contribution to the thermal conductivity of a 
packed bed. 


particle, there are two parts to be in- 
cluded. First, there is radiation across 
the void space past the particle. For a 


particle of cross-sectional area( “p,) : 


the total area for heat transfer can be 
approximated by 


De( 9 
with a void area of 
4°" 4-8 


The radiation heat transfer across the 
void area will then be 
dt ) 
dx 


( 
(10) 


where [D, (dt/dx) ] is the temperature 
difference between the planes _previ- 
ously mentioned. 

Secondly, there is radiation from the 
particle in series with conduction 
through the particle. For an element 
of the particle, shown in Figure 5, the 
rate of heat transfer from left to right 
will be 

2 t, 


= —k, (Qu2dz) ——— = 
dq 


h, (Quads) (t.—t,) (11) 


7 k,h,D, 
( 
4 k,+h,D, 


or k, (tte) 2 (t.—t,) 
which by elimination of t. gives 
kt, + 2 hyrt, 
k, + 2h,r 
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Fig. 6. Effect of radiation on the thermal con- 
ductivities of packed beds. 


Substitution of this expression for t, 
into Equation (11) gives 


kit: + Qhytt, 
x 
8 


k, + 2h,r 

where 2r has been replaced by D,. For 
a simplified approximation it will be 
assumed that the temperature gradient, 
dt/dx, for the solid-gas system (packed 
bed) is constant for a distance of 1 
particle diameter. Then 


t,—t = (= ) 
dx 


and Equation (12) becomes 
dq = 


h,D, dt 


This expression can be integrated over 
the whole particle: 


or 
(13) 


Adding the two parts of radiation heat 
transfer, Equations (10) and (13), one 
gets 


4 


To determine the thermal-conductivity 
correction for radiation heat transfer 
the rate of heat transfer across the total 
area [see Equation (9) ] can be written 
as 


dt 


14 
(14) 
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Fig. 7. Effect of radiation on the thermal con- 
ductivity of packed beds. 


The radiation contribution is found by 
equating the right-hand sides of Equa- 
tions (14) and (15). 
1—8 
0 
+ 85k, 
k, 
where k,° = h,D,. The right-hand side 
of Equation (16) consists of two terms. 
The first term represents radiation heat 
transfer to the particle in series with 
conduction through the particle, while 
the second term accounts for radiation 
across the void space adjacent to the 
particle. 


k, 


(16) 


The radiation heat transfer coefficient 
between a particle and its neighbors 
can be approximated by 


h, = 0.692« —— 
10° 


This approximation can be made be- 
cause the angle factor is unity and the 
emissivity factor is close to the emis- 
sivity of the particle, since the particle 
under consideration is surrounded by 
the irregular surfare of the packed bed. 
Then 


T 
= 0.692eD,—~ (17) 
10 


To evaluate the thermal conductiv- 
ity of a packed bed it is first predicted 
from the correlation in Figure 1 [with 
Equation (8) used, if necessary], and 
then the radiation contribution from 
Equation (16) is added. 

High-temperature data for which 
the correlation ¢an be tested have re- 
cently become available. Yagi and 
Kunii (14) have measured thermal 
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conductivities of packed beds contain- 
ing various types of relatively large-size 
particles up to 840°C. Predicted ther- 
mal conductivities have been compared 
with the results of their experimental 
study in Figures 6 and 7. Good com- 
parisons have been obtained, particu- 
larly when it is noted that at the high- 
est temperature the radiation contribu- 
tion accounts for about 80% of the 
total thermal conductivity. 


CONCLUSIONS 


Correlations have been developed 
for the effect of pressure, temperature, 
and particle size on the thermal con- 
ductivity of packed beds. An apparent 
thermal conductivity of the gas phase 
can be calculated from Equation (8) 
for use in Deissler and Eian’s correla- 
tion, Figure 1, to predict the thermal 
conductivity of the bed. The correla- 
tion has been successfully checked with 
the data of various investigators. How- 
ever it is not applicable to fine dusts, 
such as carbon black, because they 
contain particle agglomerates and have 
very large void fractions. For higher 
temperatures and relatively large par- 
ticles a radiation contribution should 
be added. The radiation contribution 
can be calculated from Equations (16) 
and (17). Predicted values compared 
well with experimental data. 


NOTATION 


I 


distance over which conduc- 
tion takes place, ft. 


C,C, = empirical constants 

ra = specific heat at constant vol- 
ume, B.t.u./(Ib.) (°F.) 

Cp = specific heat at constant pres- 
sure, B.t.u./ (Ib.) (°F.) 

D, = particle diameter, ft. 


h, = heat transfer coefficient for 
radiation, _B.t.u./ (hr.) (sq.- 
ft.) (°F.) 

j = jump distance of temperature 
discontinuity, ft. 

k = thermal conductivity of 
packed bed,  B.t.u./(hr.) 
(sq. ft.) (°F./ft.) 

k, = Boltzmann constant, 0.565 X 
10™ 

k,’ = thermal conductivity of gas, 
B.t.u./ (hr.) (sq. ft.) (°F./ft.) 

k, = apparent thermal conductiv- 
ity of gas phase, B.t.u./ (hr.) 
(sq. ft.) (°F./ft.) 

k, = contact thermal conductivity 
between particles, B.t.u./ 
(hr.) (sq. ft.) (°F./ft.) 

= radiation contribution to 
thermal conductivity _ of 
powder, B.t.u./(hr.) (sq. ft.) 
CEA) 

=h,D,,  B.t.u./ (hr.) (sq. ft.) 

k, = thermal conductivity of solid, 
B.t.u./ (hr.) (sq. ft.) (°F./ft.) 

L = mean free path of molecules, 
ft. 

Np, = C,/k,° = Prandtl number 

P = pressure, lb./sq. ft. 

P, = break-away pressure, lb./sq. 
ft. 

q = rate of heat transfer, B.t.u./ 
hr. 

r = radius of particle, ft. 

s = element of particle perimeter, 
ft. 

t,,t, = surface temperature of solid 
particle, °F. 

t, = gas temperature, °F. 

T = absolute temperature, °R. 

* = coordinate in direction of 
heat flow, ft. 

Zz = coordinate perpendicular to 


direction of heat flow, ft. 


Greek letters 


accommodation coefficient 
c,/c, = specific heat ratio 
void fraction 

emissivity 

viscosity, Ib./ (ft.) (hr.) 
mean diameter of gas mole- 
cules, ft. 
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Calculation of Equilibrium Flash Vaporization 


Curves by an Integration Method 


C. O. BENNETT, C. J. BRASKET, and J. W. TIERNEY 


Techniques for solving the equilibrium flash problem are reviewed and a new technique 
especially adapted for use on automatic digital computers is developed. Instead of a single 
equation with multiple roots being solved by an iterative process, as is usually done, the prob- 
lem is rephrased as a differential equation, and a numerical integration is made. The isothermal 
and isobaric flash problems can be handled with essentially the same equations. The method is 
particularly advantageous when a complete flash curve is required and the equations can be 
used when a linear model of the equilibrium flash process is required. 


If a homogenous hydrocarbon mix- 
ture is subjected to a change in pres- 


C. O. Bennett is with the Lummus Company, 
New York, New York. 


Vol. 6, No. 1 


sure or temperature so that the result- 
ant conditions are in the two-phase 
region, and if the two phases are in 
equilibrium, then the process is known 
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Remington Rand Univac, St. Paul, Minnesota 


as an equilibrium flash vaporization. 
This paper deals with the problem of 
tracing the pressure-temperature—per- 
centage-flashed history of a mixture of 
known over-all composition. The in- 
verse problem of determining the phase 
compositions when an equilibrium flash 
curve is given is more difficult. Some 
of the methods of solving this latter 
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problem have been reviewed and tested 
by Filak and Sandlin (1). 

The method presented here for com- 
puting equilibrium flash curves uses a 
high-speed digital computer. In the 
following section the necessary equa- 
tions are developed to express the flash 
problems as a differential equation re- 
lating percentage flashed, temperature, 
and pressure. This equation can then 
be numerically integrated to give a 
series of values of temperature (iso- 
baric flash) or pressure (isothermal 
flash) vs. percentage flashed in incre- 
ments of percentage flashed. The prob- 
lem has been programmed for the Rem- 
ington Rand Univac Scientific Model 
1103 computer with the assumption 
that equilibrium vaporization ratios are 
available in the form 


1 
In Kip = Ai + BT + (=) + 


p* 
Dip + E.p + Guin 

although other equations can be han- 
dled. The calculation of enthalpies is 
incorporated as an option in the pro- 
gram and gives an enthalpy-percent- 
age-flashed curve (particularly useful 
in adiabatic flash calculations). 


DERIVATIONS OF EQUATIONS 


One mole of liquid feed containing 
n components is fed into an apparatus 
in which it is partially vaporized; the 
resulting liquid and vapor streams 
leave the apparatus in equilibrium at a 
known pressure and temperature. The 
following material-balance equations 
may be written, of which n are inde- 
pendent: 


L+V=1 (1) 


These are rearranged and combined 
with the equilibrium relationship 


Yi K,x; (3) 
to give 
V(K.—1) +1 
(4) 


One common procedure is to use the 
requirement that 


and so 


= 
ir V(K,—1)+1 
If the criterion y, = 1.0 is used, 
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K, 


¥(K—1) 41 


2:(Ki—1) 


—dx; 


suitable material-balance relations, one 
may convert Equation (9) into a form 
involving only p, T, V, xi, Ki, and %,. 
If the equation is solved for dx, 


dK, 
v( dp 
op 


[V(K.—-1) 


Rachford (10) suggested that it is con- 
venient to combine Equations (5) and 


[V(K.—1) 


+ 


and, since 3 dx, = 0 


4=1 


OK, OK, 
(Ki—1)z, dV Vz, ( dT Vz ) dp 
[1+V(K—-1)F [1+V(K.—1) a [1+V(K.—l) 
(6) to give Alternately, x, may be eliminated and 
(7) the criterion dy; 0 employed to 
V(Ki-1) +1 give 
OK; 
K,(Ki—1)z; dV (1—V)z: )ar (1—V)z; ) dp 
? n P 
= 
(1+ V(K.—1)]? i=1 [1+V(Ki—1)] [1+V(K:—1)] 
(12) 
Montross (7) has presented a method Finally, subtracting Equation (11) 
which can be reduced to the equation from (12) gives 
dK, dK, 
(K.—1)? z, dV dT ) dp 
n oT /, n Op 
2 > Dy ( 13) 
n (Ki—1) (8) and at constant pressure 
in V(Ki—1)+1 


which is equivalent to Equation (7). 
Several useful rules of thumb are given 
by Montross to facilitate making the 
calculations involved by hand. 

The use of any of Equations (5) to 
(8), given the K, at the equilibrium 
conditions, involves a_ trial-and-error 
solution; values of V are assumed be- 
tween 0 and 1.0 until the criterion is 
met, for instance ¢= 0 in Rachford’s 
method [Equation (7)]. A systematic 
procedure for these calculations is 
available (10), and the method has 
further been elaborated by Organick 
and Meyer (9). 

The above methods give V, x:, and 
y: for a certain feed composition, tem- 
perature, and pressure. In order to ob- 
tain a flash curve of temperature vs. 
fraction vaporized, it is necessary to 
repeat the calculations at an arbitrary 
number of temperatures between the 
bubble and dew points. The following 
procedure will give the entire flash 
curve by a single numerical integra- 
tion. 


If a differential amount of liquid is 
vaporized, Equation (3) becomes 


d(Lx.) +d(Vy.) =0 (9) 


By using the equilibrium relations and 
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At constant pressure Equation (14) is 
an ordinary, linear, first-order differen- 
tial equation subject to the initial con- 
ditions that T = T, when V = 0. The 
equation may be integrated to give 


T=T,+ f’f(V,T) dV (15) 


A check on the integration, which must 
be done numerically, is given by the 
requirement that at V = 1, T = T». 

It is easy to verify that Equation 
(14) can also be found from Equation 
(7) by the relation 


oT 
when one recalls that ( ES is eval- 


6 


uated along a path of ¢ = 0. 
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;, One TaBLE 1. CONSTANTS FOR CALCULATION OF EQUILIBRIUM-VAPORIZATION RATIOS ENTHALPY BALANCE AND 
form BUBBLE-POINT CALCULATION 
od %, 1 1 
= — exp (Ac + BT 4+ Co— + Dep + Esp’ + Fi The enthalpy balance for a flow 
P T T T process can be written as 
Com- h, + = (1-V)h VH 23 
ponent A B C D E F G r+@ 
(10) Multi- where 
plyby (X10') (X10*) (x10°) (x10*) (x10°) (x10) ( x10“) h=3x,h, (24) 
Cs 2.0336  —5.039 —10.055 —2.03 4,48 3.6876 —42.25 
C; 2.0047 —4,980 —9.4402 —1.596 2.659 2.9829 —21.263 n 
C. 1.8610 —4.287 —8.1754 —1.334 0.6002 2.0253 0.739 hy = (25) 
nCs 1.6789 —3.448 —6.8436 —1.493 1.263 2.0316 —8.974 = 
iCs 1.5087 —2.341 —6.0943  —2.095 1.496 2.3574 —9.493 
nC, 1.4169 —1879  —5.2975 —1873 —0.02911 22136 —3.358 26 
(11) iC, 1.9931 —1.058 —4610 —1498 1.80 1.6756 —9.531 (28) 
Cs 13137 —1.43 —4,117 —1.55 2.90 1.663 —25.02 
Ce: 1.2535 —1.03 3.168 4.28 —8.795 —3.607 76.51 Both h; and H; are considered here as 
d and Ci 1.0173 0.623 —1.436 1.89 —3.46 —1.880 34.23 functions of temperature only (6). For 
a given feed h, is calculated by Equa- 
ed to } In the preceding derivations it is ass T(V+AV) =T(V) +f"*"T’ (V) dV _ tion (25); then for the conditions in 
sumed that K, is a function of p and T bi 20 the flash chamber h and H are calcu- 
only, that is, that the solutions are ‘hee (20) lated by Equations (24) and (26). 
ideal. This requirement restricts the “’' Equation (23) is thus solved for Q, so 
dp use of the method to pressures low ” 5 9 that a curve of Q vs. V is obtained. 
T'(V) =f(V, T) (21) 
kia enough so that K, is not affected by The temperature and fraction vapor- 
a composition, below 400 to 500 Ib./sq. It has been suggested that the integral ized in an adiabatic flash are obtained 
(12) in. abs. for most mixtures. The K; jn Equation (20) can be accurately from the T vs. V curve and the value 
values used were obtained (8) and evaluated numerically by Gaussian of V where Q = 0. 
(11) correlated by the use of quadrature (2). This integration leads Since the bubble point is needed as 
l to the initial point of the integration, a 
= A. AV word on the calculation of the bubble 
T(V+AV) = T(V) + — point is included. At this condition the 
18 
(13) p 7 following criterion must be satisfied: 
Dip + + F; ) + az (17) ( AV 
This form is especially convenient for a 
digital computation and represents the AV : 
data well. Values for the constants are 81 [v + | sr| 
sit mae Table 1. — of a Newton-Raphson iteration as fol- 
An isothermal flash curve can be ob- AV 15 reed 
tained from Equation (13): — ( +> |} 
) (14) ap — [(: Ka ) 
#=1 
(=). (33) = Tay + 


i [1+V(Ki—1) 


The Runge-Kutta method of fourth- 
order accuracy (4) can be used three 


14) is = o(V,p) (18) times to give the values of T at [V + 
ifferen- aK, = AV/2(1—\/15/5)], [V + 4V/2], and Setting j = 0, one can estimate an ini- 
al con- ( =) [V + AV/2(1+./15/5)]. T’(V) is tial value of the bubble point and cal- 
0. The x oF - then evaluated at each of these points culate Tx, by Equation (27). This pro- 
‘ive ia [1+V(K.—1)]? to obtain T(V + AV) from Equation cess is then repeated, and j is advanced 
(15) and similarly the isometric equation is (22). For certain cases tested (2), this each time until Ts,,, is arbitrarily close 
procedure had an error about one-tenth to To;. 
h must ( =) Ls that of the Runge-Kutta-Gill method 
oy (Nar, (3). It is a self-starting method, in con- piscUSSION OF SAMPLE PROBLEMS 
Tp. trast to the various Adams procedures j ; 
juation dK, (5). Besides those mentioned the follow- 
juation Pha OT For the equilibrium flash problem ing computations can be obtained if 
Keb? the interval from V=0 to V=1 is desired: 
{ ta [14+V(Ki—1)] (19) divided into 1/AV increments. A check 1. Value of Q at each integration 
( OK, ) is made after the first integration, and _jyteryal. 
(16) op if x, at V= 1.0 is not equalto1.0+ 2. The and Zy, at each integra- 
[1+V(K.—1)} tion interval. 
i e, AV is halved and the process repeated 3. All values of x, and y, at each 
until the criterion is met, on the as- integration interval. 
| ieeacaaiaaia re sumption that « is not chosen to be so 4. Values of V and T and dt/dV at 
Equation (15) may be written over small that round-off errors become im- the three Runge-Kutta points in each 
an interval, AV, as portant. interval for the isobaric flash or V, p, 
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TABLE 2, RESULTS OF SAMPLE ISOBARIC AND 
ISOTHERMAL EQUILIBRIUM FLASH CALCULATIONS 


Type of Number of Dew point 
flash Mixture intervals Actual By integration =x 

Isobaric A*® 771.799 °R. 767.261 °R. 1.03918 

Isobaric A 2, 771.799 °R. 770.669 °R. 1.00955 

Isobaric A 4 771.799 °R. 771.624 °R. 1.00147 

Isobaric A 8 771.799 °R. 771.788 °R. 1.00010 

Isobaric Bt 1 740.359 °R. 740.909 °R. 0.99508 

Isobaric B 2, 740.359 °R. 740.345 °R. 1.00013 

Isothermal B 1 492.24 lb./sq. 474.13 °R. 0.95407 
in. abs. 

Isothermal B I) 492.24 Ib./sq. 499.77 °R. 1.00096 
in. abs. 

Isothermal B 4 492.24 Ib./sq. 499.36 °R. 1.00022 
in. abs. 


* Mixture A — Ci, 1%; Ce, 5%; Cs, 11%; iCs, 6%; nCs, 14%; iCs, 21%; nCs, 20%; Co, 10%; Cz, 


9%; Cs, 3% 


} Mixture B — C2, 35%; Cs, 10%; nCs, 10%; nCs, 10%; Co, 35%. 


and dp/dV for the isothermal flash. 
This information is useful when only a 
few intervals are used or when inter- 
polation between points is desired. 


The flash curve is computed by the 
use of four intervals (AV = 1/4). 
After the curve has been computed, it 
can be repeated with half as large an 
interval. This procedure can be repeated 
any number of times. 


To illustrate the application of this 
method, several sample problems were 
solved for two different feed composi- 
tions and with different numbers of 
integration intervals. The results are 
summarized in Table 2. It was seen 
in the preceding sections that an inte- 
gration is started at the bubble point 
and can be continued until the dew 
point is reached. The greatest error 
normally occurs at the dew point. The 
simplest test of the accuracy of the 
method is to compare the value calcu- 
lated by the integration method with 
that computed directly from the K 
values. These values are given in the 
fourth and fifth columns of Table 2, 
and it can be seen that, with the ex- 
ception of the one-interval integration 
with ten components, the errors are 
small. As might be expected, the ten- 
component problem was less accurate 
for the same number of intervals than 
the five-component problem. The error 
decreases rapidly with increase in the 
number of intervals. On the basis of 
these results four intervals were judged 
sufficiently accurate in all cases exam- 
ined. 


Another measure of errors is the 3x; 
at the dew point, listed in the last 
column of Table 2, and the results are 
consistent with the conclusions based 
on the dew-point comparisons. The 
error for the one-interval case is 3.9%, 
decreasing to 0.009% in the eight-in- 
terval integration. 
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APPLICATION OF METHOD 


The method described in the pre- 
vious section was developed primarily 
to generate a complete equilibrium 
flash curve. Such a curve might be of 
interest in itself; however a more prob- 
able application would be to use the 
program to generate a table which 
would be stored in the computer. Thus 
a problem calling for many references 
to an equilibrium flash curve would ob- 
tain them by interpolation in the table. 
For example, the four-interval integra- 
tion used in the program would give a 
total of fifteen temperature-volume 
flashed-composition points, in addition 
to the bubble and dew points. Also the 
slopes of the flash curve would be 
known at these points. Interpolation 
between these points with the slopes 
known would be accurate and many 
times faster than computing the points 
directly. 

In addition, the equations developed 
in this paper can be used to reduce 
the highly nonlinear equilibrium flash 
process to a linear process in the neigh- 
borhood of some point. This lineariza- 
tion technique is a highly useful sim- 
plification in many problems. The analy- 
sis of contro] systems, for example, is 
limited largely to linear systems, and 
it is usually necessary to describe the 
system in terms of linear perturbations 
about some point. Similarly some eco- 
nomic analysis techniques, such as 
linear programming, depend on the 
use of linear models. Obviously the 
equilibrium flash process can be de- 
scribed in the neighborhood of a point 
by the equilibrium values of tempera- 
ture, pressure, composition, and the 
appropriate slopes as obtained from 
Equations (10) through (19). 

Although the techniques described 
in this paper could be used for the 
computation of a single point on the 
equilibrium flash curve, it does not 
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seem likely that this would be desir- 
able, since the conventional methods 
are faster if only one point is required. 

In summary, then, these techniques 
seem to be best adapted to the ma- 
chine computation of entire equilibrium 
flash curves, particularly when inter- 
polation between points is desired. The 
equations are also important when a 
linear model of the equilibrium flash 
process is desired. 


ACKNOWLEDGMENT 


The authors wish to express their ap- 
preciation to N. R. Amundson for many 
valuable suggestions and to Dale F. Rudd 
for assistance in the calculations. 


NOTATION 

h, = enthalpy of liquid component 
i, B.t.u./lb. mole 

hy = enthalpy of liquid mixture 
before flashing, B.t.u./Ib. 
mole 

H; = enthalpy of vapor component 
i, B.t.u./lb. mole 

K; = y./x, at equilibrium 

L = moles of liquid per mole of 
feed 

p = pressure, lb./sq. in. abs. 

Q = heat added during flash, 
B.t.u./Ib. mole of feed 

T = absolute temperature, °R. 

Tx, = initial value of bubble point 

Vv = moles of vapor per mole of 
feed 

AV = integration interval 

Xi = mole fraction component i in 
liquid 

Yi = mole fraction component i in 
vapor 

Zi = mole fraction component i in 


mixture prior to flashing 
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Trancter Characteristics of Porous Rocks 


1 


Equations are derived for predicting the effective thermal conductivity of beds of uncon- 
solidated particles containing stagnant fluid. The effective thermal conductivity at these 
conditions, called the stagnant conductivity, is a function of the thermal conductivities of the 
solid and fluid phases, the void fraction, and, if radiation is important, the emissivity, mean 
temperature, and diameter of the solid particles. Comparison with the available experimental 
data indicates that the equations are satisfactory for fluids and solid particles of both high and 


low thermal conductivities. 


To extend the theory to beds of consolidated particles, it is supposed that consolidated beds 
are formed by partial clogging and cementing of beds of unconsolidated particles. With this 
assumption the theoretical equations for packed beds are extended to include such materials as 
sandstone and porous metals. The resulting expressions for the stagnant conductivity involve 
a consolidation parameter characteristic of the solid material. This quantity accounts for the 
heat transfer across the contact surfaces between cemented or clogged particles. The equations 
correctly predict the effect of void fraction and solid and fluid thermal conductivities on the 
heat transfer properties of sandstones and sintered metal systems. 


The heat transfer characteristics of 
fluid-bearing rocks are of growing im- 
portance as a result of the significance 
of thermal methods of petroleum pro- 
duction. The successful design and 
evaluation of these methods depends 
directly upon heat transfer rates in 
porous rocks containing stationary and 
flowing fluid. There have been several 
experimental investigations of tempera- 
ture gradients in porous media filled 
with stationary fluid, but essentially no 
data have been published for the mov- 
ing fluid case. Also there is a need for 
an adequate theory to explain heat 
transfer rates in consolidated media for 
both static and flowing fluid conditions. 
In contrast, the thermal characteristics 
of packed beds of larger sized uncon- 
solidated particles, for example fixed- 
bed catalytic reactors, have been 
studied intensively. 

This investigation is a theoretical 
study of effective thermal conductivi- 
ties of porous media filled with station- 
ary fluid, that is stagnant conductivi- 
ties. The results are applied to beds of 
both unconsolidated particles and con- 


Fig. 1. Heat transfer model for packed bed of 
unconsolidated particles. 
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solidated materials such as sandstone. 
Later studies will be concerned with 
heat transfer perpendicular and paral- 
lel to the direction of flowing fluid. 


PREVIOUS WORK 


Stagnant conductivities of porous sand- 
stones have been measured experimentally 
by several observers (2, 3, 7, 27, 50), but 
few attempts have been made to explain 
the results in terms of physical properties 
such as the thermal conductivities of the 
solid and fluid phases and the void frac- 
tion. 

In packed beds of unconsolidated parti- 
cles the major experimental studies of 
stagnant conductivities are summarized in 
references 16, 19, 20, 21, 29, 40, 42, 45 
and the theoretical studies in references 
8, 13, 36, 38, 41, 44. Yagi and Kunii (45) 
specifically considered the heat transfer 
mechanism through the fluid film near 
the contact surfaces, or points. 

Effective thermal conductivities in 
packed beds with flowing fluids have been 
studied by a number of investigators (1, 4, 
5, 6, 9, 11, 17, 18, 21, 22, 24, 25, 26, 28, 
30, 31, 35, 37, 39, 43, 46, 47, 48, and 49). 


\ 


Fig. 2. Model for heat transfer near contact 
points of particles. 
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From these data approximate values of 
the stagnant conductivity can be obtained 
by extrapolation to zero flow rate. 

Previous theoretical investigations of 
heat transfer in consolidated materials 
have been directed toward the refractory 
industry (10, 23, 32). Francl and Kingery 
(12) measured the effect of void fraction 
of a continuous solid phase with isolated 
small pores of air and found that the 
stagnant conductivity could be represented 
by 


k.°/k. = 1—e’ (below 900°F.) (1) 
RELATIONSHIP BETWEEN PACKED 
BEDS AND CONSOLIDATED 

POROUS ROCKS 


The effect of void fraction on the 
stagnant conductivity of consolidated 
porous media like sandstone is different 
from its effect on refractory materials. 
The decrease in conductivity with in- 
creasing void fraction is observed to be 
concave downward rather than _line- 
arly. 

There are some indications that con- 
solidated porous rocks such as sand- 
stone are more closely related to 
packed beds of unconsolidated parti- 
cles than to refractory materials. It is 
conceivable, for example, that under- 
ground sandstones were formed by 
consolidation of loose materials. Ac- 
cordingly, it appears reasonable to 
analyze the heat transfer problem by 
first considering the behavior of beds 
of unconsolidated particles. 


MECHANISM OF HEAT TRANSFER 
IN BEDS OF UNCONSOLIDATED 
PARTICLES 


Figure 1 shows a cross section of two 
spherical particles in contact with each 
other. It is presumed that the particles 
are surrounded by stagnant fluid. Heat 
transfer is assumed to occur in the ver- 
tical direction by the following mech- 
anisms: 


1. Heat transfer through the fluid in 
the void space by conduction and 
by radiation between adjacent 
voids (when the voids are as- 
sumed to contain a nonabsorbing 
gas). 

. Heat transfer through the solid 
phase. 

a. Heat transfer through the con- 
tact surface of the solid parti- 
cles. 

b. Conduction through the stag- 
nant fluid near the contact 
surface. 


bo 
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Fig. 3. Heat transfer directions for loose packing of spheres. 


c. Radiation between surfaces of 
solid (when the voids are as- 
sumed to contain a nonabsorb- 
ing gas). 

d. Conduction through the solid 
phase. 


Over-all mechanisms 1 and 2 are in 
parallel with each other. Mechanism d 
is in series with the combined result of 
parallel mechanisms a, b, and c. This 
model is somewhat similar to that pro- 
posed by Yagi and Kunii (45). Mech- 
anism a will be interpreted in terms of 
a heat transfer coefficient for conveni- 
ent application to consolidated porous 
media such as sandstone. 

According to the model in Figure 1, 
the effective thermal conductivity is 
given by —k,’(At)/(AL) = [heat flux 
in void space (mechanism 1) ] + [heat 
flux through solid phase (mechanism 


Therefore 
(mechanism 1) 
At At 
— k.° ar =—k,e AL + (—At) 
(mechanism 2) 
+ qs (2) 
On the other hand the temperature 
drop in the particle = (temperature 


drop in solid phase) + (temperature 
drop near the contact surface), or 

At = At, + At,, (3) 
The individual temperature drops may 
be written in terms of the heat flux in 
the solid phase: 


1 
= 
(4) 
—qs 1 
k 


h; + he, 
In these expresssion I, is the thick- 


ness of a slab of solid material which 
would offer the same resistance to heat 
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transfer as the spherically shaped part- 
icle; |, is the thickness of a slab of 
stationary fluid which would offer the 
same heat transfer resistance as the 
filaments of fluid near the contact point 
between particles. 

Combination of Equations (2) 
through (5) results in the following 
expression for k,’: 


k.? = e[k, + * AL] + 


(1—e) AL 
1 l, 
+ (6) 
thy + hr, 
which may be written 
[4 
ne 


This general equation may be sim- 
plified in many instances. For example, 
except at very low pressures the term 
for heat transfer through the contact 
surfaces (mechanism a) can be neg- 
lected. Then 


ke he Dy 
B(1—e) 
1 k, 


When the void spaces contain liquid 
instead of gas, the contributions due to 
radiant heat transfer disappear: 


Even for gaseous systems the radiation 
contributions are negligible, except for 
relatively large particles and high tem- 
perature (above 900°F.). The radiation 
coefficients, when necessary, may be 
estimated by the equations proposed 
by Yagi and Kunii (45). 

To use Equations (7) to (9), it is 
necessary to know the numerical values 
of the three quantities 8, y, ¢. For close 
packing of spheres, as shown in Figure 
4, the average value of 8 is 


1/2 
(2)" Jo, 


= 


For the most loose or open packing, 
B should be unity. Therefore its value 
will range from 0.9 to 1 for almost all 
actual packed beds. The value of y 
depends upon I,; it will be assumed to 
be the length of a cylinder having the 
same volume as the spherical particle; 


that is 
| 4 
l, = (<p,) | (50, )= D, 
Y= 1,/D, = 3 


The most difficult quantity to evalu- 
ate is ¢, which is a measure of the ef- 
fective thickness 1, of the fluid film 
adjacent to the contact surface of two 
solid particles. It is determined theo- 
retically in the next section. 


HEAT TRANSFER THROUGH THE 
FLUID PHASE NEAR THE CONTACT 
SURFACE OF SOLID PARTICLES 


Heat transfer through the fluid 
filaments adjacent to the solid particles 
may be analyzed by reference to Fig- 
ure 2. Even though but one contact 
point is shown, each particle will have 
several contact points on its semispheri- 
cal surface which contribute to the 
heat transfer in one direction. One 
should consider the general case and 
assume that the fraction (1/n) of the 
total heat flux passes through the fluid 
film near one contact point. The second 
assumption is that the heat flow is 
parallel to the axis between the parti- 
cles. Then the fraction of the total heat 


transfer associated with one contact 
point is 
— = ——— = sin’6, (10) 
n aR? 


With these concepts the following ex- 
pression can be derived for q: 


q = Sie dq =aRk, At In{x—(x—1) cos 6,} — (1—cos | (11) 
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(9) E1OH SOLN. GLYCERINE 
ISO-OCTANE EtOH WATER 
ation 
Mes Fig. 4. Directions of heat transfer for close packing of spheres. or 
== 
where « is k,/k,. 
it is ‘quation (11) includes the heat 
alues transfer through the solid phase in a i 1 
close series with the filaments of fluid. Hence CALCULATED LINES | 
igure q can be expressed in terms of the sum 4 A ; 4 
of the resistances of the two steps; that z aH 
a(t), 
— 2 | nee 
0.001 0.01 0.1 1 
value where 2R(2/3) = yD, = I, and is THERMAL CONDUCTIVITY OF FID k, [eTu-tt/HR-t*-°F } 
st all therefore the effective length of the 
of spherical solid for thermal conduction. Fig. 6. Comparison of calculated and experimental data, un- 
ed to Employing the definition of 1, in consolidated particles. 
where x = k,/ ke, and sin’8, = 1/n. (Figure 2). To obtain the required 
(12) to giv q : P Equation (13) is the basic expres- for use in Equations (7) to (9), the 
2 give sion for @ for a single contact point number of contact points on a surface 
‘ of one half of a single particle must be 
sin’. 21 To estimate n, two arrangements of 
kK packing and state 2 for close packing, 
posed of spherical particles of uniform 
| film size packed with their centers at the 
f two | Symbol — Solid Av. diam. (in.) — Void fraction Observers ua of cubes, three axes of sym- 
theo- | metry (a), (b), and (c) must be con- 
| a 0.437 (36) sidered, with the directions of heat 
| o coal = 0.40 Saito and Okagaki (33) transfer as shown in Figure 3. Orienta- 
| Oo glass 0.0212 be Weiniger and Schneider (42) tions (b) and (c) have two and three 
-T | ) glass 0.0132-0.089 0.408-0.431 Preston (29) contact points, respectively. However 
4 calcite 0.098-0.563 ().458-0.493  Waddams (40) these numbers must be corrected for 
fluid | calcite 0.056-0.112 0.447-0.465 Kimura (20) the cross-sectional areas perpendicular 
rticles Preston (29) to the directions of heat transfer and 
mtact a lead 0.0132-0.0179 0.397-0.420 Kimura 
have 7 copper 0.0059-0.0068  0.384-0.392 __ Preston (29) can show that the data for each orien- 
pheri- tation are 
> the Orientation (a) (b) (c) 
One Contact point ] 2 3 
> and 
Area corre- 
of the 
fluid sponding to one D,* \/2D,’ \/3D,° 
particle 
we Number of 3 a 4 
parti- directions 
] heat The derivation of Equation (13) is 
ontact based upon orientation (a), as shown 
in Figure 2. Hence the equivalent 
number of contact points for orienta- 
(10) tion (b) for use in connection with 
Equation (13) will be n’:, given by 
(11) (V2 
Fig. 5. @ vs. thermal-conductivity ratio k,/k,; ¢:-loose packing, ¢:-close packing. In this manner the average number of 
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Symbol Solid 


Av. diam. (in.) — Void fraction Observer Ref. 
fo) chrome steel sphere 0.15 0.38 Kling (27) 
fo) steel sphere 0.157-0.219 ().38-0,394 Waddams (40) 
cy stainless steel sphere 0.0071 0.476-0.502 Preston (29) 
4 SiC ().00236-0.0216 0.410-0.428 Kannuluick (19) 
oO diphenyl-amine 0.00106 0.513 Kannuluick (19) 


contact points for all the three orienta- 


¢ is proportional to the thermal resist- 
tions will be approximately 


ance, the correct value for an actual 
bed should be approximately an addi- 
tive function of ¢, and ¢.. Hence for a 
bed with a void fraction ¢, ¢ is given 
by 


1 
+ 9") = 
1 
= (1 + 0.945 + 2.31) = 142~1.5 


As seen in Figure 4, one symmetri- 
cal axis is sufficient for the close pack- 


ing state. The equivalent number of « — 0.26 
the contact points related to state 1, (¢:— ¢) “0.216 fore, =«2e (14) 
orientation (a), is ‘ 
D2 For particles of uniform size it is not 
n. = (6) ee. ae 4/3 possible for the void fraction to be less 
(\/3/2) D,? than «.. Therefore observed values less 


than ¢«, might be considered the result 
of clogging by smaller particles in the 
void spaces. For such cases it seems 
advisable to use e, rather than the 
extrapolated value from Equation (14). 
Similarly, observed void fractions larger 
than «, would be caused by the pres- 
ence of exceptionally large hollow 
spaces compared with the average void 
space. This could not contribute sig- 
nificantly to the effective thermal con- 
ductivity. Hence for such cases it is 
proposed that approximately 


¢, fore = EQ 


When one uses these values of n to 
determine @,, Equation (13) can be 
used to obtain values of ¢ for each 
packing state. The results plotted vs. 
the ratio k,/k, are shown in Figure 5. 

The void fractions for the two cases 
are 


State 1: =1— = 0.476 
State 2: =1— = 0.260 


It is supposed that actual packed 


COMPARISON WITH EXPERIMENTAL 
DATA—UNCONSOLIDATED PARTICLES 


Equations (8) and (9) were used to 
predict stagnant conductivities for com- 
parison with the available experimental 
data. The values of k,, k,, D,, «, and 
the mean temperature, needed for the 
calculations, were taken from the pub- 
lished papers. The agreement between 
computed and observed stagnant con- 
ductivities is good, as_ illustrated 
graphically in Figures 6 to 8. In Figure 
6 are included the systems for which 
the void fraction is close to 0.42 and 
the computed curves are based upon 
this value. Figure 8 includes almost all 
the published data that have been 
found for the stagnant conductivity. 
The ranges of experimental conditions 
in Figure 8 are as follow: 


solids: diphenylamine, naphthalene, 
coal, calcite, silica, carborun- 


dum, steel, lead, copper, 
aluminum 
average particle diameter: from 


0.00106 to 0.312 in. 

fluid: gas—carbon dioxide, air, nitro- 
gen. methane, propane, helium, 
ydrogen 
liquid—water, glycerine, iso- 
octane, ethyl alcohol, mercury 


As previously mentioned, there are 
available a number of investigations on 
effective thermal conductivities in 
packed beds through which fluids are 
flowing. Although the procedure is 
somewhat inaccurate, k,° can be ob- 
tained from these data by the extra- 
polation to zero flow rate. Figure 9 


beds may be considered a composite $= ¢ fore & (15) shows the comparison of k,’ values de 
of the two basic packing states. Since 

oo3 02 O4# 06 40 20 40 60 
LIQUID | SOLN. = al 
ISO-OCTANE WATER —| 

= 1944 

Gas { CO, 1 CH, He Me | = @ WADOAMS ) 20 

— 

oe th | VA | & 10 40 

= +4 fot = | 

° 1 |! 4 5 

z 0.38 | & KIMURA (1957) 

| 
0.001 0.01 0. ! 0.03 004 .06 ol 0.2 O4 06 1.0 20 40 10 
THERMAL CONDUCTIVITY OF FLUID ky caserveo [ 


Fig. 7. Comparison of calculated and experimental data, un- 
consolidated particles. 
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Fig. 8. Comparison of calculated and experimental data for packed beds 
of unconsolidated particles with motionless fluids. 
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Fig. 9. Comparison of calculated and experimental data obtained by 
extrapolation of results for moving fluids. 


termined in this manner with those 
computed from Equations (8) and 
(9). The experimental conditions for 
the various investigations are as fol- 
lows: 


solids: pumice, terrana, limestone, 
silica, glass, celite, insulating 
firebrick, alundum, steel, lead, 
aluminum 

average diameter: from 0.0063 to 
0.65 in.; spheres, cylinders, etc. 

fluid: gas—air, natural gas 
liquid—iso-octane, ethyl alco- 
hol, water 


Figures 6 to 8 show data for a large 
range of particle sizes and thermal con- 
ductivities of solid and fluid phases. 
The agreement between the predicted 
and observed stagnant conductivities 
suggests that the proposed prediction 
method may be used with confidence 
for a variety of beds of unconsolidated 
particles. The next step is the extension 
of the theory to consolidated particles. 


EXTENSION OF THEORY TO 
CONSOLIDATED POROUS MEDIA 


It has been suggested earlier that at 
least some kinds of consolidated porous 
media, for instance sandstone or sin- 
tered porous metal, originate as beds 
of unconsolidated particles. Then con- 
solidation might occur by partial clog- 
ging with the cementing substance or 
by sintering. The original bed of un- 
consolidated particles is clogged with 
cementing substance as shown in Fig- 
ure 10a. In this case some parts of the 
void space would become clogged, and 
the rest remain open. The result of 
consolidation is an increase in the aver- 
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age grain size. However the pore size 
is the same as in the original packed 
bed. 

The mechanism of heat transfer for 
this model is assumed to be as shown 
in Figure 10b. Here heat is flowing in 
the vertical direction through the void 
space, ¢’ and through the solid fraction, 
1—e’. In this latter part the flow is in 
series through solid of thickness I’, and 
fluid of thickness 1,. The detailed 
mechanisms of heat transfer are similar 
to those for unconsolidated particles 
(Figure 1), except that the shape and 
relative size of void and solid spaces 
differ. 

Since the average thickness of the 
fluid film is assumed to be the same for 
both the original packed bed and the 
clogged porous media, the number of 
solid layers in the consolidated bed is 
proportional to its void fraction and 
may be written as 


N’ é 

—_=— 16 

(16) 
The average length of the unit of 


to the number of such solid units: 


When one uses the detailed mecha- 
nisms of heat transfer similar to Figure 
1, the resultant expression for k,’ is the 
same as Equation (6) for unconsoli- 
dated particles, except that « and I, are 
replaced by ¢’ and /,’. From Figure 10 
it seems reasonable to propose that 


AL=1,’+1, andl,=D, (18) 
Combining Equations (17) and (18) 


(17) 
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— 


yields 


(19) 


The desired expression for k,’ can 
then be obtained from Equation (6) 
by first replacing « and 1, with ¢ and 
l,’ and then using Equation (18) and 
(19) for AL and 1,’. The result, con- 
verted to the form of k,’/k,, is 


(1+£¢) 


D,(h,+h,.) 


Equation (20) includes the term in- 
volving h,, since this mechanism may 
be important in consolidated beds. 

For most temperatures the radiation 
terms are negligible, and Equation 
(20) reduces to 


(1454) 
(<'/e) 


Dal 
(21) 


The heat transfer through the con- 
tact surface between consolidated par- 
ticles, represented by the dimension- 
less group h,D,/k, in Equation (21), 
cannot be easily evaluated. It is 
characteristic of the kind of solid mate- 
rial and the type of consolidation. It 
will be regarded as a consolidation 
parameter to be determined by com- 
paring experimental data with Equa- 
tion (21). 


COMPARISON WITH EXPERIMENTAL 
DATA—CONSOLIDATED PARTICLES 


To treat porous media over a rela- 
tively large range of void fraction, 
namely 0 to 0.40, state 1 is chosen as 
the basic fundamental packing ar- 
rangement for consolidated particles. 
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The experimental data for sand- 
stones by Zierfuss and Vliet (50), 
Clark (7), and Asaad (2) are com- 
pared with calculated results in Fig- 
ure 12. Since the thermal conductivity 
of the solid phase is the mean value of 
the clogged group of particles, as 
shown in Figure 10a, the numerical 
value of k, is not necessarily the same 
as that of pure quartz but rather may 
lie between the values of quartz and of 
the cementing material. In view of 
this, three different values of k,, 5, 4, 
and 3, were used in Equation (21). 
Hence in Figure 12 three computed 
curves are shown. The consolidation 
parameter was taken as 0.2 for all three 
computed curves. It should be noted 
that samples from the same country 
originated in nearly every case from 
two or three different formations. 
Hence the consolidation parameter and 
thermal conductivities of the clogged 
material probably were different not 
only from country to country but for 
different samples from the same coun- 
try. As in Figure 11, the variation of 
stagnant conductivity with void frac- 
tion is predicted well by Equation 
(21), although the absolute experi- 
mental values scatter. This suggests 
that the proposed theory correctly re- 
flects the effect of void fraction. In ad- 
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Equation (21). The consolidation 
| 
parameter D,h,/k, is independent of 3 
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tion. = 2 | 
Figure 11 shows the comparison of 7 9) 
calculated lines with the experimental 
data for different fluids in limestone | | | 
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from the International Critical Tables. *. al 02 03 04 
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Fig. 12. Comparison of stagnant conductivities for sandstone. 


dition, the data in Figures 11 and 12 
indicate that the influence of the ther- 
mal conductivity of the fluid is ade- 
quate accounted for. 

Saunders et al. (15) presented the 
experimental data for effective thermal 
conductivities of sintered porous metals 
within stagnant air. Since the composi- 
tion of the metal, a copper-tin alloy, 
was not given, the arithmetic mean 
value of the thermal conductivity taken 
as k,= 120 B.t.u.-ft./(hr.) (sq.ft.)- 
(°F.) was employed. When one as- 
sumes the dimensional group D,h,/ 
k, to be 9.075, the calculated line 
agrees well with the experimental data, 
as shown in Figure 13. 


CONCLUSIONS 


Equations (7) to (9) appear to pre- 
dict with reasonable accuracy the 
effective thermal conductivities for 
various types of beds of unconsolidated 
particles filled with stationary fluid. 
The development is based upon pro- 
posing a model for the various mech- 
anisms of heat transfer. The data re- 
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quired for using Equations (7) to (9) 
are the thermal conductivities of the 
solid and fluid phases and the void 
fractions of the bed. If radiation con- 
tributions are significant, other infor- 
mation is needed. 

The theory was extended to beds of 
consolidated particles such as sand- 
stone and_ sintered-metal particles. A 
dimensionless consolidation parameter 
was introduced to account for the heat 
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Fig. 13. Comparison of calculated and experi- 
mental data for sintered porous copper-tin 
alloy. 
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transfer through the contact surfaces 
of the consolidated particles. This pa- 
rameter is a specific property of the 
consolidation state and the solid phase. 
Values of 0.2 to 0.3 satisfactorily ex- 
plained available data for sandstone, 
but smaller values were necessary for 
sintered metal particles, reflecting the 
larger thermal conductivity of the me- 
tallic solid phase. The theoretical de- 
velopment satisfactorily correlated data 
for a variety of fluid and solid mate- 
rials over a range of void fraction. 

In future work it is planned to ex- 
tend the same method of approach to 
consolidated beds filled with moving 


fluid. 
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NOTATION 


D, 


= diameter of unconsolidated 


particles in a packed bed or 
diameter of original particles 
before clogging in consoli- 
dated porous media, ft. 

heat transfer coefficient rep- 
resenting the heat transfer 
rate through the contact sur- 
face between solid particles 
in a bed of unconsolidated 
particles or between two 
clogged particles in a con- 
solidated bed, B.t.u./(hr.)- 
(sq.ft.) (°F.) 

heat transfer coefficient for 
thermal radiation, solid sur- 
face to solid surface, B.t.u./- 
(hr.) (sq.ft.) ( °F.) 

heat transfer coefficient for 
thermal radiation, void space 
to void space, B.t.u./(hr.)- 
(sq.ft.) (°F.) 

stagnant conductivity, that 
is effective thermal conduc- 
tivity of porous media filled 
with stagnant fluid for both 
unconsolidated and_ consoli- 
dated particles, (B.t.u.)- 
(ft.) / (hr.) (sq.ft.) (°F.) 
thermal conductivity of fluid, 
(B.t.u.) (ft.) / (hr. ) (sq.ft. )- 
(°F.) 

thermal conductivity of solid 
phase, (B.t.u.) (ft.) / (hr.)- 
(sq.ft.) (°F.) 

effective length between cen- 
ters of two neighboring solid 
particles in direction of heat 
flow, ft. 

effective length of a solid 
particle for heat transfer in 
a bed of unconsolidated 
particles, ft. 

effective length of a clogged 
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particle for heat transfer in =7 


a bed of consolidated parti- 
cles, ft. 

= effective thickness of the 
fluid film adjacent to the sur- 
face of two solid particles, ft. 

= number of solid particles in 
a unit length of packed bed, 
measured in the direction of 
heat flow 

= number of clogged particles 
in a unit length of consoli- 
dated porous media, meas- 
ured in the direction of heat 
flow 

= number of contact points on 
a semispherical surface of 
one solid particle 

= heat flow rate, B.t.u./hr. 

= heat flux through solid phase, 
B.t.u./hr.-sq.ft. 

= radius of solid particle, ft. 

= temperature, °F. 


= increment of temperature, 
°F 
= diameter of sectional area 


corresponding to one contact 
point, ft. 


Greek Letters 


AL/D, 

DA 

J) 

= ¢ value corresponding to the 
loose or most open packing 
of spheres 

= ¢ value corresponding to the 
closest packing of spheres 

= 

= void fraction of a packed 
bed of unconsolidated parti- 
cles 

= void fraction corresponding 
to the most open packing ar- 
rangement 

= void fraction corresponding 
to the closest packing ar- 
rangement 

= void fraction of a bed of con- 
solidated porous media 

= angle, radians 

= angle corresponding to 

boundary of heat flow area 

for one contact point, radi- 

ans 
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Hypothetical Standard States and the 
Thermodynamics of High-Pressure Phase 


Equilibria 


Thermodynamic analysis of phase-equilibrium data is necessary for testing such data, for 
extension to new conditions, and for purposes of correlation and prediction of phase-equilibrium 
behavior. While such analysis is common for low-pressure systems, it is rare for high-pressure 
systems owing to difficulties encountered in the definition of standard states. For a gaseous 
solute in the liquid phase it is proposed that the standard state be taken as the hypothetical 
liquid at the temperature and total pressure of the solution. The properties of this standard 
state are specified by the temperature and total pressure and by the specific volume which 
the substance would have if it did not experience a phase change. This standard state is useful 
since it is not a function of the solution but only of the substance being considered. For a 
condensable component in the gas phase it is convenient for most purposes to define the standard 
state as the ideal gas at the temperature and total pressure of the solution, but to separate 
the effect of composition on the activity coefficient from that of pressure, it is proposed to 
define the standard state as the real hypothetical gas at the solution conditions. To illustrate 
these ideas, activity coefficients are computed for several high-pressure systems, and it is 
shown how these activity coefficients may be used in the correlation, testing, and extension 


of high-pressure phase-equilibrium data. 


Thermodynamic analysis of phase- 
equilibrium data is needed for testing 
and correlating such data and especially 
for extension to new conditions and to 
other systems for which no data are 
available. It is not reasonable to expect 
that good data for a very large number 
of systems will ever be obtained over 
wide ranges of temperature and pres- 
sure, and it is therefore essential that 
available data for representative sys- 
tems be carefully scrutinized and inter- 
preted with the aid of suitable thermo- 
dynamic functions. Such thermodynamic 
analysis, coupled with the theory of 
intermolecular forces and aided by 
techniques like the molecular theory 
of corresponding states, forms the basis 
for a useful generalization of phase- 
equilibrium data. The primary justifica- 
tion for thermodynamic analysis is that 
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it is the first important step toward the 
ultimate aim of solution theory: pre- 
diction of the properties of a mixture 
from those of the pure components. 

In the technical literature it has 
been customary to subject to thermo- 
dynamic analysis equilibrium data for 
solutions taken at or near atmospheric 
pressure, but there has been a notable 
absence of such analyses for phase- 
equilibrium data obtained at higher 
pressures in the vicinity of 100 atm. 
or more. For example some of the ex- 
cellent experimental studies of Sage 
and Lacey and W. B. Kay and their 
co-workers on hydrocarbon mixtures 
have been in the literature for many 
years but have received very little 
thermodynamic scrutiny. A major rea- 
son for the lack of thermodynamic 
attention to high-pressure systems is 


A.1.Ch.E. Journal 


J. M. PRAUSNITZ 


University of California, Berkeley, California 


that when the customary thermody- 
namic functions of the high-pressure 
mixture are referred to those of the 
pure components, these components 
exist in physically unattainable (hypo- 
thetical) states. Thermodynamic analy- 
sis of high-pressure systems therefore 
requires precise definitions of hypo- 
thetical standard states as well as 
methods of evaluating the thermody- 
namic functions corresponding to those 
states. This paper presents techniques 
for the calculation of hypothetical 
standard-state functions and in a few 
examples illustrates their applicability 
to thermodynamic analysis of high- 
pressure phase equilibria. 


STANDARD STATES 


The activity coefficient of a compo- 
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nent is defined as the ratio of the ac- 
tivity of that component to its mole 
fraction; the activity in turn is defined 
as the ratio of the fugacity of that 
component in the solution to its fugac- 
ity in some standard (arbitrary) state. 
An activity coefficient therefore always 
refers to some standard state, and the 
numerical value of an activity coeffi- 
cient is meaningless unless the stand- 
ard state is also specified. While the 
choice of a standard state is completely 
arbitrary, it has been customary to use 
as standard states either the pure com- 
ponent (in the same state of aggrega- 
tion as that of the solution) or the state 
corresponding to infinite dilution; in 
addition, Mauser and Kortiim (7) re- 
cently showed that for sparingly soluble 
solutes it is convenient to use the state 
corresponding to saturation. These 
three standard states, designated re- 
spectively by a, b, and c, all serve the 
same function of normalization where- 
by the activity coefficient approaches a 
definite limit as the standard state is 
approached: 


(a) y>lasx,>1 
yi2> asx,>0 


(1) 


(c) y>—asx,>x, (saturated) 


x 


Normalization (a), sometimes called 
the symmetric convention, is most com- 
monly used for solutions of liquids at 
low pressures; normalization (b), 
sometimes called the unsymmetric con- 
vention, is used for solutions of elec- 
trolytes in liquids; normalization (c) is 
useful only in equilibria where one of 
the phases is a pure component. From 
the viewpoint of classical thermody- 
namics all three standard states are 
equally acceptable, but from the view- 
point of the theory of solutions stand- 
ard state (a) is highly preferable to 


PRESSURE 


GAS 


LIQUID 


VOLUME 


Fig. 1. Isotherm for hypothetical gas. 
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the other two. The activity coefficient 
of a component shows the effect of 
composition on the activity of that 
component relative to its activity in 
the standard state; since the aim of 
solution theory is to predict the proper- 
ties of components in solution from 
those of the pure components, the most 
meaningful standard state is neces- 
sarily the pure component itself. When 
standard states (b) or (c) are used, 
the activity coefficient gives informa- 
tion about the activity relative to that 
at some other concentration; in other 
words in cases (b) and (c) the stand- 
ard state is itself a function of the 
solution. While standard states (b) 
and (c) have certain mathematical 
advantages which appeal to the pure 
thermodynamicist, for chemical en- 
gineering purposes standard state (a) 
is by far the most useful since it is 
consistent with the aim of correlating 
and predicting the thermodynamic 
properties of solutions. Of the three 
types of standard states, method (a) 
alone permits meaningful comparisons 
to be made of the activity coefficient 
of a given solute in different solvents. 
Unfortunately, however, using the pure 
material for the standard state fre- 
quently necessitates the use of physi- 
cally unattainable or hypothetical 
standard states. 


HYPOTHETICAL STANDARD STATES 


When a gaseous light component is 
dissolved in a heavier liquid compo- 
nent, and if the symmetric convention 
is to be used, the standard state of the 
gaseous solute is the pure solute as a 
hypothetical liquid at the temperature 
of the liquid solution. Similarly the 
standard state for a heavy component 
dissolved in a gasecus light component 
is the pure solute as a gas at the tem- 
perature of the gaseous solution; if 
the standard state is taken at the total 


pressure of the solution and if that 
pressure exceeds the vapor pressure of 
the heavy component, then that com- 
ponent cannot exist as a gas and hence 
the standard state is hypothetical. In 
each case, that is in gaseous and in 
liquid solution, it is desirable to have 
as the standard state the pure material 
in the same state of aggregation (gas 
or liquid) as that of the solution to 
which it refers. How are the properties 
of the hypothetical standard states to 
be computed? Any method is neces- 
sarily somewhat arbitrary, but some 
methods appear to be physically more 
reasonable than others. The difference 
between a gas and a liquid is indi- 
cated by the size of the specific vol- 
ume. Hence in specifying the proper- 
ties of a hypothetical liquid or a 
hypothetical gas it seems most reason- 
able to specify the volume which, to- 
gether with the temperature, is suffi- 
cient to compute all other properties. 
Thus the fugacity of a hypothetical 
standard state is fixed by the tempera- 
ture of the pure material (which must 
be the same as that of the solution) 
and by its specific volume, which can 
be determied by a reasonable extrap- 
olation and which is subject only to 
the restriction that y,> 1 as x,—> 1.0. 


CONDENSABLE COMPONENTS 
IN THE GAS PHASE 


A gaseous solution containing one 
light component and one heavy com- 
ponent is considered. The activity co- 
efficient of the heavy component in the 
gaseous solution is given by 


Yn = fal ysfr° (2) 


The pressure to which f,” refers is arbi- 
trary. It has therefore been customary 
in many cases to use as the reference 
state the ideal hypothetical vapor at 
the total pressure, in which case f,’ is 
equal to the total pressure. Then the 
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Fig. 2. Fugacity coefficients for hypothetical gases. 
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Fig. 3. Fugacity coefficients for hypothetical gases. 


activity coefficient is really a fugacity 
coefficient defined by 


(8) 


For most calculational purposes the 
fugacity coefficient is perfectly satis- 
factory. It performs the important 
function of relating the fugacity of a 
component in the gas phase to its mole 
fraction, and thus it takes care of half 
the problem in phase equilibria. (The 
other half, of course, is to use a similar 
coefficient for performing the same 
function for the liquid phase.) How- 
ever while ¢ is very useful, its physical 
significance is less clear than that of y, 
because the fugacity coefficient is 
really the product of two terms, each 
of which has a separate physical sig- 
nificance; the relationship between the 
activity coefficient and the fugacity co- 
efficient is 

o=vry (4) 
where v = f/P for the pure compo- 
nent in the standard state. 

As indicated by Equation (4), the 
fugacity coefficient ¢ is a single factor 
which takes into account deviations 
from ideality of the pure component 
(due to pressure) and deviations from 
ideal solution (due to the presence of 
a second component). ¢ can readily be 
calculated from an equation of state 
for the gaseous mixture (1, 8). To in- 
terpret its physical meaning, however, 
it is sometimes desirable to separate 
the nonideality effects due to nonideal 
solution from those due to nonideality 
of the pure vapor. In that case it is 
necessary to use as the standard state 
the pure hypothetical vapor at the tem- 
perature and total pressure of the solu- 
tion. If the activity coefficient of com- 
ponent h is to reflect solely the effect 
of solution with the other component 1, 
then it is necessary to have the limiting 
relation at constant temperature y, > 1 
as y,> 1 and to have the pressure to 
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Fig. 4. Fugacity coefficients for hypothetical gases. 


which f,’ refers be the total pressure 


hypothetical isotherm is available, the 
of the solution. If that pressure is 


fugacity at any pressure is computed 


greater than the vapor pressure of the from 

heavy component, then the reference P / Po dP 

state is a hypothetical one, since pure In f/P =f (2- 1) Pp (5) 
vapor h cannot exist at a pressure ex- ‘ 

ceeding the vapor pressure. The calcu- Hypothetical gas-phase _fugacities 


lation of hypothetical f,’ is necessarily 
arbitrary, but a reasonable procedure is 
to compute it in such a way as to re- 
flect the properties that the heavy com- 
ponent would have if instead of con- 
densing at the vapor pressure it 
remained a vapor. This calculation is 
best performed by continuing the gas- 
phase isotherm on a pressure vs. vol- 
ume diagram through the two-phase 
region to the liquid portion of the iso- 
therm in a manner shown schematically 
in Figure 1. At high pressures there is 
no distinction between gas and liquid, 
both states of aggregation being desig- 
nated by the word fluid. At high pres- 
sures, therefore, the extrapolated hypo- 
thetical gas isotherm must become 
identical with the real liquid isotherm. 
While this fact does not uniquely 


determine the shape of the extrap- component extrapolations. Hence they 
olated isotherm, it gives at least some serve merely as a basis for calculating 
direction on how such an isotherm may gas-phase activity coefficients. Fugaci- 
be reasonably constructed. Once this ties calculated from these charts should 
never be used for the prediction of 
phase equilibria unless it is also possi- 
ble to estimate y [see Equation (1)]. 
The assumption that y= 1 (Lewis 
fugacity rule) can lead to very large 
errors. (8). 

The fugacity as calculated from Fig- 
ures 2, 3, or 4 refers to the fugacity 
that a substance would have if it 
existed in the pure state as a vapor at 
the prescribed conditions of tempera- 
ture and pressure. As an illustration of 
the physical significance of this fugac- 
ity, the fugacity of hypothetical decane 
vapor at 75°C. and 60 atm. (the vapor 
pressure of decane at 75°C. is 0.0329 
atm.) is considered. The fugacity co- 
efficient of decane in various gaseous 
solvents has been measured experi- 


have been calculated in the manner 
described for several representative 
nonpolar gases having different acen- 
tric factors and the results plotted on 
reduced coordinates for different o. 
Figures 2, 3, and 4 give the fugacities 
of hypothetical gases as a function of 
reduced temperature, reduced __pres- 
sure, and acentric factor. These charts 
are quite different from those presented 
earlier by Hougen and Watson and 
others (2,13). The earlier charts were 
extrapolated by use of gas-phase equi- 
librium data; hence they include a 
generalized composition effect. Such an 
effect cannot of course be generalized 
in terms of the properties of the con- 
densable solute alone. The charts pre- 
sented here do not include composition 
effects but are based only on pure- 
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. 5. Liquid-phase activity coefficient for 
ethane in three systems at 168°F. 
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mentally (9); in hydrogen it is 1.45, in 
nitrogen 0.620, and in carbon di- 
oxide 0.231. These data indicate that 
the fugacity coefficient falls with the 
molecular weight of the gaseous sol- 
vent. Therefore it is to be expected 
that the fugacity coefficient for pure 
decane is much less than unity. From 
the generalized charts it is estimated to 
be 0.012. 

Once f/P for the pure hypothetical 
vapor is known, y, can be calculated 
from Equation (4). For decane in 
hydrogen, nitrogen, and carbon dioxide 
at 75°C. and 60 atm. the activity co- 
efficients are, respectively, 121, 51.6, 
and 19.3. 

For most computational purposes the 
fugacity coefficient ¢ is satisfactory, 
and it is not necessary to calculate y. 
t is only when one wishes to compare 
the effect of different gaseous solvents 
that it is instructive to separate ¢ into 
the pressure and into the composition 
effect. For example it is sometimes 
found at advanced pressure (espe- 
cially in systems containing hydrogen) 
that 4 is close to unity. One might 
therefore erroneously conclude that the 
gas phase is ideal. In fact, however, it 
is not ideal at all, but because of two 
compensating nonidealities (v<<1 and 
y>>1) the over-all effect gives an ap- 
parent ideality. 


GASEOUS SOLUTES IN THE 
LIQUID PHASE 


The hypothetical standard-state fu- 
gacity of a gaseous solute is deter- 
mined by the temperature and pressure 
of the solution and by the molar liquid 
volume of the pure solute. Several esti- 
mates of this volume may have to be 
made before the right one is found; the 
test is only that upon extrapolation +; 
> las x, > 1. Once it is found, how- 
ever, it can be used for that solute in 
all solvents, since the standard state as 
used here is a function only of the pure 
material and not of the solution. 

To fix ideas, the binary data at 
75°C. for ethane in benzene, cyclohex- 
ane and n-heptane reported by Kay 
and co-workers (5,4,6) are con- 
sidered. The activity coefficient of the 
ethane, given by y., must for all three 
cases obey the relation y>1 as x,> 1. 
The activity coefficient is given by 


(6) 


The pressure of the standard state is 
arbitrary, but it is convenient to choose 
the total pressure as the standard-state 
pressure. In that case f,’ is the fugacity 
of pure (hypothetical) ethane liquid 
at the temperature and total pressure 
of the solution. The system tempera- 
ture, 75°C., is well above the critical 
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Fig. 6. Activity coefficients for carbon dioxide 
(1)—butane (2)—system at 160°F. 


MOLE FRACTION CARBON DIOXIDE 


Fig. 7. Activity-coefficient ratio vs. composi- 
tion for carbon dioxide-butane system at 160°F. 
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Fig. 8. Volume change vs. pressure for carbon 
dioxide-butane system at 160°F. 
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Fig. 9. Solubility of nitrogen in liquid ammonia 
at 0°C. 
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for ethane. To determine the fugacity 
of pure liquid ethane, therefore, it is 
necessary to specify the molar volume 
which ethane would have at 75°C. if 
instead of becoming a gas it had re- 
mained a liquid. This can be estimated 
from the volumetric data for pure 
ethane at lower temperature. If the vol- 
ume estimated is v,, then the standard- 
state fugacity is found by 


f.° = f(v.,T) exp 


In this case the hypothetical stand- 
ard state is considered to be pure, in- 
compressible ethane at the volume and 
the temperature. The properties f(v., 
I) and P.* are found from a Mollier 
diagram for pure ethane. The check on 
having chosen the right value for v, 
is the condition that when In y, is ex- 
trapolated to x, = 1, the extrapolation 
leads to hy. = 0. 

The results of such calculations for 
ethane in three solvents are shown in 
Figure 5. In these calculations v, = 84 
ce./g.-mole. This value was found by 
extrapolating with respect to tempera- 
ture the molar liquid volumes of ethane 
in the vicinity of the normal boiling 
point where its molar volume is 55 cc./ 
g.-mole. Figure 5 shows that the activ- 
ity coefficient of ethane in all three 
solvents tends to unity as pure ethane 
is approached. Since the activity co- 
efficient is a measure of the unlikeness 
between solute and solvent, one would 
expect a definite trend in the activity 
coefficients of ethane in the three sol- 
vents. As expected, the activity coeffi- 
cient of ethane is highest in the aro- 
matic and lowest in the paraffinic 
solvent, the results for the naphthenic 
solvent falling between these two. 
From these results it would not be 
difficult to make good predictions of 
the activity of ethane in other hydro- 
carbon solvents at 75°C. 


GIBBS-DUHEM EQUATION AND 
THERMODYNAMIC CONSISTENCY 


Ina binary system at constant tem- 
perature it is not possible to vary the 
composition without also changing the 
total pressure. The Gibbs-Duhem 
equation for an isothermal binary sys- 
tem is (3) 


Xo 8 
RT an, (8) 


dlny, 
= 
Ox, 


where the volume change is given by 
Av = v(mixture) — x, v,”° — x, v2” 
In condensed phases at low pressures 
the last term on the right-hand side of 
Equation (8) is negligible compared 
with the other terms. At high pres- 
sures, however, this last term is impor- 
tant and may not be neglected, espe- 
cially when tests for thermodynamic 
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consistency are applied. The most use- 
ful test is that proposed by Redlich 
and Kister (11), who define a function 


(9) 
In the symmetric convention Q=0at 
%, = 0 and x. = 0. 

Differentiating Q with respect to x, 
and substituting 


0 0 In 2 
Ox: 
Redlich and Kister obtain 
ln dx, = 0 (11) 


For high-pressure systems, however, 
Equation (8) must be used instead of 
Equation (10). Also it is not possible 
to integrate the activity coefficients 
from x, = 0 to x, = 1, since high-pres- 
sure systems will show a critical point 
O<a«,° <1. The test for thermody- 
namic consistency for high-pressure 
systems therefore is 
In dx, 


pe 


Av 
RT 
x,” In (12) 


This test for thermodynamic con- 
sistency is illustrated with data for the 
carbon dioxide—butane system at 
160°F. reported by Sage and Lacey 
(12). The critical temperature of car- 
bon dioxide is 87.8°F.; the standard 
state for carbon dioxide in the liquid 
phase is therefore hypothetical. If the 
standard state for carbon dioxide is 
taken as the hypothetical incompressi- 
ble liquid at 160°F. with a volume of 
71 cc./g.-mole, the activity coefficient 
y, of carbon dioxide obeys the relation 
1 as Activity coefficients 
for this binary system are shown in 
Figure 6. Since Sage and Lacey also 
reported volumetric data for the liquid 
solution, it is a simple matter to cal- 
culate the volume change, which is 
small for low carbon dioxide concentra- 
tions but becomes large near the criti- 
cal point. Figure 7 shows a plot of 
In y:/y2 vs. x, for the range x, = 0 to 
the critical point which occurs at x,° = 
0.713. Figure 8 gives a plot of Av/RT 
vs. the pressure up to the critical point. 
From the areas under these plots the 
values of the integrals in Equation 
(12) are found. The left-hand side of 
Equation (12) gives a value of 0.2708; 
the right-hand side has a value of 
0.2690. The thermodynamic consist- 
ency of these data is therefore very 
good. 


EFFECT OF PRESSURE 
ON GAS SOLUBILITY 


The effect of pressure on the solu- 
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bility of a gas in a liquid is commonly 
expressed in the form of Henry’s law, 
which states that the partial pressure 
of a gas is proportional to the mole 
fraction of the solute in the liquid sol- 
vent. Henry’s law is essentially equiva- 
lent to assuming that the activity 
coefficient of the solute is a constant 
independent of the composition of the 
liquid solution. While Henry’s law is 
frequently a very good approximation, 
better results can sometimes be ob- 
tained by making a more reasonable 
assumption about the variation of ac- 
tivity coefficient with solute concentra- 
tion. To do this it is necessary to utilize 
some technique, such as that discussed 
above, for computing activity coeffi- 
cients of gaseous solutes. To illustrate, 
one should consider the nitrogen-am- 
monia system at 0°C. The solubility of 
nitrogen in liquid ammonia at 0°C. 
and 50 atm. is xv. = 0.0031. It is de- 
sired to predict the solubility of nitro- 
gen in ammonia at higher pressures up 
to 500 atm. First the activity coefficient 
of nitrogen in the liquid ammonia at 
50 atm. is computed with a standard 
state hypothetical liquid nitrogen 
at a temperature of 0°C. and a volume 
of 79 cc./g.-mole. Second it is neces- 
sary to utilize some suitable expression 
for the variation of activity coefficient 
with mole fraction. It has been shown 
by Prigogine and Defay (10) that for 
dilute solutions of a nonpolar substance 
in an associating solvent the activity 
coefficient is given by 


(13) 


Using the previously calculated activity 
coefficient at 50 atm. one can evaluate 
v.. Equation (13), coupled with the 
excellent assumption that ¥. does not 
change over the concentration interval 
considered here, is then used to predict 
the solubility at higher pressures. The 
results, shown in Figure 9, are com- 
pared with denry’s law and with the 
experimental data of Wiebe and Gaddy 
(12). In this case Henry’s law leads to 
appreciable error in the pressure range 
above 200 atm. 
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NOTATION 
f = fugacity 
fr’ = fugacity of pure heavy com- 


ponent as a vapor at the tem- 
perature of the solution and 
at a fixed pressure 
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fugacity of pure (hypotheti- 
cal) ethane liquid at the 
temperature of the solution 
and at a fixed pressure 

= total pressure 

defined by Equation (8) 
gas constant 

= absolute temperature 

= molar volume 

mole fraction of species i in 
the ‘liquid phase 

mole fraction of species i in 
the gas phase 

activity coefficient of species 
i 


I 


Greek Letters 
> = fugacity coefficient 


Av = volume change 

v = fugacity coefficient for the 
pure component 

Vv = average degree of association 

@ = acentric factor 

Superscripts 

— (bar) = component in solution 

fe) = standard state 

7 = equilibrium 

c = critical 

Subscripts 

h = heavy component 

e = ethane 

l = light component 
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|The Effects of Superheat and Surface 


Roughness on Boiling Coefficients 


H. 


The effects of liquid superheat and surface roughness on boiling coefficients were investigated 
in a series of experiments in which water, acetone, n-hexane, carbon tetrachloride, and carbon 
disulfide were boiled on a flat plate. In addition to the usual thermal measurements, the num- 
ber of active boiling centers was determined, whenever possible, by visual means, and a quanti- 
tative measure of surface roughness was made. It was found that the number of active boiling 
centers on the plate increased with increasing surface roughness and that the calculated boiling 
coefficients were proportional to the one-third power of the number of bubble columns rising 


from the heated surface. 


An equation has been derived relating boiling coefficients to fluid properties and the number 
of active boiling centers on a surface. A second equation, based on the theory of thermal fluc- 
tuations, has been proposed to relate the number of active boiling centers to the independent 
variables of surface-roughness and temperature-difference driving force. The limited data avail- 
able have been found to follow this proposed relation. 

The results of this work suggest a quantitative method of relating the boiling coefficient to 
the character of the surface which may explain the discrepancies observed in the slopes of 
boiling curves reported in the literature and in the actual values reported for the boiling co- 


efficients measured on different surfaces. 


When a liquid boils, vapor bubbles 
are formed and rise from favored spots 
on the heated surface. This type of 
boiling is called nucleate boiling, since 
it suggests the presence of some kind 
of nuclei at the points where the bub- 
bles are formed. As the temperature of 
the surface increases, the number of 
active centers increases. However at 
high degrees of superheat the surface 
may produce vapor at such a rate that 
no active centers can be distinguished. 
Neither this condition, called film boil- 
ing, nor the transition zone between 
nucleate and film boiling was encoun- 
tered in the present investigation. 

It has been generally agreed (13, 
14, 15, 25, 27) that the high heat 
transfer rates encountered in nucleate 
boiling are due primarily to the agita- 
tion created by the motion of the bub- 
bles in the superheated liquid adjacent 
to the heater surface. Hence a knowl- 
edge of both bubble dynamics and the 
factors which determine the concentra- 
tion of active centers would seem to be 
essential if the boiling process is to be 
understood and boiling performance 
predicted. 

The development of a bubble has 
ben studied theoretically. On the basis 
of the work of Bashforth (3) and Wark 
(28), Fritz (12) obtained a semiem- 
pirical relationship for the diameter of 
a bubble breaking off the heating sur- 
face which showed good agreement 
with the experimental results of Jakob 
(17) and Kabanow and Frumukin 
(18). From a_ photographic study 
Jakob (16) discovered that the product 
of bubble diameter and the frequency 
of bubble formation seemed to be con- 
stant at small heat fluxes. More re- 
cently Perkins and Westwater (23) 
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found that, at heat fluxes up to 80% 
of maximum, the individual terms of 
bubble diameter and frequency were 
constant themselves. From this they 
concluded that the increase in the boil- 
ing coefficient with increase in temper- 
ature-difference driving force was 
caused entirely by an increase in the 
number of active sites on the heating 
surface. 


Early investigations of the effects of 
surface condition on boiling have been 
reported by Jakob and Fritz (15) and 
Sauer (26). A recent paper by Clark, 
Strenge, and Westwater (7) describes 
experiments in which pits and scratches 
in the metal surface were found to pro- 
vide most of the nucleation sites. No 
nuclei appeared to be ‘associated with 
grain boundaries. Nishikawa (21) pho- 
tographed the formation of steam 
bubbles rising from horizontal heating 
surfaces fitted with concentric grooves 
of triangular cross section, their depths 
ranging from 0.1 to 0.3 mm. He ob- 
served a greater number of bubble 
columns on a rough surface than on a 
smooth one and found the boiling co- 
efficients to be higher on the rough sur- 
face. A large effect of microroughness 
on the AT necessary to sustain nucleate 
boiling at a given heat flux was shown 
by Corty and Foust (8). They postu- 
lated a vapor-trapping mechanism to 
explain large differences in the slopes 
and positions of boiling-coefficient 
curves for surfaces of different rough- 
ness. Bankoff (2) has derived a theory 
to determine whether a surface cavity 
will entrap gas in contact with a liquid. 

Attempts have been made by various 
investigators to obtain a better knowl- 
edge of the mechanism with the aid of 
nucleation theory. LaMer (20) and 
Bernath (5) reviewed the theory of 
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Volmer (27) and Becker and Déring 
(4) as applied to the formation of 
vapor bubbles in liquids. Clark (6) has 
extended the kinetic theory of hetero- 
phase thermal fluctuations, given by 
Frenkel (11) for nucleus formation, 
and derived a relation between super- 
heat required for nucleation and liquid 
properties. 

Westwater (29) has summarized a 
number of empirical equations which 
have been prepared by correlating ex- 
perimentally measured boiling coeffi- 
cients. Recently semitheoretical equa- 
tions proposed by Rohsenow (24) and 
Forster and Zuber (9) have met 
with some success in correlating re- 
sults. Both equations contain modified 
Reynolds number groups as well as the 
conventional Prandtl number. Tke 
equation of Rohsenow is based on the 
observation of a constant product of 
frequency and bubble diameter as ob- 
served by Jakob (16). Forster and 
Zuber (10) have derived analytical ex- 
pressions for bubble radii and growth, 
and these are employed in their pro- 
posed correlation referred to above. The 
main difference between the two equa- 
tions is that in Rohsenow’s equation the 
Reynolds number is based on the mo- 
tion of the bubble when it is on the 
point of breaking off the heating sur- 
face, while in the Forster and Zuber 
equation the velocity in the Reynolds 
number term is taken as the rate of 
radial movement of the bubble wall. 

None of the correlations referred to by 
Westwater contain terms which describe 
the nature of the heating surface, al- 
though many experimental investiga- 
tions have shown that the condition of 
the heating surface has a major effect 
on boiling performance. The reason for 
this omission is due largely to the diffi- 
culty of describing a surface quantita- 
tively. Until the time when the essential 
elements of a surface which affect 
boiling can be measured and are re- 
lated mathematically to boiling per- 
formance, it is unlikely that any truly 
reliable correlation will be developed. 

In the present investigation (19) the 
boiling surface was prepared before 
each run by polishing with emery paper 
to produce different degrees of rough- 
ness. The dimensions of the irregulari- 
ties produced were then determined by 
use of a Brush surface analyzer, which 
recorded surface profiles. Thirty-four 
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boiling runs were made with water, 
acetone, n-hexane, carbon tetrachloride, 
and carbon disulfide. The bubble 
columns rising from the heated surface 
were counted whenever possible. In 
addition heat flux and temperatures 
were measured so that boiling coeffi- 
cients might be calculated. A mechan- 
ism to explain how surface roughness 
affects bubble formation has been pos- 
tulated and a correlation found relating 
the number of active boiling centers to 
the distribution and size of the pro- 
tuberances on a surface. 


EXPERIMENTAL APPARATUS 


The heater, shown in Figure 1, consisted 
of a copper cylinder 3 in. in diameter. 
Boiling took place on the upper surface 
of the cylinder, and the heat was supplied 
to seven copper fins (%4 in. thick and 2 
in. high) which were welded to the bot- 
tom of the cylinder. The 1/5-in. spaces 
between the fins contained heating ele- 
ments made by wrapping nichrome ribbon 
on a mica core. The elements were con- 
nected in series and had a total resistance 
of 15 ohms. A 5-in. O.D. stainless steel 
skirt (A.I.S.I. No. 301) was silver-soldered 
around the top of the copper cylinder to 
give a continuous nonboiling surface next 
to the surface on which boiling was taking 
place. The cylinder and skirt were then 
machined until the skirt was reduced to 
a thickness of 1/16 in. and the junction 
between copper and stainless steel was as 
free from irregularities as possible. 

Figure 2 shows the location of the 
thermocouples. Three thermocouples were 
located ¥% in. below the heating surface 
at various distances from the axis of the 
heater. Three others were placed % in. 
directly beneath the first three couples. 
Four thermocouples were fastened under 
the stainless steel skirt to determine its 
temperature gradient during operation. 

Boiling took place in an 8-in.-diameter 
inverted glass bell jar 11 in. high. The jar 
was bolted to the top of the heater and 
sealed by a Teflon-jacketed sponge-rubber 
gasket as shown in Figure 3. An immersion 
heater consisting of a resistance wire in- 
serted in a 6-mm. glass tube circled the 
periphery of the heater to help maintain 
a constant bulk liquid temperature over the 


heating surface during runs at low heat 
loads. 

All the thermocouples employed were 
calibrated against a standard N.B.S. ther- 
mometer in an oil bath. Temperatures were 
recorded to 0.1°C. Power for the heater 
was obtained from a single-phase 220-v. 
a.c. source. Heat input was determined 
with two wattmeters to cover the range of 
0 to 4,000 w. Voltage and current were 
checked with a 300-v. voltmeter and a 
25-amp. ammeter. 

Roughness of the heating surface was 
measured before and after each run by a 
Brush Surfindicator Model No. 110, which 
measures roughness by interpreting the 
motion of a diamond tip as it travels over 
a surface (1,). The instrument indicated a 
measure of the roughness in terms of the 
root-mean-square, but as a more accurate 
picture of the roughness of the surface 
was desired, a Brush Model BL-103 Sur- 
face Analyzer was also employed (22). 
This latter instrument consists of three 
parts: a motor-driven pick-up arm, a 
calibrating amplifier, and a direct-inking 
oscillograph. A spherical-tip diamond stylus 
with a tip radius of 0.0005 in. was at- 
tached to the crystal in the pick-up, which 
moved back and forth over the surface 
in a 10-sec. cycle. The voltage generated 
in the crystal by the vertical motion of 
the stylus was amplified, and it actuated 
the pen motor of the oscillograph so that 
a record of the surface irregularities en- 
countered by the stylus was obtained on 
a moving-paper tape. The instrument was 
set to record in microinches and was ««li- 
brated by moving the stylus over a preci- 
sion scratch on an attached glass standard. 


EXPERIMENTAL PROCEDURES 
AND MEASUREMENTS 


The heating surface was polished with 
six grades of emery paper (4-0, 3-0, 2-0, 
0, 1, 2) and boiling measurements were 
taken for each surface roughness. One ad- 
ditional surface roughness was produced by 
polishing with 140-mesh carborundum. The 
emery paper was wrapped around a steel 
rod % in. in diameter and 3% in. long, 
and the polishing was done systematically, 
by rubbing ten strokes in one direction 
and then ten strokes at an angle of 90 deg. 
to the initial direction. This procedure 
was repeated until the surface was con- 
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Fig. 1. Heater details. 
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sidered thoroughly polished and_repro- 
ducible. 

Initially the roughness was measured be- 
fore and after each run. Later it was 
found that the surface-roughness measure- 
ments did not change during runs with 
liquids other than water; measurements 
for these liquids were then made only 
before runs. Each surface-roughness de- 
termination was based on six readings, 
three being taken in each of the two 
directions in which the surface was 
polished. 

The boiling vessel was operated with a 
liquid level just above the reflux return as 
shown in Figure 3. Because the system 
used a great deal of heat, it was usually 
necessary for vigorous boiling to be main- 
tained for 2 hr. before the thermocouples 
in the system indicated that thermal equi- 
librium had been reached. When more 
than one set of measurements was taken 
during a single period of operation, they 
were always made by lowering the heat 
input. Condensate was returned to the 
system at temperatures as close to satura- 
tion as possible, and during operation at 
low heat loads the ring immersion heater 
was turned on to keep the bulk of the 
liquid at saturation temperature. 

The measurements taken, in addition to 
surface-roughness readings, included the 
following: 


1. Liquid bulk temperature was measured 
with a mercury thermometer placed at the 
center of the heater % in. above the 
heating surface. 

2. Temperatures in the copper cylinder 
and stainless steel skirt were determined 
from thermocouples placed as shown in 
Figure 2. 

3. Total heat input was determined from 
a wattmeter reading of the power supplied 
to the heater. The heat transfer rate normal 
to the boiling surface was ‘determined by 
subtracting the rate of heat transfer 
through the skirt from the total heat 
input. The boiling-heat load was checked 
by condensate measurements and found 
to agree with a difference less than 5% 
for all but the lowest heat loads. Skirt 
losses, which were calculated from the 
temperatures determined by the thermo- 
couples on the skirt, ranged from 2 to 
25%. 

During boiling, whenever possible, the 
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Fig. 2. Locations of thermocouples. 
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Fig. 3. Boiling apparatus for regular runs. 


active boiling sites on the heater surface 
were counted. Although, the experimental 
results contain bubble populations as high 
as 4,000/sq. ft., it should be kept in mind 
that this figure corresponds to only 196 
centers on the 3-in.-diameter heating sur- 
face. This was found to be the upper 
limit at which visual counting could be 
done. Most of the data however were 
obtained in the range of 200 to 2,000 
centers/sq. ft., which meant counting only 
ten to one-hundred centers on the heating 
surface. After a few runs, counting skill 
was developed, and it was found that in 
this range the counts were reproducible 
within 10%. 

A sample of the experimental data is 
shown in Table 1. The temperatures from 
the respective thermocouples are located 
as follows: 


Thermocouples located in copper cylinder 


Distance Distance 
from from 
wall, surface, 

in. in. 
th 1-25/64 1/2 
te 13/16 1/2 
ts 19/64 1/2 
te 1-25/64 1/8 
t; 13/16 1/8 
ts 19/64 1/8 
Thermocouples attached to stainless steel 
skirt 
Distance from 
copper cylinder, 
in. 
0 
ts 5/128 
ty 5/64 
tro 19/128 


Surface temperatures on the cylinder, 
obtained by a linear extrapolation of the 
temperatures measured in the block, were 
considered to be accurate within +0.2°C., 
and so the error in the resulting tempera- 
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ture-difference driving force was usually 
less than 2%. The temperature gradient 
in the skirt adjacent to the copper wall 
was used to determine the rate of heat 
dissipation through the skirt as mentioned 
above. 

The heat transfer rate through a dif- 
ferential element of area may be written 
as 


dq =h AT dA (1) 


which may be integrated and solved for q 
if the variation of h and AT are known 
over the surface. A mean heat transfer 
coefficient may be defined by the equation 


A 
q=hn fae dA (2) 
and a mean driving force by the equation 
q=h,A (AT), (3) 


Equations (2) and (3) may be combined 
to show that 


f “AT dA 


Values of AT, calculated with the aid of 
the data in Table 1, were plotted against 
(r/r,)? as shown in Figure 4. A graphical 
integration of each curve shown in Figure 
4 provided the value of AT,, for each 
corresponding run. This was then used to 
obtain the mean boiling coefficient for 
each run as defined in Equation (3). The 
value used for q in Equation (3) was 


the electric heat load supplied to the _ 


heater minus the calculated skirt loss in 
each run. 

The calculated values of the mean heat 
transfer coefficients are shown in Figures 
5 to 9. The key for identifying the runs is 
as follows: 


1. The alphabetical designations indicate the fluid used—A: 


at 3 
| 
| 
| ATs 
| AT, 
4b } 
| 
02 04 06 10 
(7)? 
fo 


Fig. 4. Temperature difference driving force 
vs. (r/r.)*, run B-I-2. 


The qualitative effects of surface rough- 
ness are indicated on Figures 5 to 9. In 
each case the smoothest surface (obtained 
with 4-0 emery paper) gave the lowest 
boiling coefficients. Rougher surfaces gave 
not only higher boiling coefficients but 
boiling curves of larger slope, as was also 
observed by Corty and Foust (8). It also 
appeared that the effect of roughness on 
h,, became less pronounced as roughness 
increased. This implies a roughness limit 
above which boiling coefficients will not 
be affected by surface roughness. The 
order of magnitude of this limit is esti- 
mated to be 30 yin. (root-mean square). 

A number of runs were reproduced 
with considerable success, as is shown in 
Figures 5 and 6. The duplicate runs were 
made after intervals of 24 hr. to check 
the possibility of aging of the surface. 

During some runs at high heat loads, 
bubble columns were observed rising 
from the boundary between the heating 
surface and the skirt. However this num- 
ber was estimated to be less than 1% of the 
number of columns issuing from the re- 
mainder of the boiling surface, and so 
they were neglected. At no time was boil- 
ing observed on the stainless steel skirt. 


CORRELATION OF RESULTS 


Although many equations have been 
derived relating boiling coefficients 
with physical properties, they have 
failed to indicate the effect produced 
by the surface condition of the heater. 
Since heat transfer to a boiling liquid 
seems strongly affected by surface 
roughness, it was decided to attempt a 
new correlation which would include 
both liquid and surface properties. 

Heat flux (q/A) was plotted against 


water, B: acetone, C: 


n-hexane, D: carbon tetrachloride, E: carbon disulfide. 
2. The Roman numerals indicate the types of polishing paper used in preparing the 


surface before boiling. 
Roman numeral I II 


Emery paper 4-0 3-0 


Ill 
2-0 


IV Vv VI 
0 1 2 


Vil 
140-mesh carborundum 


3. The Arabic numerals indicate different runs with one particular fluid and a single 
surface condition. For example run B-I-2 is the second run made with acetone boiling 
from a surface polished with 4-0 emery paper. 
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Fig. 5. Boiling curves for water. 


the number of active centers, and it 
was seen that 


1. q/A is not proportional to n as 
Jakob (16) observed but is rather pro- 
portional to n”. 

2. A rough surface gives a greater 
number of bubble columns than a 
smooth surface at a given heat flux. 

3. The exponent m appears to be 
smaller for a rough surface than for a 
smooth surface. 


As the next step, h,» was plotted 
against n with the result that h,, was 
found to be approximately proportional 
to n” for all liquids used and all sur- 
face conditions. The majority of the 
data were obtained for water and ace- 
tone; only these results are shown for 
the different surface conditions in Fig- 
ure 10. The data at low values of h,, 
do not follow the above relationship, 
and it is felt that this may be due to 
the effect of the additional convection 
caused by the immersion heater. Al- 
though the bell jar was insulated, this 
heater was necessary to keep the bulk 
of the liquid at its saturation tempera- 
ture at low heat loads. It was observed 
during operation that if this heater was 
cut off for a short period of time, a 
number of extra bubble columns ap- 
peared on the boiling surface to help 
dissipate the same heat load. 

As the first step in the correlation an 
attempt was made to relate the boiling 
coefficient h,, to the number of bubble 
columns as well as to the physical 
properties of the liquid. Rohsenow 
(24) has defined 
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hn D 
Nu = 
G, D, 
Ki 
k, 


Combining these groups in the usual 
form of a dimensionless heat transfer 
equation gives 

When one assumes the bubbles to be 
spheres, 


G, = pofn (6) 
6 


Substitution in Equation (5) gives 

Introducing the relation D,f=constant 


into the above equation and grouping 
all the constant terms together yields 


k : Bi k, 


(8) 


Since h» was shown to be approxi- 
mately proportional to 
j = 1/8; thus 3j—1 equals zero, and 
the term D, drops out of Equation (8). 
Although the complete omission of D, 
may be only approximately correct, the 
effect of D, on h, will likely be small. 
Forster and Zuber (9) have shown 
theoretically that small bubbles grow 
faster than large bubbles, and so their 
contribution to the agitation of the 
fluid is approximately the same. 
Substituting j= 1/3 in Equation 
(8) gives 
k Bi k l 


A cross plot of (hm/k:) vs. Pr 
for a constant value of n = 4,000 was 
made, and the slope of the straight 
line was found to —0.89. Figure 11 
shows a plot (Pr)°* 
vs. n for all the runs (of all the fluids) 
in which the number of active centers 
was counted. The equation of the 
straight line in the graph is 


1/3 
hm _ (=) (Pr) (10) 
Bi 


EFFECTS OF SURFACE ROUGHNESS 


The next phase of the problem was 
to find a relationship between the num- 
ber of active centers and the independ- 
ent variables, AT and surface rough- 
ness. Thorough discussions of existing 
notions as to the sources of nuclei, 
given by Westwater (29) and Clark 
(6), may be summarized as follows: 


1. Molecular groups are formed by 
thermal fluctuations of molecules with 
energies corresponding to the new 
phase. 

2. Bubbles of -sufficient size are 
formed by minute explosions of highly 
superheated liquid. 

3. Nuclei are foreign particles or 
pockets of dissolved gas. 

4. Nuclei consist of vapor or gas 
trapped in small crevices in a solid 
from which bubbles can form during 
boiling. In the present investigation all 
liquids were boiled for several hours 
before each run was started, and so 
the effect of dissolved gas was thought 
to be insignificant. According to Ban- 
koff (2) the condition that a cavity or 


TABLE 1. SAMPLE ExPERIMENTAL DaATA* 


Run B-I-2 (second run with acetone boiling on a 4-0 surface) 


ti to ts ts ts te 
796 792 762 780 T2. 73.4 
10.0" 729 Tob 
66.0 65.9 641 660 65.9 64.0 


* All temperatures in °C. 
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W, 
t; ts to tio ti watts 
718 67.8 64.0 63.0 56.2 370 
70.0 666 633, 624 562 175 


63.0 61.7 60.2 60.1 56.2 31 
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Fig. 6. Boiling curves for acetone. 


groove entraps gas in contact with a 
given liquid is that @ > ¢. Some of the 
roughness charts obtained in the pres- 
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ent work were enlarged and analyzed 
for values of ¢ which were found to 
range from 160 to 170 deg. Since ¢ 
was of this magnitude, these grooves 
appeared to be very poor vapor traps; 
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Fig. 8. Boiling curves for carbon tetrachloride. 


therefore condition 4 stated above did 
not appear to apply to surfaces of the 
type employed in the present study, al- 
though there is a definite possibility 
that the mechanism applies to certain 
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Fig. 9. Boiling curves for carbon disulfide. 
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Fig. 10. Mean boiling coefficient ys. concentration of active centers for water and acetone. 


surfaces. As not much seems to be 
known about condition 2, attention was 
turned to item 1. 


The work required to form a nucleus 
having an apparent spherical radius 
has been given by Westwater (30) and 
Frenkel (11) as 
Ay, = 


4ro(R*)*[ (R/R* )*—2/3(R/R® )*] 
(11) 


where R* is given by the equation 


When R = R*, Equation (11) becomes 
AZ® = 4/3n0(R*)? 


in which AZ* may be considered an 
energy barrier which, if once sur- 
mounted, permits the autocatalytic pro- 
cess of vapor formation to proceed. 


The problem is to find the number of 
nuclei of size R* on a heating surface 
at a given degree of superheat. The 
Clausius-Clapeyron equation may be 
approximated in the form 


Assuming that 4/v, does not vary sig- 
nificantly, one may integrate Equation 
(14) to give 


(14) 


If po: is taken as p,, To, may be written 
as T,. Then 


(16) 


If T.. is taken as the temperature in- 
side the bubble at the instant of 
nucleation, it represents the superheat 
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Fig. 11. Correlation of boiling coefficient with concentration of active centers. 
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temperature. The pressure inside the 
bubble will be nearly equal to the 
vapor pressure at To. If To. — To is 
small compared with T., then equa- 
tion (16) becomes 


(17) 


Combining Equations (12) and (17) 
gives 


R* = B/AT (18) 
where 
2ov,T (19) 


Thus R* is approximately inversely 
proportional to AT. However it should 
be noted that Equation (18) does not 
tell at what AT a liquid starts boiling 
but simply gives the size of the nucleus 
which is in a state of equilibrium at 
that degree of superheat. A nucleus 
smaller than this should dissipate it- 
self, and one larger should grow. 

As the experimental results of this 
investigation show, the shape, size, and 
size distribution of surface grooves 
have an essential influence on bubble 
formation during nucleate boiling. In 
his photographic study of boiling 
methanol Westwater (23) showed 
that the size of a bubble from an active 
center remains constant during nu- 
cleate boiling. This means that an 
active center, which may be a valley or 
groove of certain size, generates bub- 
bles of a constant size regardless of the 
heat flux or AT when bubbles have 
once started to form from that spot. 
Thus the volume elements of super- 
heated liquid in grooves having a radius 
of R® may be the nuclei for the forma- 
tion of bubbles of initial radius R* at 
the corresponding AT. From this it 
follows that the number of nuclei of a 
certain size may be expected to be 
proportional to the number of grooves 
of corresponding size. However al- 
though there were numerous grooves of 
approximately the same size on a pol- 
ished surface, as seen from the meas- 
ured surface profiles, and all those of 
size R* could have provided nuclei 
according to the above theory, the 
number of bubble columns observed 
was always far smaller than the num- 
ber of suitable grooves. In other words, 
only a small fraction of the available 
sites were activated. 

Since the process of nuclei formation 
requires an activation energy, one may 
assume, as suggested by Frenkel (11), 
that the number of nuclei of size R is 
distributed according to the Maxwell 
Boltzman expression: 


—AZ 
== Cc, (=) (20) 


This may be interpreted as follows. 
At a given degree of superheat, nuclei 
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Fig. 12. Groove-size distribution on heating surfaces. 


are constantly forming and dispersing 
owing to heterophase fluctuations, and 
the distribution follows the Boltzman 
expression. At a given AT all nuclei 
having radii smaller than R* cannot 
grow, but disperse immediately. 

If @(R) represents the number of 
grooves of size between R and R +1 
units over a unit area of heating sur- 
face, and 8, the total number of grooves 
of size between R, and R, then the 
change from R to R + dR will be ac- 
companied by a change in £, of B(R) 
dR. Therefore 


d B, = B(R)dR (21) 


and the change in the number of active 
nuclei accompanied by a change of R 
may be expressed as 


dn = P, B(R)dR (22) 
From Equation (18) 
—R —R? 
d(aT) (28 


The superscript * is no longer neces- 

sary, since any R is potentially the 

critical radius at its corresponding AT. 
Substituting Equation (23) in Equa- 

tion (22) and integrating from AT, to 

AT., one gets 

= = f°" PpR°B(R)d(AT) (24) 


aT, 


Furthermore from Equations (13) and 
(20) 

P, = C, exp (— 4acR*/3 m’R’T,) (25) 
If one postulates the existence of a 
cone in a groove with depth y, one 
finds that 


m’ = 1/3 (R'ayp:) (26) 


Combining Equations (24), (25), and 
(26) and using the relation R = y tan 
(4/2), one gets 

C, R? 
— = — — 
B 


aT, 


B(R) exp (= )a(ar)(27) 
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where 


_ tan (¢/2) 


(28) 


As may be seen, Equation (27) con- 
tains the constant C, and hence cannot 
be used to predict n at a given AT for 
the liquid under consideration. How- 
ever the applicability of the equation 
may be shown by the following method. 

First 8(R) must be obtained. Be- 
cause of the difficulty of measuring the 
values of R from the strip charts, the 
groove depths were determined  in- 
stead, and their distribution was as- 
sumed to be the same as A(R). As 
described earlier, ¢ was found to be 
approximately constant for all grades 
of emery paper used, and so, although 
the depth of the valleys varied greatly, 
their shapes were similar. 


Figure 12 shows B°(y) vs. y for 
surfaces polished with numbers 4-0, 
1-0, and 2 emery paper. B°(y) is the 
average of the six sets of surface meas- 
urements taken on each surface at the 
locations indicated earlier. 8(y) was as- 
sumed to be related to B°(y) by the 
equation 


B(y) = C, B° (y) (29) 


where C, is characteristic of the rough- 


ness. Equation (27) becomes 

Ne 

= —— (yexp (= (ar) 
(30) 

where C; = —C,C.. The values of B 


and E were calculated for each liquid 
and are shown in Table 2. The right- 
hand side of Equation (30) was then 
integrated graphically between two 
values of AT, and AT:, so that C, might 
be determined for one liquid for each 
kind of surface. For the 4-0 surface 
C, was found to be 4.1 from data taken 
with acetone. For the 1-0 surface C, = 
3.5 from acetone data and for the No. 
2 surface C,;= 3.3 from carbon di- 
sulfide data. With the experimental 
value of C, for each surface and one 
experimental set of readings of the 
number of nuclei at a certain degree 
of superheat (AT,), the number of ac- 
tive nuclei could be calculated at other 
AT’s. This was done for the three sur- 
faces in question, and the results are 
shown in Figures 13, 14, and 15 com- 
pared with the experimental data. 
Tables 2 and 3 show the constants 
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Fig. 13. Comparison of concentration of active centers calculated by 
Equation (30) with experimental data for number 4-0 polished surface. 
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Equation (30) and a sample of some 
of the data and results. 

Unfortunately not many values of n 
were available to test the validity of 
Equation (30), because the number of 
active centers increased so rapidly with 
heat flux that it was impossible to 
count them by eye above a certain 
limit. Furthermore the data at low 
heat fluxes could not be used because 
of the natural-convection effects of the 
immersion heater which were men- 
tioned earlier. However the data avail- 
able seem to behave as predicted by 
Equation (30), which shows the ex- 
tremely sensitive effect of groove-size 
distribution on the number of active 
centers. 

Calculations were not made _ for 
water for the following reason. The 
value of the term B for water is ex- 
tremely large [2,300 (win.) (°R.)] 
compared with that for other liquids 
(600 to 1,300). The radius of a nucleus 
computed from the value of B is about 
150 pin. This corresponds to a valley 
depth of 20 yin. or more. Although 
there is almost no valley of that depth 
on a surface polished with 4-0 emery 
paper, many activated spots were ob- 
served during runs on this type of sur- 
face. This may be due to the possibil- 
ity that, when the critical radius of a 
nucleus is very large compared with 
the available groove size, the nucleus 
could possibly be formed over several 
grooves. In this case B(R) could not 
be predicted, since it is not indicated 
by a simple B°(y) for the surface. 
This tendency may exist for a nucleus 
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Fig. 15. Comparison of concentration of active centers calculated by 
Equation (30) with experimental data for number 2 polished surface. 


of any size but will not be significant 
for small nuclei. 

The proposed mechanism has several 
uncertain points. Contact angle was 
not taken into account because even if 
it were available for macroscopic sys- 
terms it might not be the same on a 
microscopic scale. Furthermore C, 
was assumed to be constant as sug- 
gested by Frenkel (11). However it is 
actually a function of temperature and 
thus may have varied to some extent. 

Since the effect of groove-size dis- 


TABLE 2. VALUES OF B AND E 1N 
EQuaTIon (30) 


n- 
Ace- hex- 


Water tone ane CCl, CS. 


B(uin.)(°R.) 2330 790 620 960 1280 
E(uin.)* 7.3 Sal 


: ® Average groove bottom angle taken as 164 
deg. 


TABLE 3. DATA FOR CORRELATION OF 
NuMBER OF ACTIVE CENTERS, ACETONE, 
4-0 PoLIsHED SURFACE 


AT; An, n, 
265 30 4 (088 61 470 1610 
62.5 S38 295 1240 
995 35 5 085 33 357 845 
205 066 20 270 488 
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tribution is so important, it is essential 
to obtain a surface profile which rep- 
resents the surface exactly. The surface 
analyzer is an excellent instrument to 
measure surface roughness. Even so it 
is questionable whether one can ex- 
tend a surface profile taken in a linear 
direction to represent the area under 
consideration. Although the valleys 
were assumed to be cone shaped, 
actually they probably had more com- 
plicated profiles. 

A further difficulty arose from the 
use of AT,, for AT in the calculation of 
n in Equation (30). During boiling the 
temperature of the center of the heater 
was greater than near the wall. As a 
result a greater concentration of bubble 
columns existed near the center of the 
heating surface. To carry out the cal- 
culations more precisely n should have 
been counted over concentric segments / 
of the heater surface, where the tem- 
perature was more nearly constant. 
However this was impractical with the 
techniques used in this investigation. 


CONCLUSIONS 


Equation (10), relating the number 
of active centers to the boiling coefli- 
cient and Equation (30), relating the 
temperature-difference driving force to 
the number of active centers, offer a 
method of predicting the curve of h vs. 
AT for various liquids and surfaces. As 
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yet, some experimental information is 
necessary for the determination of cer- 
tain constants, and in addition a graph- 
ical integration is necessary for the 
solution of these equations. However 
the equations have the present value 
of offering a quantitative interpretation 
of contradictory results in the litera- 
ture, some of which are certainly due 
to surface effects. For example the 
equations make it apparent that for 
surfaces which have been highly pol- 
ished and thus may have a very nar- 
row spectrum of surface irregularities, 
the number of active boiling centers 
will be quite sensitive to changes in 
AT in the nucleate boiling zone. This 
would result in a high value for the 
slope of the curve of h vs. AT. The 
limiting situation would be a surface 
covered with cavities of identical size 
for which the equations would predict 
an infinite slope of the curve of h vs. 
AT. 
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NOTATION 

A = area of heating surface, sq. 
ft. 

B = constant based on _ liquid 
properties, (win.) (°R.) 

C, = specific heat of saturated liq- 
uid, _B.t.u./ (ib.-mass) (°F.) 

C,,C.,C, = dimensionless constants 

PD. = diameter of bubble when 
breaking off heating surface, 
ft. 

E = characteristic term defined 
by Equation (28), yin. 

f = frequency of bubble forma- 
tion, sec.* 

= bubble flow rate, lb.-mass/ 
(sq. ft.) (hr.) 

g = acceleration of gravity, ft./ 
hr? 

ge = conversion factor, 4.17 xX 
10° (Ib.-mass) (ft.) / (Ib.- 
force) (hr.) 

h = boiling coefficient, B.t.u./ 
(hr.) (sq. ft.) (°F.) 

= mean  boilin coefficient, 
B.t.u./ (hr.) (sq. ft.) (°F.) 

j = constant, dimensionless 

K’ = constant, dimensionless 

k = thermal conductivity of sat- 
urated liquid, B.t.u./(hr.) 


= constant, dimensionless 
= mass of liquid associated with 
one nucleus of radius R, lb.- 


(ft.) (°F.) 
m 


mass 

n = concentration of active cen- 
ters, ft.° 

An = difference between concen- 


tration of active centers at 
two different degrees of 
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superheat, n, — m,, ft.~ 


Po = vapor pressure of saturated 
liquid, lb.-force/sq. ft. 

Po = pressure on vapor side of 
interface, lb.-force/sq. ft. 

Pr = pressure on liquid side of 
interface, lb. force/sq. ft. 

Ra = fraction of active nuclei of 


size R with respect to total 
number of nuclei, dimension- 


less 

q = net heat input, B.t.u./hr. 

R = radius of nucleus, pin. 

R’ = gas constant, (Ib.-force) (ft.) 
/(°R.) (Ib.-mass) 
R* = critical radius of nucleus, pin. 
r = radial distance from the cen- 
ter of the heater, ft. 
I, = radius of copper cylinder, ft. 
T, = temperature at the surface of 
the heater, °C. 

= saturation temperature of 
liquid, °F. 

i, = temperature of boiling liquid, 

t,,t2, etc. = temperatures from the 
thermocouple readings, °C. 

AT = temperature difference driv- 
ing force, °C. or °F. 

(AT), = temperature-difference 
driving force, °F. 

0, = specific volume of saturated 
vapor, cu.ft./Ib.-mass 

w = constant, dimensionless 

y = depth of groove, yin. 

AZ = free-energy change during 
fluctuation process, B.t.u. 

AZ* = nucleating free energy, B.t.u. 


Greek Letters 

8(R) = number of grooves of size 

between R and (R+1) units 

over unit area, ft.~ 

total number of grooves of 

size between R, and R 

B(y) = number of grooves of depth 
between y and (y+1) units 
over unit area, ft.” 

B°(y) = number of grooves of depth 
between y and (y+1) units 
over a distance of 1/16 in. 


d = latent heat of vaporization, 
B.t.u./lb.-mass 

fr = viscosity of saturated liquid, 
Ib.-mass/ (ft.) (hr. ) 

pr = density of saturated liquid, 
Ib.-mass/cu. ft. 

Po = density of saturated vapor, 
Ib.-mass/cu. ft. 

o = surface tension of vapor- 
liquid interface, dynes/cm. 

d = angle at the bottom of cone- 


shaped groove, radians 


0 bubble-contact angle, radians 


Dimensionless Groups 


Ny. = Nusselt number 
Np, = Prandtl number 
Nz = Reynolds number 
Subscripts 

oO = saturation state 
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Superscripts 


Oo = measurement of number of 
grooves; distinguishes them 
as being taken on a path 1/16 
in. long 
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Detonation Characteristics of Hydrogen- 
Oxygen Mixtures 


MORTON P. MOYLE, RICHARD B. MORRISON, and STUART W. CHURCHILL 
The University of Michigan, Ann Arbor, Michigan 


Detonation velocities were measured in mixtures of hydrogen and oxygen containing 25 to 75 
mole % hydrogen at initial temperatures from 160° to 580°K. and initial pressures from 2 to 
2 atm. The measurements were made in a number of tubes of different diameter to permit 
extrapolation to a tube of infinite diameter. Theoretical detonation characteristics were com- 
puted for the same range of conditions. The measured and computed velocities are in good 
agreement except in rich mixtures and at subatmospheric pressures. Schlieren photographs 
reveal that the detonation wave front is very thin for a stoichiometric mixture but degenerates 
to a complicated zone of interacting shock waves and turbulent combustion as the percentage 
of hydrogen is reduced. The detonation velocity is found to depend only slightly on initial 
temperature and pressure. The computed pressures behind the detonation and reflected waves 
are roughly proportional to initial pressure and to the reciprocal of the initial temperature. 


The elementary theory of detonation 
was initiated by Riemann (21) with 
his work on sound waves and essentially 
completed by Chapman (5) and Jou- 
guet (7). This elementary theory pos- 
tulates a planar discontinuity in pres- 
sure, temperature, and composition 
moving at sonic velocity with respect 
to the burned gases (the Chapman-Jou- 
guet condition); chemical equilibrium 
in the burned gases; no energy, com- 
ponent, or momentum transfer to the 
surroundings; and ideal gas behavior. 
Subsequent refinements in the theory 
have been concerned primarily with the 
structure of the wave. The details of 
both the classical and the current the- 
oretical work are presented in modern 
books such as Hirschfelder, Curtiss, 
and Bird (10) and Courant and Fried- 
ricks (6) and therefore will not be re- 
peated herein. 

Experimental work on detonation has 
been well reviewed by Lewis and von 
Elbe (16), and only the immediately 
pertinent work will be mentioned. The 
effect of composition on the detonation 
velocity of hydrogen-oxygen mixtures 
has been investigated extensively, but 
the effects of initial temperature and 
initial pressure have received little at- 
tention. In 1893 Dixon (7) measured 
the detonation velocity in stoichiometric 
mixtures at 283° and 373°K. over a 
range of pressures from 200 to 1,500 
mm. Hg. More recently Bennett and 
Wedaa (2) reported detonation veloci- 
ties over a pressure range from 10 to 
400 mm. Hg and Hoelzer and Sto- 
baugh (11) over a range from 1 to 10 
atm. 

Lewis and Friauf (15) in 1930 and 
Berets, Greene, and Kistiakowsky (3) 
in 1950 found good agreement between 
velocities computed from the ele- 
mentary theory and experimental values 
in hydrogen-oxygen mixtures at atmos- 
pheric pressure and near-ambient tem- 
peratures. The objective of this in- 
vestigation was to test the predictions 
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of the elementary theory over a much 
wider range of initial conditions. 


EXPERIMENTAL WORK 


The experimental equipment for the 
measurement of detonation velocities con- 
sisted of six different detonation tubes, a 
mixing and charging system, an ignition 
system, and a timing system. 

The characteristics of the detonation 
tubes are given in Table 1. The five round, 
straight tubes (A, B, C, D, and E) were 
used to determine the effect of tube dia- 
meter on detonation velocity. Tube F was 
a 10-in. coil for convenience in tempera- 
ture control for the high- and low-tem- 
perature experiments. The effect of coiling 
was evaluated by comparison of the velo- 
cities measured in tubes F and B. Rec- 
tangular tube G was used only to obtain 
schlieren photographs. All seven tubes 
were closed at both ends. 

The velocity of the detonation wave was 
measured with ionization probes. The 
probes were made by drilling a no. 76 drill 
through a Teflon insert in a stainless steel 
sleeve. The probes were threaded into 
the detonation tubes and adjusted so that 
the tip was flush with the wall. Each 
probe was connected as a shorting switch 
in the grid of an 884-thyratron tube. The 
grid bias of the thyratron tube was ad- 
justed almost to the firing point to obtain 
maximum sensitivity. When the ionized 
gases behind the detonation front reached 
a probe, the resistance between the probe 
electrode (the drill) and ground (the 
tube wall) fell, and the thyratron fired. 
One probe and thyratron started a timer, 
and another probe and thyratron stopped 
it. The time interval was indicated to the 
nearest microsecond. The distances be- 
tween the probes and the distance from 
the ignitor to the first probe are given in 
Table 1. The probe locations on tube F 
were on the outside of the coil and were 
determined before coiling. The distance 
between the probes was corrected for 
thermal expansion and contraction of the 
tube in computing the detonation velocity 
at nonambient temperatures. This correc- 
tion was about 0.1% at the extreme 
temperatures. The starting distance for all 
the tubes was greater than the distance 
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indicated by Laffitte (14) and Greene (9) 


as necessary to attain stable detonation in . 


hydrogen-oxygen mixtures. The probes re- 
quired replacement after 20 to 30 runs. 

The high-temperature runs were made 
with the coiled tube in an oven, and the 
low-temperature runs with the coiled tube 
immersed in 5 gal. of normal propanol in 
an insulated tank. Dry ice was added to 
the propanol to cool to 200°K. and liquid 
nitrogen to reach lower temperatures. As 
the result of vigorous stirring, the tempera- 
ture variation within the bath was held 
within +2°K. 

The detonation tube was evacuated and 
then filled with premixed oxygen and 
hydrogen through a manifold and switch 
system that kept the ignition circuit open 
while the filling valve was open. In the 
low-temperature runs the tube was evac- 
uated at room temperature before cooling 
to avoid condensation. In both the high- 
and low-temperature runs the mixture was 
not ignited until the pressure indicated on 
a manometer had remained constant for at 
least 5 min. Analyses of the hydrogen and 
oxygen on a mass spectrograph indicated 
purities greater than 99.5%. The com- 
position of the mixtures were regularly 
determined by the partial-pressure method 
but were periodically checked with a mass 
spectrograph. 

The schlieren measurements were made 
by the Tépler method (1) in a %- by 
¥%-in, rectangular tube with a test section 
containing %- by 14-in. windows 4-in. 
thick on two opposite sides. Additional 
details concerning the equipment and ex- 
perimental procedures are given in re- 
ference 18. 

Measurements of detonation velocity 
were repeated five or more times at the 
same conditions to check reproducibility. 
All in all over 600 runs were carried out 
at over 100 conditions encompassing a 
range of compositions from 25 to 76 mole 
% hydrogen for an initial temperature of 
298°K. and an initial pressure of 1 atm., 
a range of initial pressures from % to 2 
atm. for an initial temperature of 298°K. 
and compositions from 40 to 76% hydro- 
gen and a range of initial temperatures 
from 160° to 477°K. for an initial pres- 
sure of 1 atm. and compositions from 41 
to 73% hydrogen. The detailed data are 
given in reference 18. The averages of the 
repeated runs are presented herein. The 
maximum deviation of any individual 
velocity from the average was less than 
1.0% except for a few runs at subatmos- 
pheric pressures. 

When the velocities measured at atmos- 
pheric pressure and_298°K. in the 0.125-, 
0.250-, 0.375-, 0.909-, and  3.250-in. 
straight tubes were plotted as a function 
of initial gas composition, a small but 
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Fig. 1. Effect of tube diameter on detonation velocity. 


definite dependence on tube diameter was 
apparent. Therefore the velocities meas- 
fred in mixtures containing 34.9, 50.0, and 
66.7% hydrogen were plotted vs. recipro- 
cal tube diameter in Figure 1 as suggested 
by Kistiakowsky and Zinman (9). The 
data of several previous investigators (3, 
4, 7, 15, 20) for atmospheric pressure and 
temperatures near 298°K. are also in- 
cluded. The data appear to lie in parallel 
straight lines indicating that the wall effect 
is independent of composition in this range. 
The best set of parallel lines through the 
data of this investigation only was deter- 
mined by least squares by the use of the 
method of Ergun (8). These lines are 
included in Figure 1, The slope of the 
lines was computed to be 9.04 (in.) (m.)/ 
sec.; therefore the velocities measured in 
this and previous investigations at all con- 
ditions were extrapolated to the equivalent 
velocity in a tube of infinite diameter by 
means of the equation 


(1) 


V= 
D 

Data at high and low temperatures 
were obtained only in the 0.250-in. coiled 
tube and only at atmospheric pressure. 
Comparison of data obtained in the coiled 
and straight 0.250-in. tubes at atmospheric 
pressure and 298°K. indicated that the 
coiled tube yielded velocities 1% lower 
than those measured in the straight tube. 
Accordingly, the velocities measured in 
the coiled tube at all conditions were 


. corrected by this amount as well as by 


Equation (1), that is 
Ve. 9.0 


=—+— 2 
0.99" D (2) 


Scorah (22) maintains that the detonation 
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velocity is unaffected by coiling or even 
zigzagging the tube, and the observed 
correction is probably due to stretching 
the tube in the coiling process rather than 
to fundamental effects. 

Corrected velocities are presented in all 
subsequent plots.* 


THEORETICAL COMPUTATIONS 


The detonation characteristics of hy- 
drogen-oxygen mixtures were computed 
from the elementary theory on an IBM- 
650 computer over essentially the same 
range of initial temperatures, pressures, 
and compositions as in the experimental 
work. The only species assumed to be 
present were water, hydrogen, oxygen, 
hydroxyl, atomic hydrogen and atomic 
oxygen. Equilibrium constants, heat ca- 
pacities, and heats of formation from 
= A tabulation of the average and corrected 
experimental velocities and of the computed the- 
oretical detonation characteristics has been filed 
as document 6124 with the American Documen- 
tation Institute, Photoduplication Service, Library 
of Congress, Washington 25, D. C., and may be 


~— for $1.25 photoprints or 35-mm. micro- 
m. 
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Fig. 2. Detonation velocities at atmospheric pressure and am- 


bient temperature. 


the National Bureau of Standards tables 
(23) were utilized. 

The pressure, temperature, and equi- 
librium composition behind the deton- 
ation wave as well as the wave velocity 
were obtained from the computer. The 
further increase in pressure obtained by 
reflection of the detonation wave off 
a solid wall was also computed with no 
further change assumed in composition. 

The experimental velocities were not 
measured at exactly the same temper- 
atures, pressures, and compositions as 
those selected for computation. There- 
fore it was necessary to plot and inter- 
polate the experimental data. Since the 
theoretical detonation velocity is a near 
linear function of initial pressure, tem- 
perature, and composition, very little 
uncertainty was introduced by this in- 
terpolation. 


DETONATION VELOCITIES 


The corrected experimental velocities 
of this and previous investigations for 


TABLE 1. DETONATION TUBES 


Tube Material I. D., in. 
A Stainless steel 0.125 
B Stainless steel 0.250 
Cc Stainless steel 0.375 
D Stainless steel 0.909 
E Carbon steel 3.250 
F Stainless steel 0.250 
G Carbon steel (0.375 x 0.5) 
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Ignitor Probe 
to Ist separa- Total 
Form probe, ft. tion, ft. length, ft. 

Straight 7.0 3.0007 ES 
Straight 9.0 2.999 13.5 
Straight 13 2.0003 12.0 
Straight 7.0 3.9944 12.0 
Straight 10.0 3.000 14.0 
10-in. Coil 8.0 12.00 24.0 
Straight 6.0 — 75 
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Fig. 3. Detonation velocities at several initial 


298°K. 


an initial pressure of 1 atm. and initial 
temperatures of approximately 298°K. 
are plotted as a function of initial com- 
position in Figure 2. Excellent agree- 


Fig. 5. Detonation velocities at several initial temperatures and 


pressures and 


ment is demonstrated with the curve 
representing the computed theoretical 
velocities over the range of composition 
from 20 to 80% hydrogen. 


1 atm. 


The effect of initial pressure on 
detonation velocity was investigated at 
ambient temperature only for a wide 
range of compositions in the straight 
0.250- and 0.909-in. tubes. Difficulty 
was encountered in obtaining repro- 
ducible data at subatmospheric_pres- 
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Fig. 4. The effect of initial pressure on detonation velocity 


at 298°K. 
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Fig. 6. The effect of temperature on detonation velocity at 
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corrected to infinite diameter by Equa- 
tion (1) are plotted as a function of 
composition at initial pressures of 0.5, 
1.0, 1.5, and 2.0 atm. in Figure 3. The 
data fall somewhat below but indicate 
the same trend with pressure as the 
theoretical curves. The corrected ex- 
perimental velocities for several mix- 
tures are plotted directly vs. pressure 
in Figure 4. This plot includes data at 
pressures intermediate to those in Fig- 


_ ure 3. The limited range of the ordinate 


of Figure 4 exaggerates the slight effect 
of initial pressure on the detonation ve- 
locity and emphasizes the deviations. 
The experimental data are no more than 
7% below the theoretical curves even 
at 0.5 atm. in rich mixtures. 

The corrected velocities equivalent to 
those obtainable in an infinite straight 
tube are plotted as a function of gas 
composition in Figure 5 for temper- 
atures of 200°, 300°, and 477°K. Al- 
though the data fall slightly below the 
theoretical curves, the agreement is 
generally good. The data for a number 
of mixtures are plotted directly as a 
function of temperature in Figure 6. 
Again the limited range of the ordinate 
exaggerates the slight variation of the 
velocity with initial temperatures and 
emphasizes the deviations from the 
computed velocities which are less than 
2.5% even in the rich mixtures. 

Schlieren photographs of detonation 
waves in 28.75, 39.00, and 52.50% hy- 
drogen at ambient conditions are shown 
in Figure 7. The detonation wave is 
moving from left to right in the photo- 
graphs. In Figure 7a (52.5% hydrogen) 
small-scale turbulence can be noted be- 
hind a sharp wave front. In Figure 7b 
(39.0% hydrogen) the wave tront is 
thicker and the scale of the turbulence 
is greater. In Figure 7c (28.75% hy- 
drogen) the wave front has degenerated 
into a complicated shock pattern fol- 
lowed by an irregular combustion zone. 
In view of these photographs, it is sur- 
prising that a theory which assumes 


a 25.5% hydrogen 


c 28.75% hydrogen 
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fig. 7. Schlieren photographs of detonation waves in hydro- 
gen-oxygen mixtures at atmospheric pressure and 298°K. 


TABLE 2. COMPARISON OF COMPUTED 
AND ExPERIMENTAL PRESSURE RATIOS 


Experi- 
Com- mental 
puted (19) 
Detonation/ initial 17.5 20.4 
pressure 
Reflected/detona- 2.45 3.0 
tion pressure 
Reflected /initial 43.0 61.2 
pressure 


chemical equilibrium in a planar wave 
and neglects heat, component, and mo- 
mentum transfer predicts detonation 
velocities in reasonable agreement with 
the experimental values. 


THEORETICAL COMPOSITIONS, 
TEMPERATURES, AND PRESSURES 


The temperature, pressure, and equi- 
librium composition behind the detona- 
tion wave and the pressure behind the 
reflected wave are tabulated for all the 
computed conditions in reference 18 
and also are on file with the American 
Documentation Institute. * 

The equilibrium compostion behind 
the detonation wave is illustrated in 
Figure 8 for an initial temperature of 
298°K. and an initial pressure of 1 
atm. Dissociation is observed to be sig- 
nificant for the entire range of initial 
compositions. 

The detonation and reflected pressure 
ratios are plotted as a function of initial 
pressure for several initial compositions 
in Figure 9 and as a function of initial 
temperature for several initial composi- 
tions in Figure 10. These pressure ratios 
are observed to increase steeply as the 
initial temperature decreases but to be 
relatively independent of the initial 
pressure. A plot (not shown) of the 
pressure ratios vs. reciprocal tempera- 


*® See footnote, p. 93. 


ture demonstrates near proportionality. 
Thus for a given composition the de- 
veloped pressures are roughly propor- 
tional to the initial density. 

The temperature, pressure, and com- 
position behind the detonation and re- 
flected waves are extremely difficult to 
measure because of their brief existence, 
and only fragmentary experimental val- 
ues are available for comparison with 
the computed values. The average of 
the detonation and reflected pressures 
measured by Ordin (19) for 55% hydro- 
gen at 1 atm. and 298°K. are compared 
with the theoretical values for the same 
conditions in Table 2. The agreement 
is only fair but is probably within the 
range of uncertainty of these experi- 
mental values. 

The absence of firm and extensive 
experimental confirmation of the com- 
puted temperatures, pressures, and com- 
positions makes their validity uncertain 
but at the same time necessitates their 
use for design or other engineering pur- 
poses. The impact pressure, that is the 
pressure behind the reflected wave, is 
of particular practical interest as a pos- 
sible criterion for the design of process 
equipment subject to detonation. In- 
deed, Luker and Leibson (17) have re- 
cently reported that the computed im- 
pact pressure for conditions under 
which a rupture disk just fails under 
detonation bears a_ constant ratio 
slightly greater than unity to the rated 


static bursting pressure of the disk. 


CONCLUSIONS 


The detonation velocity in hydrogen- 
oxygen mixtures depends slightly upon 
tube diameter. Correlation of the data 
for tubes of different diameter in terms 
of a linear relationship between veloc- 
ity and the reciprocal of the tube diam- 
eter as suggested by Kistiakowsky and 
Zinman (9) permits correction of the 
velocities to their equivalent in a tube 
of infinite diameter. 

After this correction the experimental 
detonation velocities agree reasonably 
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Fig. 8. Equilibrium composition behind detonation wave in 
hydrogen-oxygen mixtures at atmospheric pressure and 298°K. 
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Fig. 9. Effect of initial pressure on developed pressure ratios 
in hydrogen-oxygen mixtures at 298°K. 


well with values computed from the 
elementary theory of detonation over a 
range of compositions from 20 to 80% 
hydrogen, temperatures from 160° to 
477°K., and pressures from % to 2 
atm. Within this range of conditions the 
agreement between theory and experi- 
ment is poorest, and further investiga- 
tion is warranted for rich mixtures and 
subatmospheric pressures. Below 20 and 
above 80% hydrogen the experimental 
velocities fall below the predicted val- 
ues. The general agreement between 
theory and experimental velocities is 
surprising in view of the significant de- 
terioration of the structure of the de- 
tonation wave front indicated by 


schlieren photographs for 39% and less\— 3. 


hydrogen. 

Experimental data to test the com- 
puted temperatures, pressures, and com- 
positions are difficult to obtain and are 
not generally available. However recent 
work indicates that the computed im- 
pact pressure may be a suitable cri- 
terion for design. 

The detonation velocity depends only 
slightly on the initial pressure and tem- 
perature but critically on the initial 
composition. The pressures behind the 
detonation and reflected waves depend 
only moderately on initial composition 
but increase linearly with initial pres- 
sure and with the reciprocal of the ini- 
tial temperature. 


NOTATION 


D = tube diameter, in. 
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= measured velocity in straight 
tube, m./sec. 

= measured velocity in coiled 
tube, m./sec. 

° = equivalent velocity in infinite 
tube, m./sec. 


| 
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Studies on Heat Transfer Near Wall Surface 


in Packed Beds 


From studies of annular packed beds wherein the heat flows purely radially, the authors 
obtained the coefficients of heat transfer on the inner tube surface, as well as the mean 
effective thermal conductivities of bed. The inner and outer diameters of the annular packed 
bed were 22 and 70 mm. respectively, and the packings shown in Table 1 were used. The wall 
film coefficients obtained with air flowing axially through the bed were correlated for Nrew 


< 600 by means of Equation (14). 


The coefficients of heat transfer for cylindrical packed beds reported previously by other 
observers were correlated also by Equation (14), with 0.054 used for values of a, in the range 


Nerex < 2,000. 


Consideration of Equation (14) in terms of a theoretical model of heat transfer showed that 
it was reasonable to apply it for the prediction of wall film coefficient, especially for low 


Reynolds numbers. 


In the development of the analytical 
methods for the design of catalytic re- 
actors many measurements have been 
made of effective thermal conductivities 


in cylindrical packed beds. Hatta and 
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Fig. 1. Experimental annular packed bed and 
arrangement of copper-constantan thermo- 
couples. 
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Maeda (6) analyzed their experimental 
data of heat transfer in packed beds 
with their theoretical formula, which 
includes the wall film coefficient of heat 
transfer. 

The coefficient h,,, which is important 
for the heat transfer mechanism in 
packed beds, has been measured b 
Coberly and Marshall (3), Campbell 
and Huntington (2), Felix (4), Plautz 
and Johnstone (8), Quinton and Stor- 


® TEMP OF WALL SURFACES 
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row (9), and Calderbank and Pogor- 
ski (1). 

With respect to the usual packed 
beds of cylindrical packings Hanratty 
(5) has presented the following equa- 
tion which is based on the correlation 
for the range D,G/eu of 80 to 500: 


D,G 
——_ = 0.95 ~ 1.44 (1) 


9 € 


Yagi and Wakao (13) measured the 
coefficients for beds of spherical pack- 
ings and correlated their data with 
those of Felix (4) and Plautz and John- 
stone (8) by 


h.D, D,G 
—- = 0.18 ( ) (2) 
k, 


for the range D,G/pz = 20 ~ 2,000 

Equations (1) and (2) for the wall 
film coefficient of heat transfer cannot 
be used for flow conditions of small 
Reynolds numbers, as they make h,,D,/ 
k, become zero when Nae» = 0. 
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Fig. 3. Radial temperature distribution in annular packed beds without 
air flow; that is Nrew = 0. 
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Catalytic reactors in practice have 
flow conditions corresponding to small 
Reynolds numbers, due to small cata- 
lyst diameters and low linear velocities. 


Therefore it is necessary for reasonable 
design calculations of catalytic reactors 
to obtain correct values of h,, for small 
Reynolds numbers and further to know 
the heat transfer mechanisms near the 
wall surface of packed beds. 

However it is impossible to obtain 
the reliable data for h,, at small Reyn- 
olds numbers if the experimental 
method applied is similar to the previ- 
ous studies. In these studies the flowing 
gas was heated or cooled in cylindrical 
packed beds, and the radial temperature 
distributions approached the constant 
wall temperature for small Reynolds 
numbers. This leads to inaccurate meas- 
urement. Hence the authors have made 
an experimental heater with an annular 
packed bed, wherein the heat flows 
purely radially, and have obtained new 
data for the wall film coefficient of heat 
transfer on the inner tube surface and 
mean effective thermal conductivity of 
the annular packed beds. The results for 
the wall film coefficient have provided 
the new correlations which have been 
compared with the previous experi- 
mental data from cylindrical packed 


beds. 


EXPERIMENTAL METHODS 


A diagram of the experimental packed 
bed is shown in Figure 1. The main part 
was constructed from three steam jackets 
and a steel pipe cooled by water, with 
solid particles packed in the annular space 
between them. The preheated air, the 
ten)perature of which is kept constant by 
a temperature controller, is blown upward 
into the bed, after being controlled at 
constant flow rate by a flow-recording 
controller. The packed bed is kept motion- 
less by the two sheets of screen clamped 
on the bottom and top of the bed. The 
test section, the middle steam jacket, is 
covered by another steam jacket for the 
thermal insulation. Since the steam jacket 
of the test section was kept at atmospheric 
pressure by releasing the excess steam to 
the air, the saturated temperature of the 
steam was measured as 100°C. The heat 
transferred from the steam jacket to the 
cooling water was calculated from the 
measured rate of steam condensation, with 
the heat loss as obtained from preliminary 
blank tests taken into account. The radial 
temperature distributions were measured 
with fine and bare copper-constantan ther- 
mocouples arranged in the packed bed, 
(Figure 1). 

To get purely radial heat flux a long 
calming section of the same packed bed 
was added below the measuring section, 
and the inlet air temperature was con- 


TABLE 1, PAckincs USED IN EXPERIMENTS 


Lead Steel 
Glass beads and balls shot balls 
Diameter, (mm. ) 0.57 0.94 2.75 5.1 12.3 3.0 11.2 
Density, ( g./cc.) 2.48 2.53 2.47 2.50 2.52 10.9 7.98 
Void fraction (—) 0.355 0:372 0.352 0.375 0.427 0.382 0.461 
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Fig. 7. Effects of preheated air temperature. 
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Fig. 8. Factor (a8) in annular packed beds 
used, 


trolled to be nearly equal to the mean 
temperature of the outlet air. The calm- 
ing section proved adequate in ensuring 
that radial temperature distributions were 
identical at inlet and outlet planes of the 
test section. With these conditions the 
experimental data could be analyzed on 
the basis that the air was neither heated 
nor cooled in flowing through any position 
in the test section of the bed. 

Before final measurements were made, 
blank tests were done without cooling 
water to measure the heat losses in each 
packed bed. Figures 2, 3, and 4 show the 
radial temperature distributions for the 
blank tests without water flow, for runs 
without air flow (that is Nrew = 0). Table 
for runs with air flow (Nrex > 0). Table 
2 includes some examples of the experi- 
mental data, from series A to G.* 


EXPERIMENTAL RESULTS 


In the annular packed bed with the 
heat flowing purely radially, theoreti- 
cally the temperature distributions 


* Tabular material has been deposited as docu- 
ment No. 6136 with the American Documentation 
Institute, Photoduplication Service, Library 0! 
Congress, Washington 25, D. C., and may be ob- 
tained for $1.25 for photoprints or for 35-mm. 
microfilm. 
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Fig. 9. Data obtained from annular packed 
beds, glass beads: 0.57-mm., 0.94-mm. di- 
ameter. 


© GLASS BEADS 2.75mm 
” 
@® LEAD SHOT 


12 + 


5-10mm 
3-00mm 


30 


Mwi2p/kg 


7 + 0-041 


200 300 


fa) 

12) 

oO 

—q757~© 
9+ 0-054 Np, 

10) 100 200 300 400 


Neem = 


Fig. 10. Data obtained from annular packed 
beds, glass beads: 2.75-mm., 5.10-mm. di- 
ameter; lead shot: 3.0-mm. diameter. 


should be straight on the semilogarith- 
mic coordinates, as shown in Figure 5, 
if the effective thermal conductivity is 
assumed constant in the packed bed. 
From the results shown in Figures 3 
and 4, it seems reasonable to think that 
there are thermal resistances on both 
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the external and internal wall surfaces. 
The data were analyzed by applying 
the following equations, based on the 
typical model shown in Figure 5. 


q = Ati = Aa: (k./b) At. = 


hws: Ats (3) 
where 
= (Aws—Aw:) (Aw2/Aw1) 
Aw: = 7(0.022) (0.250) m? = 0.01728 
m 
Aws = 7(0.070) (0.250) m? = 0.05498 
m 
Aavg = 0.03254 
b= (D, — D,)/2 = (0.070 m — 
0.022 m) /2 = 0.024 m 


When one substitutes the above values 
into Equation (3), the effective thermal 
conductivity and the wall film coeffi- 
cient of heat transfer on the inner, and 
outer surfaces can be calculated from 
the following equations respectively: 


k, = 0.0740 (q/At.) (4) 
hos’ = 58.0 (q/At:) (5) 
hws = 18.2 (q/Atz) (6) 


The values of the radial heat flow rate 
are evaluated from the rates of water- 
vapor condensation as follows: 
(7) 
In the blank test for finding the heat 
loss from the test section the rate of 
water-vapor condensation would give 
the heat loss immediately, if the tem- 
perature at all points of the packed bed 
equals the wall surface temperature. 
Since there were small deviations of the 
radial temperature distribution for the 
blank tests as shown in Figure 2, the 
actual outward heat loss from the test 
section must be corrected. In Figure 6 
the values for the blank test and for the 
run with stationary air are shown sche- 
matically. 
In the blank test 
(8) 
For the runs with the stationary air 
and with the cooling water 


q* + q.= yV. (9) 


The effective thermal conductivity for 
both cases should be the same; there- 
fore 


= At’./ At’, (10) 


Using Equations (8), (9) and (10), 
one can easily obtain the value of q* 
from 

V’ — (At’./At’.) 


ll 
q 1 — (At’./At’.) 


(30.5) 10* — (6.5/56.0) (63.5) 10° 


q’ = (539.3) 
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Fig. 11. Data obtained from annular packed 
beds, glass balls: 12.3-mm. diameter; steel 
balls: 11.2-mm. diameter. 
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Fig. 12. Wall film coefficient on outer-tube 
surface in annular packed beds. 


The following is a sample of the cal- 
culation for 2.75-mm. glass beads in 
Table 2, series C: 


V’ = 30.5 g./hr. 
= (30.5) 10*kg./hr. 


V, = 63.5 g./hr. 
= (63.5) 10*kg./hr. 
Af. = 6.5°C. 

At’, = 56.0°C. 

y = 539.3 kg.-cal./kg. 


14.1 kg.-cal./hr. 
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Fig. 13. Correlation of data observed by Yagi 
and Wakao (73) in cylindrical packed beds. 


This value was used to calculate q for 
all of the data in series C of Table 2. 

The linear velocity of the flowing 
water was greater than 1 m./sec., and 
the temperature rise of the water was 
less than 1°C. through the packed bed; 
therefore the mean temperature of 
water was taken as the temperature of 
the heat sink as shown in Figures 2, 3, 
and 4. The resistances for thermal con- 
duction through the metal walls are 
negligible compared with those of the 
wall film in the packed bed. However 
the resistance of boundary film of the 
cooling water must be considered, even 
though the necessary corrections are 
a few per cent for every case. The heat 
transfer coefficient of the cooling water 
under the conditions in the experiments 
was estimated to be 3,670 kg.-cal./ 
(sq.m.) (hr.)(°C.) from the Dittus- 
Boelter equation. A corrected value for 
the wall film coefficient of heat trans- 
fer on the inner tube surface was cal- 
culated from 


1 1 1 


het 3,670 
The values obtained in this way from 
series A to G are shown in Table 2 and 
correlated in Figures 9, 10, and 11, 
where the data for the wall film coeffi- 
cient of heat transfer on the outer sur- 
face are omitted. 

For the over-all heat transfer system 
in the annular packed bed shown in 
Figure 5, the temperature difference be- 
comes too small to determine h,,. accu- 
rately, because both the surface area 
and the thermal conductivity of the air 
for the outer tube surface are larger 
than those of the inner tube surface, 
the ratio of their effects being A.i-k,:/ 
= 0.247. 

Even though the data for At, are thus 
not so reliable as those for At,, the ex- 
amples of calculated h,. are shown in 
Figure 12, where the two lines A and B 
are the correlations for h,.-D,/k, on 
the inner tube surface for the same 
packings respectively. 

To indicate the deviations of the ob- 
served value from the correct one when 
there is considerable difference between 
the temperatures of inlet and outlet air, 
the effects of the temperature of pre- 
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heated air are shown in Figure 7. Since 
the mean temperature of the annular 
packed bed, which is the same as that 
of the outlet air, is about 80°C. for the 
runs in Figure 7, the correct values of 
k./k, and h,,-D,/k, should be the 
values corresponding to 80°C. on the 
abscissa. The deviations from the cor- 
rect data do not exceed 10% if the inlet 
temperature is kept within 80° + 15°C. 


DISCUSSION 


As for the values in the common 
cylindrical packed beds, the data of 
k./k, obtained here are correlated by 
the following equation, which was de- 
scribed theoretically in a previous pa- 
per (12): 


e 


+ (13) 


The values of (a8) are correlated 
with the ratio (D,/D.) in Figure 8. 
Values of k’./k, calculated by Equation 
(15) of the authors’ previous paper 
(12) nearly coincide with the experi- 
mental data as shown in Figures 9, 10, 
and 11 of this paper. The effects of the 
thermal conductivity of the packings 
seem to be considerable, especially 
under flow conditions of low Reynolds 
number. 

Figure 3 shows the existence of the 
thermal resistances at the tube surface, 
or the wall film coefficients of heat 
transfer, when New = 0. In Figure 3 
the temperature differences on both 
tube surfaces are too small to get the 
accurate data in the case of 0.57-mm. 
glass beads. On the other hand for 
large ratios of the packing diameter to 
the thickness of the annular space of 
the packed bed, 0.467 and 0.515 for 
the cases of 11.2-mm. steel balls and 
12.3-mm. glass balls respectively, tem- 
perature measurements scatter as shown 
in Figures 3 and 4. For the other pack- 
ings the temperature differences were 
determined easily, and so there are 
comparatively small deviations from 
correlations for these cases, Figures 9 
and 10. 

The following formula for heat trans- 
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Fig. 14. Correlation of data observed by Yagi 
and Wakao (13) in cylindrical packed beds. 
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fer coefficient was obtained here. It is 
similar to that for effective thermal con- 
ductivity but differs very much from 
previously reported equations for h,,: 


aw ( 14) 


The value of («,) suitable for Figures 
9, 10, and 11 is 0.041 in these experi- 
ments on the annular packed beds, and 
the values of h,,’. D,/k, are shown in 
Table 3. 

With reference to the wall film co- 
efficients on the outer tube surface, 
there are few reliable data in these ex- 
periments, as mentioned above. How- 
ever comparing Figure 12 with Figure 
10, one can reasonably consider that 
there are no fundamental differences 
between the two correlations for both 
the wall film coefficients. 


APPLICATION OF NEW EQUATION 
TO CYLINDRICAL PACKED BEDS 


If one assumes that there are no 
fundamental differences between the 
heat transfer mechanisms in cylindrical 
and annular packed beds, the recent 
and reliable data directly measured by 
Felix (4), Plautz and Johnstone (8), 
and Yagi and Wakao (13) may be cor- 
related with the modified Reynolds 
number D,-G/p as shown in Figures 13 
to 16 for each value of D,/D,. Thus 
Equation (14) can be applied to the 
experimental values of h,, obtained pre- 
viously by other observers for the com- 
mon cylindrical packed beds of spher- 
ical packings. However the values of 
(ae) in Equation (14) suitable for 
Figures 13 to 16 is 0.054, which is 
larger than the value 0.041 in the an- 
nular packed bed used here. Table 3 
shows the values of h,,.°-D,/k,. The 
difference between the two numerical 
values of (a,.) may be attributed to the 
difference in the packing states for 
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Fig. 16. Correlation of data by Felix (4), Plautz 
and Johnstone (8), and Yagi and Wakao (73) 
in cylindrical packed beds. 


particles in annular and_ cylindrical 
packed beds. Thus the fundamental 
mechanisms of heat transfer on the wall 
surfaces must be considered similar for 
both cylindrical packed beds and an- 
nular beds. 

For cylindrical packings Coberly and 
Marshall (3) and Felix (4) have pre- 
sented experimental data of h, which 
are too scattered to be correlated by a 
simple equation. However if the data 
of h,, are plotted for some narrow range 
of D,/D, as shown in Figure 17, it 
can be assumed that the correlation 
similar to Equation (14) is applicable 
for the cylindrical packings, even 
though the numerical values of con- 
stants may not necessarily be the same 
as those for spherical packings. 
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Fig. 17. Correlation of data by Coberly and 
Marshall (3) and Felix (4) in cylindrical beds 
packed with cylindrical solids. 


THEORETICAL CONSIDERATIONS 
ON NEW CORRELATION 


The correlation obtained here is so 
different from previously presented cor- 
relations, that is Equations (1) or (2), 
that neither the penetration theory (5) 
nor boundary-film theory explains the 
real heat transfer phenomena near the 
wall surface in the packed beds. There- 
fore another model of heat transfer 
must be applied. 

Previously Kwong and Smith (7) re- 
ported the data for the radial distribu- 
tion of the effective thermal conduc- 
tivities in packed beds and showed the 
sharp decrease near the wall surface. 
These phenomena are considered most 
important in this paper in the analysis 
of the thermal resistance near the wall 
surface of the packed beds, especially 
under the flow conditions of low 
Reynolds numbers. 


TABLE 3. hw:i°D,/k, FoR ANNULAR PACKED BEDS AND FOR CYLINDRICAL PACKED BEDS 


Annular packed beds, D. = 48 mm. 


Packing D,/De D,, mm. hw1° Dp/ky 
Glass beads 0.0196 0.94 3.2 
Glass beads 0.0572 275 ii 
Glass beads 0.106 5.1 12 
Glass beads 0.256 12:3 19 
Lead shot 0.0625 3.0 12 
Steel balls 0.233 11.2 25 

Cylindrical packed beds 
Packing D,/Dr D,, mm. hw °Do/ky 
Glass beads and 0.021-0.036 0.76-0.91 Pe 
cement clinkers 
Celite balls and 0.0417-0.0722 1.81-3.18 3 

glass beads . 13.3 6.5 
Celite balls, glass 0.0833-0.167 4.31-6.35 5 

beads and ce- 19.2 8 

ment clinkers 
Lead shot 0.021-0.042 0.77-1.5 3 
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Fig. 18. Model of heat transfer near wall sur- 
face of packed bed. 


Schwartz and Smith (11) showed 
that the fraction void near the wall 
surface is larger than that in the core 
portion of the packed bed. It is reason- 
able to assume that the lower degree 
of lateral mixing is the main cause of 
the sharp decrease in the effective 
thermal conductivity near the wall sur- 
face. 

In cases of analysis for wall film co- 
efficients of heat transfer the average 
values of the effective thermal conduc- 
tivities in packed beds are determined 
by all observers. Thus the sharp de- 
crease of the effective thermal conduc- 
tivities near the wall surface looks like 
the existence of a definite thermal re- 
sistance at that point, which may be 
ascribed to a fluid boundary film on the 
wall. 

In Figure 18, which is the authors’ 
model of heat transfer mechanisms near 
the wall surface in the packed bed, the 
following mechanisms are assumed, 
with the real film coefficient of heat 
transfer on the wall surface considered 
to be caused only by the true fluid 
boundary layer at the wall surface. 


a. Heat transfer through solid phases 
1. Heat transfer through the thin 
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TABLE 4, COMPARISON OF aw WITH a 


Cylindrical packed bed 
Annular packed bed 


® Where 8B is assumed to be 0.9. 


D,/Dr = 0.15 
D,/D. = 0.15 


Mean value in* Near the 


packed bed wall surface 
a = 0.11} aw = 0.054 
a = 0.078 aw» = 0.041 


+ Calculated from the correlation obtained in authors’ previous paper (12). 


gas film near contact points 

2. Radiant heat transfer from 
solid surface to solid surface 
(Mechanisms 1 and 2 are par- 
allel.) 

b. Heat transfer in void spaces, in- 

dependent of fluid flow 

3. Molecular thermal conduction 

4. Radiant heat transfer from void 
to void 
(Mechanisms 3 and 4 are par- 
allel.) 

c. Heat transfer in void spaces, de- 

pendent on fluid flow 

5. Heat transfer caused by the 
lateral mixing of the flowing 
fluid 

6. Heat transfer through the 
true boundary film 
(Mechanisms 5 and 6 are in 
series. ) 


As shown in Figure 18 the mech- 
anisms a, b, and c can be considered 
in parallel. The heat flow by mech- 


Therefore for all ranges of Nrew 


h,’D, 


k, k, 
4 1 
(19) 
hy*®D,/k, awNrrNrew 
Since there are no reliable data 


which can present the correct relation- 
ship between the real wall film co- 
efficient of heat transfer and the Reyn- 
olds number, an exact quantitative dis- 
cussion is impossible here. However it 
seems quite probable that the numerical 
values of h,,’ predominate under condi- 
tions of low Reynolds numbers com- 
pared with h,,* and that in turbulent 
regions h,* is larger than (h,); for 
Reynolds numbers less than 2,000. 
Thus a, in the experimental Equation 
(14) is approximately equal to the 
ratio of the lateral mixing of flowing 
fluid, which was defined by Ranz (10) 
as 


Mass velocity of fluid flowing in the direction of heat and mass transfer 


(near the wall surface) 


direction of fluid flowing 


anism 5, namely by the lateral mixing 
of flowing fluids, is defined here as Q 
kg.-cal./(sq.cm.) (hr.), which can be 
presented with 
= GC,aw(t;— ty). 

Therefore the heat transfer coefficient 
by lateral mixing can be calculated as 


(he): = = awGC, (15) 


f v 
Then 


(hw) Dp 


= aw (C,u/k,) (D,G/p) 


= (16) 


The mechanisms a and b can be as- 
sumed independent of the fluid flow, 
the constant term h,,’ presumably origi- 
nating from the above mechanisms. 
Therefore, considering the heat trans- 
fer mechanisms mentioned above, one 
can give the apparent wall film coef- 
ficient of heat transfer by 


he = he’ + (he), (17) 
1 1 1 
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Mass velocity of fluid based on sectional area of empty tube in the 


The numerical values of a, are com- 
pared with those of a for the mean 
value of the effective thermal conduc- 
tivities in Table 4. The ratios of a,, to « 
are almost ¥% for both cases. Therefore 
it can be assumed that the degree of 
lateral mixing decreases near the wall 
surface to about half of that in the core. 


CONCLUSIONS 


The data for the wall film coefficient 
for the inner tube surface can be cor- 
related with the new formula, namely 
Equation (14). The data previously 
presented for the wall film coefficient 
of heat transfer in the ordinary cylin- 
drical packed beds by the other ob- 
servers are replotted on Cartesian co- 
ordinates, and it is found that the above 
correlation, that is Equation (14), can 
be applied for these cases as well. The 
new correlation obtained by the au- 
thors is so different from the correla- 
tions previously presented that a new 
model of heat transfer near the wall 
surface in the packed beds must be ap- 
plied in order to explain it. 
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NOTATION 


Aw = surface area of tube, sq. m. 

b = (D.—D,)/2 = clearance of 
annular space, m. 

C, = specific heat of fiuid, kg.-cal./ 

(kg.) (°C.) 

2b 


D. = = D, — D, = effective 
diameter of annular packed 
bed, m. 

D, = diameter of inner tube, m. 

D, = diameter of outer tube, m. 

D; = average diameter of packings, 
m. 

D, = diameter of cylindrical packed 
bed, m. 

G = mass velocity of fluid, kg./ 
(sq. m.) (hr.) 

h, = wall film coefficient of heat 
transfer in cylindrical packed 
bed, kg.-cal./ (sq.m.) (hr.) 

pa = uh film coefficient of heat 


transfer in packed bed with 
stationary fluid, kg.-cal./ 
(sq. m.) (hr.) (°C.) 

les = wall film coefficient of heat 
transfer on surface of inner 
tube in annular packed bed, 
kg. - cal./(sq.m.) (hr.) (°C.); 

h.:° = that with stationary gas. 

fe — uncorrected value of wall film 
coefficient of heat transfer on 
surface of inner tube in an- 
nular packed bed, kg.-cal./ 
(sq. m.) (hr.) (°C.) 

he. — wall film coefficient of heat 
transfer on surface of outer 
tube in annular packed bed, 
kg.-cal./ (sq. m.) (hr.) (°C.) 

h,* = wall film coefficient of heat 
transfer caused from bound- 
ary layer on wall surface, kg.- 
cal./ (sq. m.) (hr.) (°C.) 

(h.), = heat transfer coefficient con- 
cerning heat flux in void 
space of packed bed, kg.-cal./ 
(sq. m.) (hr.) (°C.) 

(hw), = heat transfer coefficient 
caused from lateral mixing of 
fluid, kg.-cal./ (sq. m.) (hr.) 
(°C.) 

k. = mean effective thermal con- 
ductivity in packed bed, kg.- 
cal./ (sq. m.) (hr.) (°C./m.) 


ke = mean effective thermal con- 
ductivity in packed bed with 
stationary fluid, kg.-cal./ 
(sq. m.) (hr.) (°C./m.) 

k, = thermal conductivity of fluid 


flowing in packed bed, kg.- 
cal./(sq. m.) (hr.) (°C./m.) 


Np, = C,u/k, = Prandtl number 
= D,G/p = Reynolds number 
Q = lateral heat flux by mixing 
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through void space in cee 
bed, kg.-cal./ (sq. m.) (hr.) 

q = purely radial heat flow in an- 
nular packed bed, kg.-cal./ 
(hr. ) 

q = heat loss from test section of 
annular packed bed, kg.-cal./ 
(hr.) 

q = purely radial heat flow in an- 
nular packed bed for blank 
test, kg.-cal./ (hr. ) 

Jo = purely radial heat flow in an- 
nular packed bed with sta- 
tionary fluid, kg.-cal./ (hr. ) 


ty = mean temperature of fluid in 
void space, °C. 
t. = mean temperature of fluid in 


void space nearest to wall 
surface, °C. 


At, = apparent temperature differ- 
ence in annular packed bed, 
° 

At,’ = apparent temperature differ- 


ence in annular packed bed 
for blank test, °C. 

At.” = apparent temperature differ- 
ence in annular packed bed 
with stationary fluid, °C. 

At, = apparent temperature differ- 
ence on inner tube surface of 
annular packed bed, °C. 

At. | = apparent temperature differ- 


ence on outer tube surface of 
annular packed bed, °C. 

V = rate of vapor condensation in 
annular packed bed, kg./ 
(hr. ) 

V. = rate of vapor condensation in 
annular packed bed with sta- 
tionary kg./ (hr.) 

Vv’ = rate of vapor condensation in 
annular packed bed for blank 
test, kg./ (hr.) 


Greek letters 


a = (mass velocity of fluid flow- 
ing in direction of heat or 
mass transfer) / (mass velocity 
of fluid based on sectional 
area of empty tube in direc- 
tion of fluid flowing) 


Qw = above value near wall surface 
in packed bed 
B = (ellective length between 


centers of two neighboring 
solids in direction of heat 
flow) /(average diameter of 
solid ) 
y = latent heat of vapor conden- 
sation, kg.-cal./kg. 
void fraction of packed bed 
viscosity of fluid, kg./(m.) 
(hr. ) 


il 
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Thermodynamic Consistency of Binary Liquid- 
Vapor Equilibrium Data When One 
Component Is Above Its Critical Temperature 


S. B. ADLER, LEO FRIEND, R. L. PIGFORD, and G. M. ROSSELLI 
The M. W. Kellogg Company, New York, New York 


Methods are developed for testing binary system phase-equilibrium data for thermodynamic 
consistency when the more volatile component is above its critical temperature. The isothermal 
case with varying pressure and the isobaric case with varying temperature are considered in- 
dividually. The rigorous form of the Duhem equation is employed rather than the simplified one, 
which for binary systems is inconsistent with the phase rule. Although derived for the specific 
case given in the title, the relationships developed are applicable to all conditions of binary 
systems. Sample calculations illustrating the methods are included. 


As the design procedures originally 
applied to petroleum plant distillation 
problems have spread to the chemical 
and petrochemical fields, there has 
been an increasing need to use labora- 
tory-obtained phase-equilibrium data. 


R. L. Pigford is at the University of Delaware, 
Newark, Delaware. 
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With this has developed the need for 
establishing the thermodynamic con- 
sistency of such information. Consider- 
able attention has been given to this 
subject in the literature (1, 4 to 8, 13, 

All methods published for making 
the necessary thermodynamic tests for 
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reliability are based on some form of 
the Duhem equation. Some authors 
(7, 17) have allowed for the fact that 
a binary system cannot change in com- 
position when both temperature and 
pressure remain constant; others have 
not. A few have included a correction 
for the nonideality of the vapor phase 
above the solution. Most of the methods 
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have been developed for testing sets 
of isobaric data, but some pertain to 
isothermal data. 

None of the published articles have 
considered the case where a stable 
liquid phase does not exist over the 
whole range of composition from one 
extreme of pure component A to the 
other of pure component B. This arises 
when the mixture is at a temperature 
above the critical temperature of the 
light component. Examples of data re- 
ported where one component is above 
its t, are ethane-propylene (9, 10), 
hydrogen-methane (3, 15), methane- 
propane (12), and the many systems 
included in the text by Ruhemann 
(14) on the separation of gases. 

The Duhem equation in the approxi- 
mate form 


x, din yi: +x. dln y, = 0 (constant z, t) 


(1) 


is commonly associated with this prob- 
lem of testing thermodynamic consist- 
ency. For the purpose of testing a set 
of experimental data the activity co- 
efficients of each component are plot- 
ted vs. composition. The areas under 
each of the two lines are then examined. 
According to this test the two areas 
are equal if the data are consistent. A 
similar diagram for the case described 
in the preceding paragraph is given in 
Figure 1. In actuality, when both ac- 
tivity coefficients are based on the 
components in their pure state, as is 
conventionally the case in drawing 
these diagrams, Figure 1 cannot really 
be obtained. Because the lighter com- 
ponent is above its critical point, no 
vapor-pressure curve is available to 
calculate a y. Unless the temperature 
is only slightly above t., any extrap- 
olation of the vapor-pressure curve 
would be too inaccurate to reach a 
conclusion about thermodynamic con- 
sistency. Except for the work of Ibl 
and Dodge (7), all the published 
methods for testing the consistency of 
the data depend on the use of activity 
coefficients and vapor pressures. 

It was the objective of the present 
work to develop methods for testing 
both isothermal and isobaric data for 
binary systems: that are not dependent 
on vapor pressures and activity co- 
efficients; that are not restricted to a 
vapor phase that is ideal; that do not 
assume that the volume of the liquid is 
negligible; that do not necessitate 
drawing a tangent to temperature— 
composition or pressure—composition 
lines, with resulting compromises in 
accuracy; and that do not assume that 
the composition of the liquid for a 
binary system can be varied at con- 
stant temperature and pressure. 

Aside from the practical difficulty of 
computing activity coefficients referred 
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to the pure liquid as a standard state 
when the temperature is above the 
component’s critical value, ys have 
been avoided for another reason. In 
many cases, particularly where extrap- 
olating data or combining various 
sets of data is not involved, use of ac- 
tivity coefficients is not only unneces- 
sary but complicates the procedure. 

It should be emphasized that al- 
though the methods of testing data 
developed below are for the purpose of 
handling problems where the more 
volatile component is above its critical, 
such methods have general application 
at all temperatures. 


THE CONSTANT-TEMPERATURE CASE 


As a starting point for the present 
study Equation (2), which is developed 
by Ibl and Dodge (7) as their Equa- 
tion (7), is selected: 

x, din f, + x2 din = 
RT dz = RT dlnz (2) 
When one assumes that the Lewis and 
Randall fugacity rule applies to the 
vapor phase, 


fi = = [Wiz = (3) 


First one should substitute yi, for 
fi and let 


xidin 7x) 
+ xdIn ( = dinz (4) 


Alternately, in terms of K_ constants 
one should replace f; with K,x:7v;, and 
simplify to yield 


x.dIn 
+ (Kz = Z* (5) 


The two principal expressions ob- 
tained so far, Equations (4) and (5), 
make use of the fugacity coefficient to 
allow for the nonideality of the vapor 
phase. If it is more convenient to work 
with compressibility factors instead of 
vir, the modified Duhem equation is 
developed as follows: 


dr 
(f dr — f =] 
o RT 


(6) 


and 


Inasmuch as it is assumed that the 
Lewis and Randall rule applies to the 
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vapor, one can replace ‘bv, with v,’, the 
molar volume of the pure component. 
However for component 2, which is in 
a supercooled state as a gas, the value 
of v.’ would have to be found by ex- 
trapolation into an unstable region. In- 
stead v.’ is introduced as follows. 
Because = 0," + 02’, when 
the partial molal values are replaced, 
_ 
v.! = 
Ys Ys 
If now y,/K, is substituted for x,, 
the following expression is finally ob- 
tained from (2): 
x, din K, + x. din K, 


-| Z +) 
| ans (8) 


All the quantities in this equation can 
be evaluated from the experimental 
equilibrium data or from data on the 
pure components without extrapolation 
into metastable regions. 

When one integrates between the 
limits where x, = 0 and some maximum 
concentration x,=x, and between the 
corresponding limits for the K’s, 


x, din K,+ din Kz 


+ K, K, 
=| dinz (9) 


where K,(x,) is regarded as a function 
of x,, K.(x.) as a function of x., and 
a(x,) as a function of x,. 

Where experimental volumes are 
available, the values of Z may be 
found directly; otherwise they are ob- 
tained from generalized charts. 

The three terms in Equation (9), or 
the integrated forms of Equation (4) 
or (5), represent areas designated from 
left to right as A,, A., and A;. In the 
commonly found simplified form of the 
Duhem equation, Equation (1), as 
noted previously A; = 0 and A, = A, 
for consistent data. Examination of 
Equations (4), (5), and (9) will show 
that with a sufficient change in pres- 


Fig. 1. Activity-coefficient—composition dia- 
gram (one component above the critical tem- 
perature). 
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0.6 In this case the pressure change was 
from 62 to 270 lb./sq. in. abs. (The 
degree of consistency of each of these 
sets of data for the ethane-propylene 
057 5 K, (0.5882) 7 system will be discussed later in this 
x,d2nk, paper.) 
= -0.5386 THE CONSTANT-PRESSURE CASE 
Ibl and Dodge (7), using the same 
re SY, basic principles represented by Equa- 
tion (2), gi der th tant- 
2), given under the constan 
temperature case, plus the fact that 


y 


dinf, dinf. AH dT 


dinx, dinx, RT* dx, 


Fig. 2. Graphical integration for term 1 of Equation (9). 


sure A; may not even be close to zero 
for isothermal data. In the sample cal- 
culations included with this paper, for 
instance, the following areas were ob- 
tained: 


Equation (9) 


A, = —0.5386 
A, = 
A; = —0.8612 
Equation (4) 

A,= 0.3670 


A; = 0.2927 


for the system methane-propane (12, 
16). The areas are different when cal- 
culated according to Equation (9) on 
the one hand and Equation (4) on 
the other because in the former all the 
vapor-phase deviations from Dalton’s 
law are included in A;, whereas accord- 
ing to Equation (4) they are included 
in A, and A,. In the latter case A; re- 
sults only from the finite liquid volume. 

In another application of Equation 
(9) for the ethane-propylene system, 
with the data of McKay (10) used, 
the A’s were as follows at 10°F.: 


A 0.2204 
A, 0.98674 05071 
As = 0.5112 


The corresponding change in pressure 
was from 58 to 255 Ib./sq. in. abs. 
For the same system Lu et al. (9) 
reported data at 14°F. which yielded 
the following areas: 


0.404 0-678 
A, = 0.431 
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at constant pressure (11) 


| - 0.5882) 
A,= J x,d4nkK, 
1.0- 
K 
A, =-0.3079 
0.94 
0.8- \ 
WwW 
> v 
0.7469 
a 
=! 
0.6 
4 
05“a 
re) 
0.2- 
0.1 - 
Lnks 
-0.2 -04 -06 -08 .-1.0 


Fig. 3. Graphical integration for term 2 of Equation (9). 
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92.04 atm. 
-0.7 " 
A3= Z 
-0.6 +— 12.86 atm. 


w 
| 


= 8612 


T T T T 
2.4 26 28 3.0 3.2 3.4 36 38 4.0 4.2 4.4 46 


Fig. 4. Graphical integration for term 3 of Equation (9). 


which is the molal ideal heat of vapori- 
zation for the solution. It equals the 
heat of mixing of the pure liquids plus 
the heat of vaporization of the pure 
liquids. Replacing dlnf, with dln 
(K.xizviz) as in (3), and simplifying, 
yields 


AH 
din Vy Xe dln (12) 


The integral form of Equation (12) 
again represents three areas to be 
designated A,, A:, and Ag, as before. 

There are several methods of ob- 
taining AH. Ibl and Dodge suggest 
that if the heat of mixing is not avail- 
able it can be neglected and AH can 
be assumed equal to the ideal heat of 
vaporization. However the heat of 
mixing can be obtained from the heats 
of solution at infinite dilution when 
they are available (11); that is, 

If more than one set of isobaric data 
is available, plots of the partial pres- 
sure of each component, y z, vs. 1/T at 
constant compositions will enable the 
partial molal heats of solution to be 
obtained. The partial heats of solution 
are then combined to obtain AH. This 
procedure is particularly useful if the 
temperature exceeds the t, of the light 
component. 

In order to point out the size of the 
terms in Equation (12) that may be 
expected when the temperature varies, 
the following areas were measured for 
the reported atmospheric liquid-vapor 
equilibria for methanol-water (18): 


if A, + Ay 


A, = 0.614 
A, = 1.395 
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This should make it clear that one 
does not have to be working above 
the critical temperature before the third 
area becomes important. 


SIGNIFICANCE OF THE RESULTS OF 
THE THERMODYNAMIC-CONSISTENCY 
TEST 


To some degree a judgment of the 
thermodynamic consistency of the data 
tested can be made by an examination 
of the unbalance in the equation re- 
lating the areas; that is, A,+A,=As. 
Then one might ask how serious the 
various amounts of unbalance are. One 
answer may be found by the use of the 
K, values or the observed y, values in 


K,() 


(—0.5386) -++ 


fn TVy_ at = 0.5882 din(y, + Vg At = 0.5882 Xe din( y, ) = 


Woy at 


at 


(0.3670) + 


Equation (4), (5), (9), or (12) and 
by the calculation of the K.’s or y2s to 
make the equation balance. Process 
requirements can then be evaluated 
with both sets of K’s and the difference 
in the two designs (number of trays, 
reboiler duty, for example) examined. 

By a comparison of the degree of 
unbalance obtained from testing the 
consistency of each of two or more sets 
of experimental data for the same 
system, one set may be accepted in 
preference to the others. In the section 
on constant temperature the results 
were given from testing the data of 
two different investigators of the 
ethane-propylene system. The sum of 
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K (0.585 din Ky + 
E,@) 


areas A,+A, for the data of McKay 
et al. (10) was 0.5071, which nearly 
equals an A; of 0.5112. On the other 
hand the corresponding values for the 
data of Lu et al. (9) were 0.678 and 
0.431, respectively. It is obvious that 
the data of McKay et al. should be 
selected. This illustrates one of the 
most important uses of thermodynamic- 
consistency testing. 

The unbalance in the areas may re- 
sult from errors in measurement of 
compositions, temperatures, or pres- 
sures or from the slight inaccuracy of 
the Lewis fugacity rule and the corol- 
lary assumption of additivity of vapor 
volumes. Other methods of answering 
this question may lead to a sequel to 
this paper. 


ILLUSTRATION OF THE TESTING 
OF ISOTHERMAL DATA 


The experimental data (Table 1) of 
Reamer et al. (12, 16) for the methane- 
propane system at 100°F., where methane 
is above its critical temperature, are to be 
tested for thermodynamic consistency. The 
data for only the lowest, an interim, and 
the highest pressures are shown, inasmuch 
as the reference is readily available. These 
data, plus the corresponding calculated 
data in Table 2, permit the limits of the 
various expressions which are graphically 
integrated to be understood. Figures 2, 3, 
and 4 for the solution based on the 
volumes and compressibility factors [Equa- 
tion (9)] present areas A:, As, and As, 
respectively. A similar group of three plots 
for the solution based on fugacity coef- 
ficients [Equation (4)], although not in- 
cluded here, was also plotted to obtain 
these areas. These two equations, along 
with the numerical values of the areas, are 


and 


xe din Kz = dinx 
(—0.3079) =~ (—0.8612) 
.04 atm. din 

12.86 atm 
(—0.0828) = (0.2927 ) 


It will be observed that on each of the 
figures the direction of the integration is 
designated. When three areas are handled 
simultaneously, the signs must be made 
consistent throughout the calculations, re- 
quiring greater care than normally. To aid 
in obtaining this consistency it is helpful 
to make the lower limits of all three 
integrals correspond to the lower limit in 
x1, even though this may change the cus- 
tomary direction of integration. When in- 
tegration is from a higher value of the 
differential variable to a lower one, the 
sign of the area is reversed. 


LIMITATIONS OF THE 
METHODS PRESENTED 


Equations (4), (5), and (8) for 
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Taste 1. METHANE-PROPANE Data (12, 16) 


Temperature = 100°F. 


Pressure, 
atm. X1 Yi 
12.86 0 0 
47.62 0.2019 0.6073 
92.04 0.5882 0.5882 


Component 1 = methane. 


cu. cu. 01’, Cu. 
ft./Ib.-mole ft./lb.-mole __ft./Ib.-mole 
24.54 1.494 31.28 
6.30 1.448 7.96 
2.083 2.083 3.914 


TABLE 2. METHANE-PROPANE Data (12)—APpPLICATION OF EQUATIONS 


Pressure, 
atm. K, K, Zz Viz Vor y,V,,) In(y.nv.,) Ina 
1286 — 1.0 0.0471 —0.7260 0.987 0.823 — 2.359 2.554 
47.62 3.01 0.4920 0.1689 —0.3654 0.948 0.435 3.311 2.096 3.863 
92.04 1.0 — 0.4698 0 0.889 0.250 3.874 2.249 4,522 
testing constant-temperature data have ACKNOWLEDGMENT 


been developed with the aid of the 
Lewis and Randall rule, which assumes 
an ideal solution for the vapor phase. 
When the critical pressure of the mix- 
ture is approached, such an assump- 
tion cannot be expected to hold. If no 
partial-volume data are available, as is 
usually the case, a generalized corre- 
lation for compressibility factors must 
be used when Equation (8) is applied. 
Similarly, generalized fugacity-coeffi- 
cient charts are required for Equations 
(4) and (5). 

When one tests isobaric data with 
the aid of Equation (12), results are 
not limited by the assumption of an 
ideal solution for the vapor phase. 
However the use of a generalized 
chart for the fugacity coefficient is 
again necessary. 

The accuracy of the final result de- 
pends upon how the generalized fugac- 
ity correlations fit the system under 
study. 


CONCLUSIONS 


Methods have been presented for 
testing the thermodynamic consistency 
of data when the more volatile com- 
ponent is above its critical tempera- 
ture; these methods are free of many 
of the restrictions and disadvantages 
found in procedures published earlier. 

It has been demonstrated that the 
areas corresponding to the two terms 
of the Gibbs-Duhem equation in its 
commonly used approximate form are 
frequently not equal, even when the 
data are thermodynamically consistent. 
The third term, or so-called “correc- 
tion term,” may be larger than one of 
the “main” terms, and for consistent 
data it approximates the algebraic sum 
of the first two terms. 
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NOTATION 


= fugacity, atm. 

i‘. = fugacity of the pure compo- 
nent at the same tempera- 
ture and pressure as that of 
the solution, atm. 


H = molal enthalpy, B.t.u./Ib.- 
mole 

H = partial molal enthalpy, B.t.u./ 
Ib.-mole 


H** = molar enthalpy of the ideal 
gas, B.t.u./lb.-mole 

H°* = molar enthalpy of the pure 
liquid, B.t.u./lb.-mole 

AH = ideal molal heat of vaporiza- 
tion of the solution, B.t.u./ 
lb.-mole 

AH m2 = molal heat of mixing, B.t.u./ 
lb.-mole of solution 


K = liquid-vapor equilibrium con- 
stant = y/x 
1 brags = heat absorbed on solution at 


infinite dilution of one mole 

of component i as a liquid = 

gas constant = 0.730 atm. 

cu. ft./lb.-mole °R., or 1.986 

B.t.u./lb.-mole °R. 

T = absolute temperature, °R. 

t = temperature, °F. 

v = volume per mole, cu. ft./lb.- 
mole 

D = partial molal volume, cu. ft./ 
lb.-mole 

x = mole fraction in liquid phase 

y = mole fraction in vapor phase 

Z = compressibility factor = 

(wv) /(RT) 

— Z + Z,’y,(1/K:—1/K,)— 

Z!/Kz 


N 
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Y = liquid-phase activity coeffi- 
cient 

v = fugacity coefficient (used 
here exclusively for the vapor 
phase of a pure component 
at the temperature and pres- 
sure of the system) 


7 = total pressure of the system, 
atm. 

Subscripts 

b = maximum observed concen- 


tration in the liquid of more 
volatile component 


c = critical point 

i = any component of a liquid or 
vapor solution 

7 = total pressure of the system 

1,2 = components of a binary solu- 
tion 

Superscripts 

g = gas phase 

Ds, = liquid phase 
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Flow Patterns in Agitated Vessels 


A. B. METZNER and J. S. TAYLOR 


The flow patterns obtained when viscous fluids are agitated inside baffled cylindrical tanks 
have been studied in both Newtonian and non-Newtonian systems. The experimental technique 
— of observing the motions of small tracer particles in highly illuminated, narrow beams 
of light. 

The results may be broken down into two major categories. The first was a qualitative com- 
parison between the flow patterns obtained in non-Newtonian and Newtonian fluids of the 
same general viscosity levels. This part of the study included observation of changes in the 
flow fields as one moves from laminar into turbulent conditions for both fluid systems. 

The second portion of the paper deals with quantitative determinations of local flow velocities, 
shear rates, and power-dissipation rates in various parts of the vessel. The following conclu- 
sions may be drawn from these measurements. 

1. Local fluid shear rates were found to be directly proportional to impeller speed, in both 
Newtonian and non-Newtonian systems. As would be expected, the shear rates decreased more 
rapidly with increasing distances from the impeller in pseudoplastic non-Newtonian fluids than 
in Newtonian systems. 

2. The rates of local power dissipation decreased rapidly with distance from the impeller. 

3. The fluid velocities in the horizontal plane of the impeller varied almost linearly with 
rotational speed in the Newtonian systems, in accordance with prior observations. On the other 
hand, movement in pseudoplastic systems increased exponentially with impeller speed. This 
effect, like the dampening of shear rates, is caused by the cumulative effects of local velocity 
and viscosity changes in these systems. (Increases in velocity decrease the fluid viscosity, 
which in turn causes further increases in velocity, etc.) 

This work serves to define pertinent problems which are of importance in determining mixing 
rates, on a microscopic scale. Efforts may now perhaps be turned more profitably than before 


toward macroscopic fluid-mixing studies. 


Recent investigators (5,7) have ex- 
plored the question of velocity distri- 
butions inside agitated vessels by mak- 
ing trace-particle photographic studies. 
The present study was an extension of 
their techniques to determine not only 
the velocities but also the magnitude of 
shear- and power-dissipation rates re- 
sulting from velocity gradients within 
the tank. While previous work dealt 
exclusively with agitation of Newtonian 
fluids of various viscosities, this work 
includes a comparison of the results 
from agitating both Newtonian and 
non-Newtonian fluids. 

During agitation both mass flow 
around the tank and local turbulence 
are necessary for good mixing. First all 
the fluid around the tank must be 
moved in order that it may contact 


Vol. 6, No. 1 


other fluids, phases, solid or gas parti- 
cles, or heat transfer surfaces which 
may be present in the agitation vessels. 
Second, on a smaller scale the small 
local pockets of different composition, 
temperature, or phase must be highly 
sheared to ensure good blending, con- 
tact, or chemical interaction to carry 
out the desired process. Which part of 
the mixing operation is the more im- 
portant from the viewpoint of over-all 
mixing rates depends upon the particu- 
lar process in question. j 
While measurements of velocity dis- 
tribution are most helpful in studying 
the rate or efficiency of the first phase 
of mixing, the determination of the 
level and distribution of shear rates 
may prove useful in studying some of 
the aspects of the second phase of the 
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operation. A knowledge of shear rates 
should also prove valuable in confirm- 
ing assumptions made previously in an 
analysis of power dissipation (2). 
Therefore the purposes of this work 
were tc investigate quantitatively both 
factors in a common type of mixing 
equipment. 


DESCRIPTION OF APPARATUS 


The basic experimental equipment and 
procedure were similar to those of Sachs 
(5), who studied the flow patterns of water 
stirred with a turbine impeller. The me- 
thod was essentially one of photographing 
illuminated trace particles in horizontal 
and vertical planes of light and determin- 
ing the velocity distribution of the fluid for 
these regions from the measurement of 
the length of trace-particle streaks. By 
taking pictures of accurately known ex- 
posure times one could determine the 
velocity represented by the length of the 
streak. 

A diagram of the essential parts of the 
apparatus is shown in Figure 1. The mix- 
ing tank was an 11.3-in. ID. Pyrex glass 
cylinder cemented concentrically to the 
plate-glass bottom of a square, glass-en- 
closed outer tank. The fluid to be agitated 
was placed in the cylindrical tank, while 
water was put in between the two tanks to 
minimize the optical distortion caused by 
the curvature of the inner tank. The fluid 
was agitated by centrally positioned tur- 
bine impellers having six flat blades, 
located 4 in. from the bottom of the tank. 

For most runs the tank was baffled with 
four 1%-in-wide metal strips spaced 
evenly at the tank wall. Flow properties 
were obtained with both capillary tube 
and rotational viscometers. Other details 
of the mixing and viscometric apparatus 
are available (2, 6). 

Two different types of fluids were used 
in these experiments. The first was white 
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Karo Syrup which was determined to be a 
fairly viscous Newtonian fluid over the 
shear-rate range investigated. The other 
fluid was an aqueous solution of sodium 
carboxymethyl cellulose (CMC). The 
0.7% CMC solutions had flow-behavior 
indexes (1) of 0.59 to 0.61 in the range of 
shear rates of interest; the flow-behavior 
index of the more concentrated CMC was 
0.53. 

The first trace particles tested were 
glass spheres about 0.02 in. in diameter. 
However since these particles have a 
density of about 2.3 g./cc., another lighter 
particle of the same size was sought and 
found in a Plexiglas molding powder. Most 
of the data were taken with the latter 
particles. They were nearly spherical and 
therefore were able to reflect light to a 
90-deg. angle at all times. This last feature 
was considered to be absolutely necessary, 
for an irregularly shaped particle could 
be rotated in the light plane which was 
perpendicular to the line of sight from the 
camera in such a manner that the light 
would not be reflected from it during the 
full time of the exposure. It was found 
necessary to spray the particles with white 
enamel (aluminum paint is too dark) to 
increase their reflective properties. The 
Plexiglas (polymethylmethacrylate) has a 
density of 1.7 compared with 1.0 for the 
CMC solutions and 1.37 for the Karo 
Syrup, but because of the high viscosity 
of the fluids the particles continued to 
remain suspended for at least 5 min. in the 
thinnest of the solutions and for an indefi- 
nite length of time for thicker CMC solu- 
tions. It was therefore assumed that the 
movement of the trace particles closely 
represented the movement of the fluid. 

Light was supplied by an arc lamp rated 
at 5 amp. and 115 v. However the inten- 
sity of the light was increased just before 
taking a photograph by increasing the 
no-load voltage at the source to 150 v. and 
drawing about 13 to 14 amp. of current 
briefly. Current was controlled by use of 
a slide-wire resistor. Originally it had 
been hoped that an A.C. current could 
have been used in the are lamp, but the 
dimming of the light with the pulsation of 
the current was just sufficient to make the 
picture uncertain for analysis. Figure 1 
also shows one of several slits on the sides 
of the tank through which the light passed 
and formed a nondiverging plane 3/16 in. 
wide. 

The three views, which are pictured here, 
were called, respectively, side, bottom, and 
end views for convenience. In the side 
view the light enters from the side as a 
vertical plane which passes through the 
center of the tank. The impeller is then 
photographed at the side of the tank and 
perpendicular to the light plane. The side 
view records the image of the side of an 
impeller blade as shown in the sketch. The 
impeller for every photograph was rotating 
clockwise when one looked downward into 
the tank. 

Part b of the same figure shows the ar- 
rangement which provided the most data. 
In this, the bottom view, the plane of light 
was horizontal. In Sachs’s work it was 
found that the average velocity in the 
horizontal plane opposite the impeller 
blades occurred in a region just below the 
vertical midpoint of the impeller blade. 
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Fig. 1. Diagram of optical arrangements and 

mixing equipment; (a) side view-vertical plane, 

(b) bottom view-horizontal plane, (c) end view- 
vertical plane. 


Fig. 2. Bottom-view photograph; fluid: 1.2% 
CMC solution, Reynolds number: 7.7, rota- 
tional speed: 60 rey./min., impeller size: 4 in. 
Legend: (A) center of impeller, (B) edge of 
stabilizing disk, (C) trace from tip of im- 
peller blade, (D) edge of tank, (E) reflec- 
tion from baffle, (F) trace-particle streak. 


Fig. 3. Bottom-view photograph; fluid: Karo 
Syrup, Reynolds number: 6.2, rotational speed: 
60 rey./min., impeller size: 4 in. 


Therefore, to simplify the problem a thin 
plane in this region was the one illumi- 
nated for most of the data taken from the 
bottom view. In order to facilitate the 
focusing, first-surface mirror was 
mounted just below the mixing tank, and 
all data were taken from photographs of 
the reflected image. 

Part c of Figure 1 illustrates the end 
view. For this view a vertical plane of 
light about 3% in. thick was used. The 
light was reflected off a mirror, since con- 
vection currents from the burning arc 
carried both heat and ashes to the bottom 
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of the glass tank when the lamp was 
placed directly beneath it. In this case’ the 
photograph was taken through the front 
side of the tank to record the image of the 
tip end of the impeller at a time when it 
was pointing toward the camera and in the 
vertical plane of light. The tip of the blade 
was thereby illuminated inwardly for a 
distance of about % in. so that trace 
particles in this region might be photo- 
graphed. A small amount of quantitative 
as well as qualitative data were taken 
from this view. 

A view camera with an f/4.7 lens was 
used to take the still pictures. Photographs 
of from one to ten exposures were taken 
with the position of the impeller in relation 
to the camera fixed for each exposure by 
the use of a solenoid-operated shutter. The 
shutter was tripped at the proper time by 
a cam mounted on the impeller shaft clos- 
ing a microswitch and thereby activating 
the solenoid. The position of the image 
of the impeller could be set by fixing the 
position of the cam. Twelve volts supplied 
by dry cells were used, since the normal 
6 v. were not quite enough to assure suf- 
ficiently rapid action of the solenoid. A 
toggle switch was also inserted into the 
circuit so that the shutter, once it had 
been cocked, would be closed only when 
desired. 

Exposure times varied between 1/60 and 
% sec. All negatives were processed in a 
D-19 high-contrast developer for 15 min. 
Although additional intensification of the 
negative was considered several times for 
the CMC photographs, it was decided to 
be an unwise procedure since the probable 
result would have been an even greater 
increase in the background haze, which 
was already quite high. Were it merely a 
question of improper lighting, intensifica- 
tion might have helped, but the haziness 
around the image could not be overcome 
by this procedure. 


DISCUSSION OF QUALITATIVE DATA 


Figure 2 is a representative example 
of the bottom view in non-Newtonian 
fluid systems. It is apparent for this 
case (Nz. = 7.7, laminar region) that 
most of the flow is restricted to the 
neighborhood of the turbine blades. 
Perhaps the most interesting part of the 
photograph is the scalloped shape of 
the trace-particle streaks. This effect is 
undoubtably caused by flow over, 
around, and then behind the blade as 
it passes through the fluid. The three 
ridges on the trace-particle streaks are 
of course caused by the passage of 
three of the turbine blades during the 
14-sec. exposure time. The disturbance 
is also propogated radially through the 
plane of liquid. However, there is no 
radial component of flow, the pattern 
having merely a net circular motion. 

Figure 3 shows the flow pattern for 
Karo Syrup at the same rotational 
speed and nearly the same Reynolds 
number as Figure 2. It is obvious that 
the amount of fluid movement is 
greater, that the fluid velocities are 
larger, and that the motion in this case 
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extends almost to the periphery of the 
tank. The reasons for these differences 
will be discussed later is some detail. 

A comparison of Figure 2 with Fig- 
ure 4 shows how the radial component 
of velocity develops as the rotational 
speed of the impeller is increased. The 
fluid movement is now sufficient to ex- 
tend to, and be influenced by, the baf- 
fles. Even at this higher impeller speed 
the absence of streaks near the wall 
shows that there is still little or no fluid 
movement here. The Reynolds number 
of 28 is just at the lower end of the 
transition range for these more concen- 
trated CMC solutions (2). 

Figures 5 and 6 show the early de- 
velopment of the usual mixing flow 
pattern in Karo Syrup, occurring just 
at the end of the laminar region. In 
Figure 6 the effect on the flow pattern 
of the baffle, which is clearly visible on 
the right of the photograph, is evident. 
In Figure 5 one sees the vortices being 
formed (above and below the plane of 
the turbine) which cause the transport 
of fluid and the beginning of real fluid 
turnover throughout the entire tank. 
The bottom view shows how the scal- 
loped or saw-tooth effect from the flow 
over the blade has been propogated to 
the very edge of the tank. By contrast, 
Figure 4 for CMC (with nearly three 
times as high a Reynolds number) 
showed that flow was still entirely con- 
fined to the center of the tank for this 
pseudoplastic non-Newtonian fluid. 

It is now apparent that the radial 
flow increases with increasing rota- 
tional speed and that as a corollary the 
total rate of fluid turnover within the 
tank increases. Likewise it was ob- 
served that the non-Newtonian CMC 
shows much less flow and lower veloci- 
ties than does Karo Syrup under the 
conditions of the same rotational speed 
and similar Reynolds number, although 


| small-scale mixing due to high shear 


rates may be greater near the impeller. 

One has also observed the effect on 
the flow pattern upon going from the 
laminar into the early transition range 
as defined by the power number-— 
Reynolds number correlation (2, 4). 
One effect of this change has been the 
creation of a radial component of vel- 
ocity. However, Figures 7 and 8 show 
that a radial component of velocity can 
exist in both CMC and Karo Syrup 
even when Reynolds numbers are in 
the laminar region. Figure 7 shows a 
2-in. turbine rotating at 200 rev./min. 
in 1.2% CMC. Although the actual 
flow is small, a definite radial compo- 
nent is present at the Reynolds number 
of 11. Figure 8 compares similar condi- 
tions in Karo Syrup, where the flow is 
much larger. In this picture no baffles 
are present, but, since the flow only 
extends to the position of their inner 
limit, this fact is not important. 
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Fig. 4. Bottom-view photograph; fluid: 1.2% 
CMC solution, Reynolds number: 28, rotational 
speed: 150 rev./min., impeller size: 4 in. 


Fig. 5. Side-view photograph; fluid: Karo Syrup, 
Reynolds number: 10.3, rotational speed: 100 
rey./min., impeller size: 4 in. 


Fig. 6. Bottom-view photograph; fluid: Karo 
Syrup, Reynolds number: 10.3, rotational speed: 
100 rey./min., impeller size: 4 in. 


Although the Reynolds number has 
appeared to be useful in correlating the 
power for all fluids and impeller sizes 
(2, 4), it is apparent that the flow pat- 
terns for Newtonian and non-New- 
tonian fluids may be very different. 
While Figures 2 and 8 have similar 
laminar-region Reynolds numbers, both 
the velocity and the extent of the flow 
are much greater in Karo Syrup. Other 
figures (6) show that this situation 
continues into the transition region. 
Not only may a difference in the type 
of fluid produce a change in the flow 
pattern for the same Reynolds number, 
but Figure 7 compared with Figures 2 
and 4 (which bracket it in regard to 
Reynolds number) shows that a change 
in the size of impeller may have a simi- 
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lar effect in non-Newtonian systems. 
Since each impeller was dimensionally 
similar, it is seen that even though one 
maintains the Reynolds number con- 
stant during scale up, this provision 
alone does not necessarily signify simi- 
lar flow patterns in the model and pro- 
totype. 

Figures 9 and 10 show, respectively, 
the bottom and end views of a 1.2% 
CMC solution for a rotational speed of 
150 rev./min*. At the Reynolds number 
of 78 the flow is well into the transition 
region and the radial velocity compo- 
nent is high. The end view shows how 
the flow at the top (and bottom) of 
the blade now includes an inflowing 
vertical component. Figures 11 and 12 
compare side-view conditions for 1.2% 
CMC and Karo Syrup at the highest 
impeller speeds recorded. Generally 
the two fluids are exhibiting the same 
general flow pattern, but there are 
several important differences. 

While stirring low-viscosity fluids 
such as water, Sachs and Rushton (5) 
found that the vertical inflow of fluid 
(as shown in Figure 5) into the disklike 
jet issuing from the impeller contrib- 
utes about 50% of the total flow of 
this stream. In the case of the pseudo- 
plastic CMC solution in the above- 
mentioned photographs the fluid has 
effectively thinned out in this jet region 
owing to the high shear rates. Quanti- 
tative data indicate that for Figure 11 
there may actually be more flow with 
the 1.2% CMC than with the Karo 
Syrup. In order for the vertical stream 
to feed the jet sufficiently, the vortexes 
above and below this stream form some 
distance away from the impeller. 

The last series of photographs shows 
the beginning of well-developed turbu- 
lence, as evidenced by the fact that the 
path lines appear to be twisting and to 
cross frequently. Some of the following 
data indicate that the turbulence, in 
some cases at least, may originate 
above or below the moving blades 
rather than between them. The fluid 
which is being displaced by the blades 
in the vertical directioa must be mov- 
ing counter to the inflow from above 
and below in the region immediately 
ahead of the rotating blade. The flow 
up and over the blade then quickly 
changes direction as the blade passes 
by, a in behind it in a direction 
now parallel or coincident with the 
vertically inflowing stream. Figures 13 
for Karo Syrup and 14 for 0.7% CMC 
show that this momentary outward os- 
cillation of fluid has created a disturb- 
ance in the incoming fluid above and 


below the plane of the impeller. In 


* Figures 9 to 13, 20, and 22 to 25 have been 
deposited with the American Documentation In- 
stitute, Photoduplication Service, Library of Con- 
gress, Washington 25, D. C, Copies are available 
as document 6051 for $2.50 for photostats and 
$1.75 for microfilm. 
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Fig. 7. Bottom-view photograph; fluid: 1.2% 
CMC solution, Reynolds number: 11, rotational 
speed: 200 rev./min., impeller size: 2 in. 


addition the high radial velocities 
cause the direction of the flow of the 
turbine discharge stream to become 
parallel to the impeller blades. In this 
case one must expect a considerable 
disturbance at the tip of the blade 
caused by the large difference in vel- 
ocities between the end of tthe blade 
and the tangential velocity components 
of the neighboring stream of fluid. 

Figure 15 is the bottom view which 
matches Figure 14. The exposure time 
in this case has been reduced to 1/5 
sec. to minimize the haziness from the 
turbidity of the fluid and thereby more 
clearly show the turbulence which ex- 
tends nearly to the wall. 

It is probable that turbulence may 
begin in the pseudoplastic material be- 
fore it does in Newtonian fluids, since 
shear rates are higher near the impeller 
(this is proven by later quantitative 
measurements). These higher shear 
rates result from the decrease in appar- 
ent viscosity of the non-Newtonian 
fluid and in turn lead to even greater 
reductions in fluid viscosity. Therefore, 
viscous dampening influences are greatly 
reduced near the impeller in pseudo- 
plastic fluid systems. However, since the 
shear rate rapidly drops off and the ap- 
parent viscosity simultaneously in- 
creases as the flow progresses radially 
out from the impeller, this observed 
turbulence may be quickly dampened 
out. Figure 16 shows the dilute 
(0.7% ) CMC solution being agitated 
at 400 rev./min. by the smaller 4-in. 
impeller. In this case the turbulent con- 
dition of the flow observed near the 
impeller changes to laminar and 
smooths out rapidly as the fluid pro- 
ceeds further out into the tank. 

It is possible, therefore, to have both 
laminar and turbulent regions in the 
mixing tank at the same time. This 
condition can probably occur in both 
Newtonian and non-Newtonian fluids, 
at least in the upper transition region. 
This fact, therefore, makes analysis of 
power input, flow, and mixing effi- 
ciency very difficult and would appear 
to indicate a considerable limitation to 
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Fig. 8. Bottom-view photograph; fluid: Karo 
Syrup, Reynolds number: 5.15, rotational speed: 
200 rey./min., impeller size: 2 in. 


correlations based on over-all average 
conditions such as the Reynolds num- 
ber. 


QUANTITATIVE RESULTS 


The particle streaks on photographs 
similar to Figures 2 to 16 were meas- 
ured to obtain quantitative data on 
fluid velocities as a function of position 
within the tank. These velocities were 
differentiated to obtain the local shear 
rates, and finally the local rates of 
power dissipation were obtained by 
multiplying the observed shear rates by 
the corresponding shear stress, as ob- 
tained from the viscometric data. Fluc- 
tuating point velocities may not be 
given accurately under highly turbu- 
lent conditions by the photographic 
technique used, but in this work any 
turbulence present was sluggish and 
accurate results were readily obtain- 
able. 

Figures 17 to 19 show the shear-rate 
distribution in the horizontal plane just 
below the center of the impeller. It 
may be seen from these curves that the 
shear rate was highest near the im- 
peller but that it fell off rather rapidly 
as one proceeded radially out into the 
body of the fluid. For both the New- 
tonian and the non-Newtonian fluid the 
shear rate appeared to be directly pro- 
portional to the rotational speed at all 
distances between the tip of the im- 
peller and the wall of the tank. This is 
one of the major results sought in the 
present study, as it constitutes the first 
direct confirmation of the relationship 
used to correlate power consumption in 
non-Newtonian systems (2). 

Comparison of the available data for 
two different impeller sizes with the 
same fluid show in the case of CMC 
that the shear rate at a given distance 
from the impeller is slightly greater for 
the larger impeller. Although the data 
for Karo Syrup were not as consistent, 
a comparison showed that the differ- 
ence in shear rate is even larger in this 
case (6). These results indicate that 
the earlier (2) assumption that the 
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Fig. 14. End-view photograph; fluid: 0.7% 

CMC solution, Reynolds number: 450, rota- 

tional speed: 300 rev./min., impeller size: 
6 in. 


average shear rates depend only on 
impeller speed may possibly break 
down under conditions of very large 
changes in impeller diameter. Since 
this effect of impeller diameter seems 
to be more important for Karo Syrup 
than CMC, other types of non-New- 
tonian fluids (that is dilatant fluids) 
may give even greater changes if this 
trend of increased differences with in- 
creases in the flow-behavior index con- 
tinues. Should this actually turn out 
to be the case the earlier assumption 
(2) that the shear rate is a function 
only of impeller speed would have to 
be modified to include effects of di- 
ameter and flow-behavior index. How- 
ever, the fact that the diameter effects 
appear to decrease with increasing 
pseudoplasticity (flow-behavior indexes 
approaching zero) indicates that ex- 
trapolations of the power correlation 
should be readily possible to larger di- 
ameters in highly pseudoplastic and 
Bingham plastic fluids. 

Shear-rate data taken in a vertical 
plane, by use of end-view photographs, 
were similar to the results shown in 
Figures 17 to 19. 

The second factor of interest (local 
rates of power dissipation) is shown in 
Figures 20 to 22 as a function of the 
actual radial distance from the tip of 
the impeller blade. On the same figures 
the horizontal dashed lines at each 
rotational speed give the value of the 
average rate of power dissipation. 
These were determined by dividing the 
volume of agitated fluid into the power 
input to the entire tank as measured 
with a dynamometer. At speeds up to 
about 150 rev./min. it is seen that the 
position at which the point, or local, 
power-dissipation rate drops to the 
level of the average power-consump- 
tion rate moves radially outward, espe- 
cially in the case of the CMC. This is 
a result of the very incomplete mixing 
at the lowest speeds, as noted in Fig- 
ures 2 and 3. Therefore, within this 
range, as the speed is increased the 
region in which the power-dissipation 
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rate is appreciable rapidly spreads out- 
ward from the immediate vicinity of 
the impeller. In other words, the mix- 
ing rates become more nearly equal in 
all parts of the tank as the completely 
unmixed region decreases in volume. 

Above about 150 rev./min. (Reyn- 
olds numbers of the order of 10 to 
100) one moves well into the transition 
region as defined by the power num- 
ber-Reynolds number plots. Figures 20 
to 22 show that in this region progres- 
sive increases in impeller speed tend 
to make the mixing process less uni- 
form again; a large fraction of the in- 
cremental increase in power input is 
dissipated in the immediate vicinity of 
the impeller. As a result the intersec- 
tion of the dashed and _ solid lines 
moves progressively closer to the im- 
peller. In this region one has excellent 
fluid turnover throughout the entire 
tank (Figures 11, 12, 15, 16), but the 
level of shear rates or local power- 
dissipation rates is still not high except 
in the immediate vicinity of the impel- 
ler. In fact, the level of turbulence is so 
markedly low everywhere except in the 
region of the impeller that in more re- 
cent work (8) a model which assumes 
very low turbulence everywhere except 
in the immediate vicinity of the im- 
peller has served to correlate mixing 
rates over a remarkably wide range of 
conditions. 

This condition of nonuniformity is 
greater in the CMC solutions. The de- 
crease in apparent viscosity around the 
impeller causes a much higher degree 
of shearing or turbulence in that region. 
Conversely, the rapid decrease in shear 
rates as one moves away from the 
impeller increases the viscosity of the 
fluid, which in turn dampens the veloc- 
ities and their fluctuations even more. 
As a result, pseudoplastic non-New- 
tonian fluids represent an extreme case 
of a nearly perfect mixing zone near 
the impeller combined with very little 
mixing in other parts of the system. 

Figures 23 to 25 show the velocity 
distributions within the vessel at the 


Fig. 15. Bottom-view photograph; fluid: 0.7% 

CMC solution, Reynolds number: 450, rota- 

tional speed: 300 rev./min., impeller size: 
6 in. 
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plane of the impeller. Comparison of 
Figures 23 and 24 shows a considera- 
ble difference between the velocity 
changes with increasing rotational 
speed for the two fluids. In the New- 
tonian fluid the velocity for every dis- 
tance parameter appeared to vary 
almost linearly with rotational speed, 
except for the tendency toward curva- 
ture at 400 rev./min. On the other 
hand, the data for the pseudoplastic 
CMC solution showed a very large 
amount of curvature with increasing 
speed for both the 4- and 6-in. impel- 
lers. It is also apparent that at every 
distance shown, flow velocities were 
higher for the agitated Karo Syrup 
solutions than for 1.2% CMC solutions. 
Although the agitated 1.2% CMC 
solutions have a lower apparent viscos- 
ity near the impeller where the shear 
rates are high, the data and qualitative 
observations indicate that the great 
bulk of the fluid in the tank away 
from the impeller has shear rates less 
than the 4 to 6 sec.“ where the flow 
curves of the two fluids cross. As a re- 
sult of this fact the pseudoplastic is 
effectively more viscous except near the 
impeller, and less circulation of fluid 
occurs at a given rotational speed. In 
the laminar region the differences in 
shear rate and fluid motion for CMC 
are very large. Therefore, the fluid near 
the impeller rotates much like a solid 
cylinder rotating in a bearing, with a 
lubricating layer of highly sheared, but 
otherwise nearly stagnant, fluid just out 
from the tip of the impeller. As the 
speed of the impeller was increased, 
the centrifugal forces acting on the 
fluid cause radial flow, and, as more of 
the fluid gains motion, the resulting 
local shear rates in CMC decrease the 
apparent viscosity in these regions of 
fluid movement. As a result of the de- 
crease in viscosity with increasing shear 
rate, the amount of fluid motion (and 
the velocity of this motion) increases 
at a rate which is greater than directly 
proportional to the rotational speed. 
The convergence of the velocity data 


Fig. 16. Bottom-view photograph; fluid: 0.7% 
CMC solution, Reynolds number: 310, rota- 


tional speed: 400 rev./min., 


4 in. 


impeller size: 
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for the two fluids indicates that for 
higher rotational speeds (about 500 to 
600 rev./min.) at least some of the 
local velocities for the 1.2% CMC 
solution will exceed those of Karo 
Syrup. Owing to the greater amount of 
fluid movement using the 6-in impeller 
(Figure 25) there is an even greater 
rate of curvature in this case. 

A brief investigation was also made 
of the variations in velocity with re- 
spect to the angular position of the 
blades of the impeller (6). Except at 
radii close to the radius of the tips of 
the blades, these differences were not 
found to be large, however, and no 
further detailed study was undertaken. 


CONCLUSIONS 


1. In both Newtonian and _ non- 
Newtonian systems the fluid shear rates 
were found to be directly proportional 
to the rotational speed of the impeller 
under all conditions studied. This fact 
is of primary importance in supporting 
the basis for correlation of agitation 
power requirements in non-Newtonian 
systems. 

The only indication of conditions 
under which the above direct propor- 
tionality might be affected by other 
variables was obtained by varying the 
impeller diameter. As a result, it ap- 
pears at least possible that the earlier 
correlation of power requirements (2) 
should not be extrapolated to impellers 
which are greatly larger than those 
studied, except for very highly pseudo- 
plastic fluids. 
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Fig. 18. Shear-rate distribution in 1.2% CMC 
solution, 4-in. impeller. Other conditions and 
symbols as in Figure 17. 


2. High rates of shearing and power 
dissipation occur close to the impeller. 
Within the laminar region the large 
differences between the rates of power 
dissipation close to the impeller and 
elsewhere in the tank decrease with in- 
creasing impeller speed, since such 
speed increases serve to bring some 
slight mixing to other parts of the tank. 
At higher speeds (within the transition 
region) the reverse, however, appears 
to be true: any incremental increases in 
power input are to a large extent con- 
sumed in the immediate region of the 
impeller. Under conditions of good 
mixing a simplified model of the over- 
all process would appear to be that in 
which one assumes essentially all the 
highly turbulent mixing to be confined 
to the region of the impeller, with fluid 
motion elsewhere in the tank serving 
primarily to bring fresh fluid into this 
region. 

3. Under laminar-flow conditions 
relatively little agitation takes place 
within the mixing tank. The flow is 
generally circular in motion and con- 
fined to the region near the impeller. 

4. In the first half of the transition 
range the radial velocity component in- 
creases with rotational speed (and 
Reynolds number) quite rapidly. In 
this region over-all circulation of fluid 
and subsequent mixing begin within 
the tank. The mixing is carried out by 
the transport and blending of fluid and 
not as yet by any noticeable turbu- 
lence. 

5. As the rotational speed ap- 
proaches the middle of the transition 
region (Nx. ~ 100) some turbulence 
becomes visible on the photographs. 
This condition begins near or between 
the blades of the impeller. 

Local turbulence, particularly in 
pseudoplastics, is rapidly dampened 
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out in a short distance. The decrease 
in viscosity near the impeller where the 
shear rates are highest advances the 
formation of turbulence in this region 
in pseudoplastic fluids. 

6. In the horizontal plane of the 
impeller, velocities increase only slightly 
more rapidly than linearly with rota- 
tional speed in the Newtonian fluids. 
However in the pseudoplastic fluid the 
velocities increase more nearly expo- 
nentially with increases in impeller 
speed as a result of the reduction of the 
apparent viscosity of the fluid with in- 
creasing shear rate. Under conditions 
of high shear rate and_ turbulence, 
pseudoplastics may undergo greater 
over-all flow with less total power im- 
put than for Newtonian fluids having 
similar apparent viscosities at lower 
shear rates. At lower rotational speed 
and lower shear rates the opposite con- 
ditions may exist. 

These conclusions are all based on a 
study under a limited range of condi- 
tions. One tank, 11.3 in. in diameter, 
was employed. Dimensionally similar 
flat-blade turbines ranging from 2 to 6 
in. in diameter were used. Rotational 
speeds of from 60 to 600 rev./min. 
were studied providing a Reynolds- 
number variation of from 2.1 to 450, 
which covered the laminar region and 
most of the transition region. The con- 
clusions are, therefore, most valid for 
this range of conditions. 
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Legend: 

© 60 rev./min. 

100 rev./min. 

150 rev./min. 

A. 200 rev./min. 

Y 300 rev./min. 

+ 400 rev./min. 

NOTATION 

du/dr = fluid shear rate, sec.* 

D = impeller diameter, ft. 

N = rotational speed of impeller, 
rev./sec. 

Nz. = Reynolds number, dimension- 
less, defined as D’Np/p for 
Newtonian fluids and D*Np/ 
va for others; apparent vis- 
cosity pw. is evaluated at a 
shear rate du/dr equal to 
13N (2) 

= viscosity, Ib.-mass/sec.ft. 

p = fluid density, Ib.-mass/cu.ft. 
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Density Fluctuations in Fluidized Beds 


P. K. BAUMGARTEN and R. L. PIGFORD 


The effectiveness of fluidized beds is limited by the presence of density fluctuations such 
as those caused by gas bubbles. The size and frequency of such bubbles were measured in air- 
fluidized beds of glass beads and silica-alumina catalyst with a gamma-ray absorption technique 


used. 


The results showed that the gas bubbles developed owing to an influx of gas from the con- 
tinuous dense phase. With increasing elevation in the bed the volumetric rate of bubble flow 
approached as a limit the total air flow minus the flow through the dense phase corresponding 
to minimum fluidization. The growth rate of bubble diameter was as much as 0.17 in./in. of 
elevation. Fluidization was most uniform with the cracking catalyst, for which the apparent 
density of the dense phase decreased with increasing gas velocity. 


Gas-fluidized beds of fine particles are 
characterized by the presence of density 
fluctuations. Gas bubbles or pockets 
appear and result in an effective by- 
passing of the bed. The gas bubbles 
form spontaneously and grow in size 
as they rise through the bed. This action 
is evident to the eye and is an important 
factor in the performance of the bed in 
terms of mass transfer, heat transfer, or 
chemical reaction accomplished. 

For instance measuring gas composi- 
tion in a commercial cracking catalyst 
regenerator, Askins et al. (1) noted 
incomplete utilization of the regenerat- 
ing air because a large fraction of the 
gas flow took place in bubble form. 
Wamsley Johanson (18) concluded that 
the nonuniformity impaired gas-solid 
heat transfer. Excessive pressure drop 
and fluctuations in pressure drop have 
also been attributed to the density fluc- 
tuations (16, 15). 

Direct measurement of density fluc- 
tuations have been carried out in two 
cases. Morse and Ballou (12) measured 
local density variations with a capaci- 
tance probe, and Grohse (5) measured 
line-average densities by X-ray absorp- 
tion. In both investigations it was ob- 
served that the density fluctuations be- 
came more pronounced with increasing 
gas velocity and at greater heights in 
the bed. Data obtained by Morse and 
Ballou also indicated that good initial 
gas distribution and increased bed 
height improved bed uniformity at 
lower levels. Conclusions regarding by- 
passing were chiefly qualitative, as no 
attempt was made in either study to 
determine gas bubble sizes or volu- 
metric bubble flow rates. 

Because of the recognized importance 
of this information to any attempts to 
compare efficiencies of fixed and fluid 
bed reactions, the chief objective of the 
present investigation was to measure the 
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size and frequency of the gas bubbles 
appearing in fluidized beds and to com- 
pute the extent of gas bypassing from 
the data. It was also planned to investi- 
gate the relationships between appear- 
ance of bubbles, density gradients, and 
pressure drop through the bed. As 
suggested by different authors (9, 16) 
the fluidized bed consists of two phases: 
the continuous or dense phase composed 
of a more or less uniform mixture of 
solid particles and interstitial gas, and 
the discontinuous or bubble phase con- 
sisting of gas bubbles that are essentially 
free of solids. One aim of the present 
study was to determine the density of 
the dense phase and to study its rela- 
tionship to the uniformity of density of 
the whole bed. 

The experimental approach to the 
problem consisted of measuring con- 
tinuously the fluctuating absorption of 
a horizontal gamma-ray beam that was 
directed through the bed from an ex- 
ternal source. As the extent of absorp- 
tion varied with the concentration of 
solid material in the path of the beam in 
accordance with the Lambert-Beer law, 
a detector placed opposite the source on 
the other side of the bed gave a con- 
tinuous record of the fluctuating density 
within the bed. The similar technique 
employed by Grohse (5) was published 
after the present investigation had be- 
gun, but the published information (5) 
did not permit a detailed interpretation 
to be made of the magnitude of the 
fluctuations themselves. 

This study was concentrated on the 
fluidization of spherical glass beads and 
silica-alumina cracking catalyst with 
air under atmospheric pressure used. In- 
dependent variables investigated in- 
cluded gas superficial velocity, particle 
size and size distribution, and bed 
height. Density measurements were 
made at different elevations in the bed, 
at different displacements from the 
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center line of the bed, and along two 
horizontal paths of different length. 


EXPERIMENTAL 


Apparatus 

The fluidization and gamma-ray ap- 
paratus is shown diagrammatically in Fig- 
ure 1, and the fluidization column is shown 
with the gamma-ray source and detector 
in Figure. 2. Figure 3 shows the arrange- 
ment used for calibration. Fluidization was 
carried out in a 3- X 6-in. rectangular col- 
umn of transparent acrylic resin. Filtered 
and dried air entered the column through 
a packed section and a 3/32 in. thick sin- 
tered bronze distributor plate (pressure 
drop 0.8 in. of water at 2 ft./sec. superfi- 
cial air velocity). Entrained solids were 
separated in a disengaging zone of large 
cross section situated above tthe column. 
Pressure taps equipped with filters were 
located just below the distributor plate and 
at different levels above it. Pressures were 
read on water U-tube manometers damped 
by constricting the base of the U. The 
gamma-ray apparatus consisted of the 
source and source holder, a collimator to 
form the gamma-ray beam, one or more 
attenuators to reduce beam intensity, and 
instruments to detect the transmitted radia- 
tion, record its mean intensity, and meas- 
ure the size of its fluctuations. 

Preliminary experiments with a 100-mil- 
licurie source of cerium 144-praseodym- 
ium 144 demonstrated the importance of 
providing a gamma-ray beam of the right 
intensity and penetration for a given bed 
of solids. Best results were obtained when 
the fraction of incident radiation trans- 
mitted by the bed was between 0.05 and 
0.50. The final absorption measurements 
were carried out with a 200-mg. source of 
thulium 170. This source (17) provided 
a high intensity gamma-ray beam of rela- 
tively low penetrating — required to 
minimize the effect of source noise re- 
sulting from the random nature of radio- 
active decay (13). Ordinarily source noise 
can be reduced by lengthening the period 
of observation, but in this case the need 
to observe frequent density fluctuations 
made this impossible. Reduction of source 
noise permitted detection of air bubbles 
having a diameter as small as 0.35 in. in 
the case of the glass beads or about 0.7 
in. in the case of the cracking catalyst, as 
calculated from statically determined noise 
levels and absorption coefficients. The 
difference in the two cases was due to the 
larger absorption coefficient of the glass 
beads. 

The shielded source holder could be 
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Fig. 1. Schematic diagram of apparatus. 


freely positioned to irradiate different 
portions of the fluidized bed. By proper 
placement of the source the fine gamma- 
ray beam, a 3.2 deg. cone, was made to 
have the same average diameter of 0.44 
in. within the fluidized bed for both the 
3- and 6-in. paths. 

Instruments for detecting tthe trans- 
mitted radiation and for indicating and 
recording the resulting signal were chosen 
for their rapid response to changes in the 
level of the transmitted radiation. This 
radiation, usually in the range of 10,000 
to 60,000 counts/sec., was sensed by a 
scintillation detector and converted to 
electrical pulses. A pulse-rate meter em- 
ploying an especially designed circuit 
emitted a voltage that depended on the 
pulse rate. The rate-meter output was 
passed on to a direct-writing oscillograph 
for continuously recording the bed’s ap- 
parent density. A thermomilliammeter was 
also provided to measure the root-mean- 
square voltage of the rate-meter output. 
Calibration in terms of bed density per- 
mitted conversion of the thermomilliam- 
meter reading to the standard deviation 
of the densiy fluctuations. To minimize 
detection of scattered radiation the scintil- 
lation detector intercepted the major 
portion of the gamma-ray beam and was 
positioned at a sufficient distance from the 
fluidization column. The rate meter gave 
approximately logarithmic response so that 
its output was an approximately linear 
function of fluidized-bed density. 

The instruments were periodically cali- 
brated with different thicknesses of the 
powdered material under study used. As 
shown in Figure 3 the material used for 
calibration was contained in U-shaped 
brass cells, the front and back of which 
consisted of tightly stretched paper, giving 
negligible absorption. Calibration compen- 
sated for a number of factors difficult to 
assess oherwise, such as source decay, 
unequal absorption of different portions 
of the gamma-ray spectrum, scattered radi- 
ation, and rate-meter coincidence loss. 


Materials 


Table 1 lists the physical properties of 
the materials used: commercial spent 
silica-alumina cracking catalyst and four 
grades of spherical glass beads. Three 
grades of the glass beads were relatively 
narrow size fractions. The fourth grade 
was a blend prepared by mixing the largest 
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and smallest size narrow fractions in pro- 
portion, so that the mean particle diameter 
would be the same as for the intermediate 
size narrow fraction. The mean particle 
diameters given are the volume-surface 
means (7). The particle density was de- 
termined by displacement in methy] alcohol 
and represents the skeletal density. The 
settled bed density was the density of the 
bed that had settled from a_ vigorously 
fluidized state after the flow of air was 
suddenly stopped and no external means 
were used to compact the bed. The mini- 
mum fluidizing velocity was determined as 
described later. Under the microscope the 
glass beads appeared almost spherical, 
while the cracking catalyst particles were 
rounded and oblong in shape like pebbles. 


Procedure 


The column was charged with the pow- 
der, and pressure drop and the depth of 
the bed were observed with both increasing 
and decreasing gas velocity from below the 
minimum fluidizing velocity to about 
2 ft./sec., the highest air velocity employed. 
The source and detector were then put in 
position. Instantaneous and _ time-average 
oscillographs, with integrator time con- 
stants of 0.015 and 5.25 sec. used, respec- 
tively, were obtained. The thermomilliam- 
meter reading was obtained, usually an 
average of ten random readings to even 
out the meter fluctuations. The calibra- 
tion curve for the powder and the par- 
ticular attenuation was secured either 
before or after the fluidization runs. The 
absorption by the settled bed was also 
determined. 


ANALYSIS OF GAMMA-RAY DATA 


The original oscillograms and thermo- 
milliammeter readings required suitable 
interpretation to obtain values for 
bubble size, bubble frequency, and 
bubble velocity. Figure 4 shows typical 
strip-chart oscillograms. The two instan- 
taneous oscillograms taken at different 
speeds, both with an integrator time 
constant of 0.015 sec., indicate the time 
dependence of line-average density of 


the fluidized bed along the path of the 


gamma-ray beam. The trace obtained 
with the long-time constant of 5.25 sec. 
gives the time-average density. In the 
instantaneous oscillograms the small 
fluctuations near the top of the trace 
represent the background noise at an 
average level equivalent to the den- 
sity of the dense phase. The large pulses 
extending below the dense-phase den- 
sity result from the passage of bubbles 
through the gamma-ray beam. The 
distance of the peaks below the dense- 
phase density corresponds to the maxi- 
mum thickness of the bubble as sensed 
by the gamma-ray detector. 

Also indicated on the charts are the 
calibration of the oscillograms in terms 
of the specific gravity of the bed relative 
to the settled bed and the number of 
trace pulses counted as bubbles. The 
standard deviation of the instantaneous 
oscillogram, including the source noise, 
is given by the thermomilliammeter 
reading o,». Fluctuations in the oscillo- 
grams of the same order of magnitude 
as the source noise were omitted in the 
bubble count, with statistical criteria 
used as a guide. Specifically oscillogram 
fluctuations extending less than three 
times the standard deviation of the 
noise below the dense-phase density 
were excluded. Also, adjoining bubble 
traces were counted separately only if 
they extended more than 3\/2ey be- 
yond the trough between them. 

The treatment of the experimental 
data consisted of calculation of a mean 
apparent bubble thickness from the 
thermomilliammeter reading and_ the 
mean bed density, conversion of this 
quantity to the mean bubble diameter, 
correction of observed bubble frequency 
to include bubbles outside the gamma- 
ray beam, and calculation of superficial 
and true bubble velocities. The first 
step could also have been accomplished 
by measuring individual bubble sizes on 
the strip charts, but this method proved 


TABLE 1, PHystcAL PPOPERTIES OF MATERIALS 


Mean 

particle 
diameter, _Particle-size Ps; toms 

range, g./cc. g./cc. és ft./sec. 
Glass beads, narrow fractions 

74 38-124* 2.44 1.40 0.427 0.429 0.024 
119 61-175* 2.45 1.42 0.421 0.426 0.054 
234 147-495* 2.60 1.56 0.400 0.404 0.17 
Blend of glass beads 

(45.1 wt.% of Dp = 74u and 54.9 wt.% of Dp, = 234.n) 

116 38-495* 2.52°° 1.60 0.365 0.379 0.035 
Silica-alumina cracking catalyst 

41 0-120+ 0.813 0.628 0.628 0.024 


* Determined by screen analysis. 


°® Calculated from the properties of the two components. 


+ Determined by Roller analysis. 
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Fig. 2. Source and detector with fluidized 
bed. 


too time consuming for all but a few 
cases and the alternate statistical method 
described below was devised. 


Mean Apparent Bubble Thickness 

The calculation of the mean apparent 
bubble thickness will be illustrated by 
the idealized oscillogram depicted in 
Figure 5. a(x, @) is defined as the con- 
centration of dense phase or fraction of 
fluidized bed occupied by the dense 
phase at any point within the fluidized 
bed. According to its definition a can be 
either zero if x lies inside a bubble or 
one if x lies in the dense phase. Then 
along the beam the line-average concen- 
tration of dense phase at any time is 


1 xX 
a(@) -<J a(x,@)dx (1) 


As a is a function of time, the time- 


INSTANTANEOUS OSCILLOGRAMS 
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Fig. 4. Typical strip-chart oscillograms; glass beads, Dp = 119 yu; 


6-in. path, u = 


average of the line-average concentra- 
tion of dense phase is given by 


<a> = J, a(@)d@ (2) 


and the variance of the line-average 
concentration by 


tT: l 
f ( a— <a>)*d0 


= Li | -~3 8 
T a — <a> ( ) 


The value of <a> was obtained from 
the oscillograms by the equation 


2 
Pr 
4 
(4) 


<a> = 


Fig. 3. Source and detector during calibration. 
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0.20 ft./sec.; 15-in. settled-bed height, 8-in. level. 


The value of oz * was obtained from 
the thermomilliammeter reading o,, in 
terms of settled-bed density by allowing 
for the density of the dense phase, by 
the use of 


Pp 


Subtraction of the variance of the source 
noise ox corrected for the small in- 
crease in the observed variance caused 
by random emission. In the few cases 
where oy? was a substantial fraction of 
om, the mean apparent bubble thick- 
ness was determined from the strip 
charts. 

The mean apparent bubble thickness 
was calculated from <a> and o;* by 
assuming that the passage of individual 
bubbles through the beam could be 
represented by separate rectangular de- 
flections on the oscillogram, all of which 
were uniform in size. As shown by Fig- 
ure 5 each bubble trace was assumed to 
have duration § and height x,/X, so that 
the value of a(@) during the passage of 
the bubble was (X — x,)/X. In the ab- 
sence of bubbles from the beam the ra- 
diation intensity reverted to that cor- 
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T 


Fig. 5. Idealized strip-chart oscillogram. 
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responding to the dense-phase density, 
with g@ = 1. Bubble traces occurred at 
random intervals, with a frequency fy. 

Equations (2) and (8) for <a> and 


o,° were applied to the idealized oscillo- 
grams to yield expressions in terms of 
fr, 8, and x». The results were combined 
and solved for x, and 


<a> = pin {[ 


for the dense phase 


WwW 
z 
> 
= 
« 
ire 
r=) 
a 
a 
2 


2.5 


20 


= Lim — - 


+| 


— fr 8(x»/X) 


— <a>’ 


= (2) 


—X, 


a’ dé for bubbles 


[1-(T —Tf.3)] 


|} 


T—Tf,8 
( fo3)] 


| 
J 


(6) 


for the dense phase | 


(7) 


Solving Equations (6) and (7) si- 
multaneously one gets 


8 
and 
(x»/X) fr 


Since all bubble traces were assumed to 
be of the same size, x, = Xp. 

In spite of the drastic assumptions 
employed in this derivation values of 
x», calculated by Equation (8) with the 
use of oz” from the thermomilliammeter 
were found to agree substantially with 
means of values obtained from the strip 
charts by measuring individual pen 
deflections beyond the background 
noise. The remarkable agreement is seen 
in Figure 6, where values of 


* 

X [ 1—<a>+ 

1— <a> 
are plotted against strip-chart values of 
x, for eleven different runs. No improve- 
ment in these results was obtained b 
modifying Equations (6) and (7) to 
allow for the varying shapes of the bub- 
ble traces. x, was therefore calculated 
by Equation (8) in most cases. 

It might be thought that the diameter 
of the gamma-ray beam had an effect 
on the value of mean bubble thickness. 
It was found experimentally however 
that reducing the diameter of the beam 
by one half had no appreciable effect 
on the values of x, obtained. 


Bubble Diameter 


When a bubble passed through the 
gamma-ray beam, transmission of 
gamma radiation was largest at the in- 
stant the bubble center was at the same 
horizontal level as the beam’s axis. At 


os 


05 


10 
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Fig. 6. Comparison of bubble thicknesses from variance and 
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oscillogram. 
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this instant however the bubble center 
may have been some horizontal distance 
y away from the beam axis. On the as- 
sumption that the bubbles were spheres 
and that all values of y within the 
bounds set by the column walls were 
equally probable, the bubble’s diameter 
was obtained from the mean apparent 
bubble thickness as follows: 


dy 


2 fpr? \/(Do/2)* — dy 
D,/2 
= —D, 10 
(10) 
Hence 
D, = — (11) 


This relationship was used except in the 
few cases where Equation (11) indi- 
cated a value of D, larger than the 
width of the bed; then the bed dimen- 
sion itself was used as D,. 


Bubble Frequency 

To obtain the value of the bubble 
frequency for the entire bed cross sec- 
tion it was necessary in some cases to 
apply a correction factor to the bubble 
frequency read from the oscillograms. 
The correction factor allowed for the 


fact that not all bubbles passed through 
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the gamma-ray beam. It was assumed 
that the gamma-ray instruments probed 
a bed width equal to the sum of the 
beam diameter and twice the average 
bubble diameter in the direction across 
the gamma-ray beam. For the 6-in. path 
the corrected frequency was 
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Fig. 8. Horizontal bubble-frequency profiles; 
glass beads, D, = 74 u, 15-in. bed. 
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Fig. 9. Horizontal density profiles; glass beads, 
D, = 74 uw, 15-in. bed. 


3 
2 (Dz) s-in. + D, 
Here (Dz)s-i». is the average bubble 
diameter measured along the 3-in. path, 


and (f,)ein. is the observed bubble 
frequency measured along the 6-in. 


fv’ = (fo) etn. (12) 
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path and read on the strip-chart oscil- 
logram. As a rule the bubble frequency 
for the 6-in. path was employed for the 
calculation of f,’ because the factor cor- 
recting f, was usually smaller for the 
6-in. path than for the 3-in. path and 
could often be omitted. 


Bubble Velocity 


The volumetric flow of the gas in the 
form of bubbles equals the product of 
the mean bubble volume and the fre- 
quency of bubbles at the given bed 
level. It was assumed that the average 
bubble volume was the same as that of 
an ellipsoid having horizontal axes equal 
to the experimentally observed bubble 
diameters along the 3- and 6-in. paths 
and having a vertical axis equal to the 
geometric mean of the two diameters. 
This assumption could be made for 
superficial gas velocities of 0.7 ft./sec. 
or less, since in these cases the visually 
observed bubbles were about the same 
size horizontally and vertically. The 
superficial bubble velocity was obtained 
by dividing the volumetric bubble flow 
by the column cross section giving 


1 
Upo = a. “fr (13 
u 6 (Do) s-in."* (Do) (13) 


Values of uz. were not calculated for 
gas velocities greater than 0.7 ft./sec., 
since there was no way of estimating the 
vertical elongation of the bubbles. Since 
the source noise associated with the 
gamma-ray measurements set a lower 
limit to the size of the bubbles detected, 
Equation (13) and all other equations 
involving Uz. should be understood to 
include only bubbles larger than the 
minimum size detectable. 

If <a> is close to the average frac- 
tion of the bed occupied by the dense 
phase at any given level, the true bub- 
ble velocity is 


Uzo 
uy = 14 
(14) 
The superficial velocity of the gas 
through the dense phase was obtained 
by 
Upo = Uy — Uno 


(15) 


Combining Equations (14) and (15) 
one obtains 


Upo = Uy — (1— <a>) (16) 


This equation shows that if <a> is the 
same at all heights above the distrib- 
utor, then the portion of gas passing 
through the dense phase will decrease 
with increasing true bubble velocity. 
Reproducibility 

The precision of the results was de- 
termined by making frequent duplicate 
determinations. The standard deviations 
of error for single determinations were 
0.018 for p,*, 0.24 in. for D,, and 0.29 
sec." for f,. Representative standard 
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deviations for u;. and u, were from 30 
to 50%, as calculated with well-known 
principles of the propagation of inde- 
pendent errors (14) used. Most of the 
data presented herein have about half 
this variability because of the duplicate 
determinations. 

The reproducibility obtained was 
good, considering that conditions in the 
fluidized bed changed constantly owing 
to the nature of the bed itself. Measure- 
ments over much longer time periods 
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Fig. 10. Horizontal dimensions of bubbles; 
blend of glass beads. 


20 


| 


HEIGHT ABOVE DISTRIBUTOR, Z, IN. 


GLASS BEADS, 0 = 74 


y | OBO SETTLED BED HEIGHT 14.85 IN. 
/ | SETTLED BED HEIGHT $7.25 IN. 
| 
° 02 os 06 or 


SUPERFICIAL BUBBLE VELOCITY , u, FT/SEC. 
° 


Fig. 11. Bubble flow rate as function of height 
above distributor. 


would have been necessary to improve 
reproducibility to any large extent. 


RESULTS AND DISCUSSION 


Bubble Size, Frequency, and Density 
Observed values of mean bubble 
diameter, bubble frequency, and _hori- 
zontal density are shown for a 15-in. 
bed of 74-» glass beads in Figures 7, 8, 
and 9, respectively. The estimated cross 
sections of an average bubble at differ- 
ent elevations in the bed are shown for 


Page 119 


nter 
ance 
as- 
eres 
the 
vere 
eter 
10) 
11) 
the 
indi- 
the 
en- 
| 
sec- 
bble | | 
ugh | | 
| 9 | 
| | 
12 + + + 
| 
| 
| | | 
| + | 
A | 


the blend of glass beads in Figure 10. 
Results are presented in detail else- 
where (3). 

The fast growth of the rising bubbles 
from the initially small size is apparent 
from Figures 7 and 10. Bubbles are 
seen to grow until they approach or 
even reach the walls of the column. 
Then as a result of wall effects they be- 
come elongated in the direction of the 
longer dimension of the rectangular 
column. Bubble size is very evidently 
affected by superficial air velocity in- 
creasing with increasing tp. 

Bubble frequencies measured at dif- 
ferent locations in the bed and along 
the 3- and 6-in. paths ranged from 0.3 
to 7.3/sec., as shown by Figure 8. 
When the bubbles were large, the bub- 
ble frequency was highest at center of 
the column. A large bubble cross sec- 
tion forced the bubbles away from the 
walls. Small bubbles were found some- 
what more frequently near the wall 
than along the axis, growth of large 
bubbles by coalescence apparently be- 
ing easier away from the walls. Bubble 
frequencies measured along the 6-in. 
path were usually greater than along 
the 3-in. path, as would be expected 
if about the same number of bubbles 
occurred in any given path length. In 
cases where bubbles were large, bubble 
frequencies for the 3- and 6-in. paths 
were about the same, indicating that 
only a single bubble could occur in 
the available bed cross section in a 
given time interval. 

The combined effects of bubble size 
and frequency resulted in nonuniform 
horizontal profiles of mean _ relative 
density, as shown by Figure 9. The 
mean density ranged from 55 to 99% of 
the settled bed density, depending on 
air velocity and location in the bed. As 
might be expected the density of the 
bed was found to be low where bubbles 
were frequent and large. Except when 
beds were very turbulent, the average 
bed density calculated from the ob- 
served height of the bed came within a 
few percentages of the densities deter- 
mined by gamma-ray absorption. In 
some cases where bubbles were large, 
the time-average density measured 
along the 6-in. path was less than along 
the 3-in. path. In those cases it must be 
presumed that the greater wall inter- 
ference along the 3-in. bed dimension 
prevented the bubbles from assuming 
random positions in that direction. 


Therefore the maximum bubble di- 
mension, and the lowest bed density, 
tended to concentrate along the center 
6-in. path. 

Data were also obtained for a shal- 
lower bed of 74-y glass beads, 7.5 in. 
tall. Results almost duplicated data for 
the 15-in. bed taken at the same bed 
level, as seen in Figure 7 for the case 
of average bubble diameter. Similar 
good agreement was also found for bub- 
ble frequency and bed density. These 
data indicate that the depth of the bed 
did not affect its uniformity at a given 
level. Uniformity therefore appears to 
be independent of the mass of fluidized 
material that may be present above the 
level in question. 

Although no direct observations were 
made of solids circulation patterns, the 
results on bubble size, frequency, and 
bed density give indications of what 
these patterns may have been. When 
bubbles were small and well distrib- 
uted over the cross section of the bed, 
the solid particles must have been 
pushed aside by the bubbles or possibly 
lifted a short distance until the bubble 
passed. When bubbles were large how- 
ever and rose in the center of the 
fluidized bed, the solid particles would 
have been raised by the bubbles in the 
center of the bed for a considerable dis- 
tance and then would have moved 
downward near the walls. Thus an in- 
crease in the air velocity would be ex- 
pected to change the circulation pattern 
of the dense phase from small, localized 
motion to increasingly larger patterns 


extending throughout the beds. 


Pressure Drop through the Bed and 
Vertical Density Profiles 


In the past, variation of the pressure 
drop through the fluidized bed and of 
the rate of bed expansion with increas- 
ing gas velocity has been used to char- 
acterize fluidization quality. Gamma-ray 
determination of line-average densities 
now permits closer examination of the 
meaning of such information. If the 
friction experienced by the gas as it 
flows through the interstices of the bed 
is just sufficient to support the weight 
of all the particles in the bed, the ver- 
tical pressure gradient will be propor- 
tional to the density of the bed, as in 
the case of a liquid. The relationship 
between pressure gradient and bed den- 
sity is then expressed by the hydrostatic 
equation 


TABLE 2. PREDICTION OF PRESSURE DROP 
Total pressure drop, in. Water, 15-in. bed of 74-u glass beads 


Superficial air velocity, ft./sec. 
Observed manometer reading 
Calculated from gamma-Ray measurements 
from density along 3-in. path, center 
from density along 3-in. path, off center 
from density along 6-in. path, center 
Calculated from weight of powder 
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0.05 0.2 0.7 2.0 
20.8 20.5 20.8 22.0 
21.1 20.2 17.6 17.1 
20.4 20.3 21.3 23.5 
20.6 19.2 17.5 19.2 
20.8 20.8 20.8 20.8 
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dp 
= - 17 
dZ g, Pr ( ) 
Integration gives 


be 
p= (18) 
for the pressure at a distance of Z, 
above the distributor plate. For Z, = 0, 
and in terms of water manometer read- 


ings, H, and bed density relative to | 


settled bed this equation becomes 
Ps 


pr* dZ 
Ww 


where ps/pw is the specific gravity of 
the settled bed relative to water, the 
gauge fluid. When one assumes a uni- 
form bed, the value of H also should be 
given by 


1 g ) 
H =— (20 
Pw ( S 


Table 2 shows a comparison of values 
of H obtained from manometer read- 
ings, calculated from vertical density 
profiles measured by gamma-ray ab- 
sorption with Equation, (19) used, and 
calculated from the weight of the pow- 
der with Equation (20) used. The 
value of L,; used in Equation (19) was 
the visually observed average height of 
the bed. 

It will be noted that agreement be- 
tween the pressure drops is good at the 
lowest air velocity but that it becomes 
increasingly poorer with increasing air 
velocity. Agreement among the gamma- 
ray data obtained along different paths 
also becomes poorer with increasing air 
velocity. It is thus seen that when the 
fluidized bed is not uniform, the analogy 
between fluidized bed behavior and hy- 


drostatic behavior of a liquid no longer 


H= 


(19) 
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Fig. 12. Bubble flow rate as function of height 
above distributor. 
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when large bubbles occupied the cen- 
ter of the column. 


Bubble Flow Rate 

The superficial bubble velocity was 
calculated from the gamma-ray data on 
bubble size and frequency with the cal- 
culation scheme as outlined earlier used. 
The value of uz. is in effect a measure 
of gas bypassing and is of real interest 
in the interpretation of gas-particle heat 
transfer and chemical reaction data ob- 
tained in fluidized beds. Figures 11 and 
12 give values of us. plotted against 
height above the distributor for two 
sizes of glass beads. Only total air ve- 
locities of 0.7 ft./sec. or less are in- 
cluded, because the calculation scheme 
does not apply if the bubbles are ap- 
preciably elongated in the vertical di- 
rection. The data show that the bubble 
flow rate in bubbles of detectable size 
increases almost linearly with increasing 
elevation in the bed. By detectable size 
is meant the bubble size that could be 
detected and identified by gamma-ray 
absorption. The minimum detectable 
bubble diameter was about 0.35 in. in 
the case of the glass beads. As indicated 
by the data the measured bubble flow 
rate has a value close to zero just above 
the distributor. As Z is increased, to 
approaches the quantity <a@> tom; 
indicated by the vertical straight lines. 
This quantity is the total gas flow minus 
the gas flow that would occur in the 
dense phase at the minimum fluidizing 
velocity, all based on the column cross 
section. When = — <a> 
the dense phase carries the quantity of 
gas corresponding to quiescent fluidiza- 
| tion, as suggested by Toomey and John- 
} stone (16). It will be noted from the 
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0.2 
/SEC. 


Fig. 14. Bubble flow rate—effect of air velocity. 


data however that this condition was 
reached only at an appreciable eleva- 
tion above the distributor and did not 
occur in the bottom of the fluidized 
bed. 

Although very small bubbles were 
not included in the measured value of 
Ux, the gas flow contained in them was 
probably quite small. Very many of 
these bubbles would have been neces- 
sary to carry the same quantity of gas 
as the large bubbles actually detected. 
The presence of such a large number 
would have had the effect of reducing 
the density of the dense phase. Such a 
reduction was not observed in the case 
of the glass beads. Hence the observed 
increase in bubble flow rate with in- 
creasing height above the distributor is 
believed to reflect at least qualitatively 
the actual situation. 

As a result of this reasoning the fol- 
lowing picture may be given of the 
formation of bubbles in fluidized beds. 
Just above the distributor the fluidized 
bed is a relatively uniform mixture of 
solid and gas. The gas velocity through 
the interstices of the bed is greater than 
the velocity needed to support the par- 
ticles. Thus there is an excess of gas 
flowing in the dense phase. As the 
dense phase becomes unstable, the 
supporting gas flows into local regions 
of accidentally low density in the solid 
structure and forms embryo bubbles es- 
sentially free of solids. The gas en- 
counters frictional resistance in flowing 
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out of the dense phase. Hence there is 
a finite time of bubble formation. Once 
the bubbles are formed, they grow by 
coalescence with neighboring or slower 
rising bubbles and by sweeping up 
additional gas from the dense phase. 
Finally some distance above the dis- 
tributor the gas flow through the dense 
phase becomes equal to tom;, the quan- 
tity which is just needed to support the 
particles. Beyond this point bubbles 
grow only by coalescence. 


The Minimum Fluidizing Velocity 

As noted above the minimum fluidiz- 
ing velocity is an important parameter 
needed for understanding fluidized-bed 
behavior. It marks the transition from 
a settled or quiescent bed, in which all 
of the gas flow takes place in the inter- 
stices between the particles, to a fully 
fluidized bed, in which the gas flow 
supports the weight of the solids and in 
which part of the gas flow may be in 
the form of bubbles. Although the tran- 
sition is not necessarily sharp, the fol- 
lowing relations may be assumed to 
hold for to = tom: 


<a> =| 
= 0 


Values of the minimum fluidizing ve- 
locity were determined by the method 
of Miller and Logwinuk (11). They are 
listed in Table 1. These values agreed 
well with the air velocity at which 
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bubbles were first observed to break 
through the surface of the bed. They 
also agreed with values of tom; obtained 
from the correlations of Baerg et al. 
(2), which were developed from heat 
transfer data. Values of the experimen- 
tal minimum fluidizing velocity were 
correlated within 10% by 


D,’ (p> Pr) 
144(1—e,’) 


= (22) 
Here e;’ is observed after decreasing the 
air velocity slowly from the fluidization 
range. The equation is a combination 
of the well-known equation of Carman- 
Kozeny (4), applicabe to randomly 
packed fixed beds, with the condition 
that the pressure difference equals bed 
weight per unit cross section. The con- 
stant 144 in Equation (22) is empirical 
and only slightly different from the 
value 180 commonly employed in the 
packed-bed correlation. The equation 
represented the minimum fluidizing ve- 
locity both for the spent cracking cata- 
lyst and for the glass beads. Since the 
catalyst had probably lost most of its 
porosity compared with fresh catalyst, 
the skeletal density (given as p, in 
Table 1) could be employed in Equa- 
tion (22) without introducing appre- 
ciable error. 


Effect of Air Velocity and of 
Particle Parameters 

The volume fraction of the fluidized 
bed occupied by bubbles is shown in 
Figure 13 as a function of the super- 
ficial air velocity minus the minimum 
fluidizing velocity. The upper line is a 


plot of the equation 
1 <a> 0.3 (to (23) 


and represents the points for the glass 


beads. Points for the cracking catalyst 
fall on a separate line. Values of <a> 
are those for the centered 6-in. path at 
the 8-in. level, which are believed to 
represent closely the average values of 
<a> over the whole bed. The plot in- 
dicates that the chief factor affecting 
the concentration of bubbles in the bed 
is the gas flow. Subtraction of the min- 
imum fluidizing velocity from the super- 
ficial gas velocity recognizes that bub- 
bles do not appear until the bed is a 
minimum fluidization. 

The superficial bubble velocity at the 
8-in. level is similarly plotted against 
Uy — Uom, in Figure 14 for total superfi- 
cial gas velocities up to 0.7 ft./sec. 
Separate lines are again obtained for 
the glass beads and the cracking cata- 
lyst, with the glass beads giving the 
greater bubble flows. Although corre- 
lation of the glass-bead data is rela- 
tively good, some scatter is evident, 
showing that correction of u, by sub- 
tracting Um; does not compensate com- 
pletely for different particle. size or 
particle-size range. Comparison of the 
points for the blend and narrow fraction 
of the same particle size indicates less 
gas bypassing for the blend at u.— 
Uom, ~ 0.16 ft./sec. but little or no dif- 
ference at ty) — ~ 0.66 ft./sec. 
Hence no clear-cut advantage is indi- 
cated for using a wide rather than a 
narrow size fraction to reduce gas by- 
passing. 

As shown by Figures 11 and 12 the 
bubble velocity reached the value 
Uy — <G@> Uomy at a sufficient elevation 
in the fluidized bed. For this reason the 
differences in uz. shown for different 
powders in Figure 14 are chiefly indi- 
cations of different rates of bubble 


growth. The rate of bubble growth 
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Fig. 15. Bubble velocity vs. bubble diameter. 
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is shown to be a function of particle 
size and other particle parameters; it 
is very noticeably smaller for the crack- 
ing catalyst than for the glass beads. 


Density of the Dense Phase 

In spite of the turbulent motions 
existing in a vigorously fluidized bed it 
was interesting to note that the density 
of the dense phase of the glass beads 
did not differ greatly from that of the 
settled bed. Table 3 presents the ob- 
served specific gravity of the dense 
phase for the different materials and 
different air velocities. For the glass 
beads the dense-phase density was al- 
ways within 2% of the settled-bed den- 
sity with the single exception of the 
blend of glass beads at u, = 0.08 ft./ 
sec., where the difference was still only 
8%. 

Widely different results were ob- 
tained for the silica-alumina cracking 
catalyst however. For this material the 
dense phase expanded to a density 
only 60% of the settled-bed density. 
Only part of this indicated expansion 
may have been a uniform expansion of 
the dense phase, the rest being due to 
the appearance of many small bubbles 
not detectable by gamma-ray absorp- 
tion. The minimum detectable bubble 
size for the cracking catalyst was about 
twice that for the glass beads. Hence 
an appreciable portion of the bubble 
flow through this material could have 
been in the form of small bubbles. ‘It is 
therefore possible that the actual vol- 
umetric bubble flow for the cracking 
catalyst was just as large as for the glass 
beads. The average bubble size how- 
ever was much smaller for the cracking 
catalyst. This would be advantageous 
from the standpoint of achieving good 
gas-solids contact, since gas interchange 
between bubbles and dense phase 
would occur more readily through the 
greater bubble surface. 

It is interesting to speculate whether 
a blend of glass beads could be pre- 
pared which would fluidize as uni- 
formly as the cracking catalyst, that is 
whose dense phase would undergo large 
expansion and whose measured bubble 
flow rate would be as small. The data 


TABLE 3. DENSE-PHASE DENsiTy RELATIVE 
TO SETTLED-BED DENSITY 


Superficial air velocity, uo, 


Material ft./sec. 
0.05 0.08 02 0.7 2.0 

Glass beads 
D, = 2344 — os — 1.00 1.00 
D,=119% — 0.98 0.99 1.00 1.00 
D,= 74u 0.98 — 1.00 1.00 0.99 
D, = 

(Blend) — 0.92 0.98 0.98 0.98 
Cracking catalyst 
D,= 4lu 083 — 0.84 0.77 0.60 


March, 1960 


on 
wi 
be 
Uo 
fe 
cr: 
de 
in 
pe 
to 
‘ ins 
| gli 
in 
de 
an 
pe 
| ar 
| to 
é | Li 
| th 
fu 
in 
| ki 
be 
St 
ar 
bu 
oN 
in 
St 
co 
1¢ 
da 
a 
lir 
th 
| it 
tw 
a! n¢ 
| st 
th 
su 
fli 
fh 
vi 
th 
) fu 
gi 
th 
vi 
) in 
it 
is 
| bi 
bl 
ca 
la 
de 
to 


rticle 
rs; it 
rack- 
eads. 


ytions 
ed it 
nsity 
beads 
f the 
e ob- 
dense 
and 
glass 
as al- 
den- 


al the 
ensity 
sity. 
insion 
ion of 
ue to 
ibbles 
ubble 
about 
Tence 
ubble 
have 
. Tt is 
1 vol- 
icking 
glass 
how- 
icking 
geous 
hange 
phase 
th the 


nether 
> pre- 
uni- 
hat is 
large 
ubble 
> data 


LATIVE 


Uo, 


2.0 


1.00 
1.00 
0.99 


0.98 


0.60 


1960 


on the blend of glass beads indicated no 
clear-cut improvement from using a 
wide particle-size range. Also the 
smaller glass beads gave results not ap- 
preciably different from the larger glass 
beads when correlated on the basis of 
— The only other important dif- 
ference between the glass beads and 
cracking catalyst is the 45% lower bulk 
density of the catalyst. If bulk density is 
indeed a major factor in fluidized bed 
performance, it would not be possible 
to reproduce the behavior of the crack- 
ing catalyst with some size blend of the 
glass beads. On the other hand sufficient 
information is not available to state 
definitely that the smaller particle size 
and smoother particle-size distribution 
would not be factors. (Differences in 
particle shape and surface roughness 
are not believed to be important fac- 
tors. ) 


Linear Bubble Velocity 


In the case of gas bubbles rising 
through liquids the velocity of rise is a 
function of the bubble diameter. It is 
interesting to prepare a plot of this 
kind for the rise of bubbles in fluidized 
beds in order to compare the two cases. 
Such a plot is given in Figure 15. Lines 
are drawn for the terminal velocity of 
bubble rise through liquids according to 
Newton’s law (motion governed by 
inertial forces only) and according to 
Stokes’ law (motion governed by vis- 
cous forces only) for liquid viscosities of 
10 and 100 poise (6). 

Although showing appreciable scatter 
data points for the fluidized bed fall in 
a region bounded by the Newton’s-Law 
line above and on the left and right by 
the two Stokes’-Law lines. If a single 
line were drawn to correlate the points, 
it would have a slope intermediate be- 
tween those of the Newton’s- and 
Stokes’-Law lines. It is interesting to 
note that Kramers’ data on the shear 
stress-shear rate relation in fluidized 
beds (8) indicated viscosity values of 
the order of 40 poise. The plot therefore 
suggests that the rise of bubbles in 
fluidized beds is affected both by vis- 
cous and inertial forces and that the 
fluidized bed acts as if it possessed a 
viscosity in the range of 10 to 100 poise 
opposing bubble motion. 

The plot also suggests the hypothesis 
that bubble velocity is an increasing 
function of bubble size. A bubble of a 
given size would therefore always have 
the same velocity regardless of its pre- 
vious history, and its velocity would 
increase as its size grew. If this is true, 
it can be reasoned that bubble growth 
is partly due to the interception of small 
bubbles by larger bubbles. Small bub- 
bles rising in the fluidized bed would be 
captured continually from below by 
larger bubbles rising faster than they 
do. The larger bubbles would continue 
to grow, so that near the top of a bed 
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the small bubbles would have prac- 
tically disappeared and only large bub- 
bles would be left. This conclusion 
agrees with visual observation of large 
fluidized beds. 


CONCLUSIONS 


The gamma-ray absorption results 
indicate that bubbles grow chiefly from 
an influx of gas from the dense-phase 
mixture or from continuous capture of 
tiny bubbles too small to be detected 
in these experiments. The gas velocity 
in the dense phase ultimately drops to 
a value close to the minimum fluidizing 
velocity. Columns of limited cross sec- 
tion limit the horizontal growth of bub- 
bles and may result in channeling. Good 
uniformity in cracking catalyst was 
characterized by a low rate of bubble 
growth and apparent expansion of the 
dense phase from the settled-bed den- 
sity. 
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NOTATION 


a = concentration of dense phase, 
fraction by volume, 0 

= line average of a, 0 

= time average of a, 0 

D = diameter, L 

D, = bubble diameter, mean of de- 
terminations along 3- and 
6-in. path, L 

fo = bubble frequency as seen by 

scintillation detector, T~ 

bubble frequency for the en- 

tire column cross section, T~* 

acceleration of gravity, LT~* 

conversion factor, MLT°F* 

pressure head, L 

intensity of radiation, counts 

per unit time 

height of bed, L 

pressure, FL~ 

cross section of column, L’* 

time interval, T 

linear velocity, LT~ 

weight of solids, F 

horizontal dimension parallel 

to gamma-ray beam, L 

= mean apparent bubble thick- 

ness, L 

XxX = length of gamma-ray path, L 

y = horizontal dimension perpen- 
dicular to gamma-ray beam, L 

7 = distance above distributor, L 


ss 


Greek Letters 


8 = duration of square bubble 
trace, T 

= void fraction, 0 

time coordinate, T 

viscosity, ML~“T~* 

p = density, ML“ 

p* = density relative to settled 


€ 
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bed, 0 
= standard deviation 
= variance 
shape factor, 0 


q 


ll 


Subscripts 

individual bubble 
bubble phase 

= dense phase 

fluidized bed 
supporting fluid 
measured 

minimum fluidization 
noise 

individual particle 
settled bed 

water 

superficial, taken over the en- 
tire bed cross section 
Y = gamma-ray beam 


I 


Dimensions of the variables are 
given in terms of M, mass; F, 
force; L, length; T, time; and 0, 
dimensionless. 
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Mechanics of Particle Bounce 


W. E. RANZ, G. R. TALANDIS, and BERNARD GUTTERMAN 


University of Minnesota, Mi lis, Mi ft 


Irregular particles bounce with randomly distributed angles of reflection. There is a certain 
probability that a particle striking at low angle will bounce at a high angle and be carried 
far out into the main fluid flow. Bounce phenomena were investigated with respect to bounce 
of a model particle, limitations on dust collection (back mixing), and energy loss during the 


flow of suspensions. 


Particles with irregular shapes and 
mass distributions no not necessarily 
reflect when they strike a surface but 
bounce at some angle with a proba- 
bility distribution about the average 
angle of reflection. During bounce, en- 
ergy interchange can occur between 
particle and surface (inelastic bounce) 
and between the translational and ro- 
tational energies of the particle. The 
process is complicated further when the 
surface struck is itself irregular in 
shape and when friction occurs be- 
tween particle and surface at the in- 
stant of impact. 

There are practical consequences of 
irregular bounce. In dust collectors a 
particle hitting at a high angle of 
incidence has a certain probability of 
bouncing at a lower angle of reflection 
and at a higher lateral velocity. In this 
case irregular bounce limits efficiency 
by causing back mixing. During pneu- 
matic conveying, irregular bounce 
keeps large particles suspended and 
moving. Here the lateral velocity of a 
high bounce represents kinetic energy 
lost because the particle must be reac- 
celerated axially, and the high bounce 
itself contributes to a general lagging 
of the particle behind the gas flow. 

It is the purpose of this paper to 
discuss simply the mechanics of parti- 
cle bounce and to show the importance 


Bernard Gutterman is with the Pennsylvania 
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Fig. 1. Graphical representation of bouncing 

stick: 6 = angle of incidence, 6’ = angle of 

reflection, ¢ = angle stick makes with sur- 
face at moment of impact. 
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of bounce phenomena in certain appli- 
cations. 


BOUNCING STICK 


To establish the nature of the theory 
of irregular bounce and show in a sim- 
ple mathematical way, the interchange 
of kinetic and rotational energies, and 
the probability of various angles of 
bounce, a simple theoretical model was 
devised. This model involves the initial 
bounce of a uniformly weighted line 
segment or stick. It is assumed that 
collision is between smooth, rigid sur- 
faces and that the motion is two- 
dimensional with rotation in the third 
dimension. Figure 1 is a_ graphical 
representation of this bouncing. stick. 
The angle made by the incident path 
of the center of mass with a normal to 
the surface is defined as the angle of 
incidence; the angle made by the re- 
flected path of the center of mass with 
a normal to the surface is defined as 
the angle of reflection. 

At the moment of impact the linear 
momentum imparted to the stick is 

m(C’—C) = (x+y)J (1) 
When there is no friction, that is, the 
impulsive change of momentum is up- 


ward, the linear momentum imparted 
in the y direction is 


m(C’, — C,) = J (2) 
and in the x direction 
m(C’, —C,) =0 (3) 


an indication that there is no change in 
the velocity tangential to the surface. 

For rotation about the z axis the 
angular momentum is = I..0:, 


and at the moment of impact the angu- 
lar momentum imparted to the stick is 


I(w’ —w) = J Leosd (4) 
Since an “elastic” collision between 


smooth, rigid surfaces is assumed, 
energy is conserved, and 


E = (1/2)mC* + (1/2)oT-o 
= (1/2)m(C*, + + (1/2) 
= EF’ = (1/2)m(C*, + C”,) 
+ (1/2)Io” (5) 
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Solving for J from Equations (2) 
through (5), one gets 


J = — 2mC,(1 + (@L£/C,)cosd) / 
(1 + mL°cos*$/1) (6) 


Equations (2) and (6) give C’, in 
terms of C, and w. Equations (4) and 
(6) give o’ in terms of C, and a. 


Of particular interest are the rela- 
tionships between @ and @’, between 
initial and final vertical velocities, and 
between initial and final kinetic ener- 
gies. A general relationship indicating 
all these changes can be written as 


2(1+ (oL/C,)cos¢d) (7) 
= 1+ 3cos¢ 


Figure 2 shows a plot of these ratios as 
a function of stick orientation at the 
moment of impact. Equation (7) ex- 
presses only the result of a first collision 
and shows the change in the trajectory 
angle and velocity of the center of 
mass. Curves in Figure 2 are drawn for 
w£/C,=0, a nonrotating stick, and 
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Fig. 2. Result of single collision of bouncing 
stick. 
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wL/C, = — 10; the latter case is one 


cot 


180 deg. 


C’, for o£/C, = — 10 is given by 


180 deg. 


cosé 


where the velocity tangential to the 
surface is perhaps ten times that of the 
vertical velocity toward the surface, 
and a peripheral velocity equal to this 
velocity has been imparted by previous 
bounces. 

Positive values of cot6’/cot@ indicate 
that the center of mass of the stick, 
after the initial impact, continues to 
move downward toward the surface. 
Such motion would always lead to a 
second impact before rebound. When 
cot#’/cot@ is negative, the center of 
mass moves upward after impact. 
When coté’/cot@ is less than —1, the 
stick “hops” and rebounds at a higher 
angle and at a higher vertical velocity 
than the angle and velocity with which 
it hit. If the stick hits end down (¢ = 
90 deg.), coté’/cot@ = —1, and the 
stick reflects perfectly without any 
change in kinetic or rotational energy. 
When the absolute value of cot@’/coté 
= C’,/C, is less than unity, and since 
C’.=C., kinetic energy is interchanged 
for rotational energy at the moment of 
impact. When the absolute value is 
greater than unity, the energy inter- 
change is reversed. 

If the absolute value of w£/C, is 
greater than one, the rotation is great 
enough to cause the tip of the stick to 
move vertically faster than the center 
of the mass. This will decrease the pos- 
sible orientation angles (¢) from 180 
deg. to some smaller number. Mathe- 
matically this restricts J to be negative 
as calculated by Equation (6). Thus 
the following must be true: 


of 

cos > 

For the example mentioned w£/C, = 
— 10; ¢. = 84 deg. 16 min. This is to 
say that no bounces occur with ¢ < 84 
deg. 16 min. when w£/C, = — 10. 
Here » is clockwise, negative; C, is 
downward, positive. From Figure 2 it 
can be seen that 97% of the sticks will 
bounce upward after the first impact. 
It is also apparent that a significant 
number of these upward motions will 
be at lower angles of reflection than 
the angle of incidence and at larger 
upward velocities than the initial 
downward velocity, all brought about 
by the irregularity in shape. 

To show this more strikingly, aver- 
age values are computed. If all possible 
orientation angles ¢ are equally proba- 
ble, the average cot#’ and the average 
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C, #180 — 84 deg. 16 min. ] 


84 deg. 16 min. 


2(1— 10 cos @) dé = — 4.50 (8) 


1 + 3cos* 0 J 


BOUNCE OF AN IRREGULAR 
MODEL PARTICLE 


To demonstrate the bounce charac- 
teristics of irregularly shaped particles, 
a simple model test was devised. Ping- 
pong balls, distorted by boiling, were 
shot from a gun against a hard surface 
at a particular incident angle, and the 
distribution of ultimate angle of reflec- 
tion was measured. 

Incident angles were varied from 80 
to 50 deg., and reflected angles were 
obtained by markings through carbon 
paper at points of contact on the 
bounce surface, which was horizontal, 
and a vertical backboard. Five repre- 
sentative shapes were fired about fifty 
times each at a constant incident angle. 
These shapes showed a high degree of 
correlation with each other, although 
by visual standards they were entirely 
different in geometry. 

When the data from different inci- 
dent angles were assembled, it was 
found that the standard deviation from 
the angle of reflection appeared to 
vary with the incident angle. As shown 
in Figure 3, the standard deviation 
from the average angle of reflection 
varied from approximately 9 to 10 deg. 
for an incident angle of 50 deg. to 5 to 
6 deg. for an incident angle of 80 deg. 
For incident angles greater than 70 
deg., the mean reflected angle was ap- 
proximately equal to the incident 
angle, and the distribution of angular 
deviations was normal in shape. A 
sample distribution is shown in Figure 


Results from the bounce of a soft 
rubber cube on a smooth varnished 
wood surface and a hard Lucite cube 
against a smooth steel surface are also 
shown in Figure 3. Apparently friction 
plays an important role in setting the 
standard deviation. With rubber cubes 
the average angle of reflection was 
found to be lower than the angle of 
incidence for high angles of incidence 
and higher for at angles, the differ- 
ence being more pronounced at high 
angles of incidence. With Lucite cubes 
the average angle of reflection was 
always more than the angle of inci- 
dence, the difference slightly increasing 
with decreasing angle of incidence. 


BACK MIXING CAUSED 
BY PARTICLE BOUNCE 


Large particles conveyed in horizon- 
tal gas flows remain suspended even 
though they are not much affected by 
turbulent gas motion and should, be- 
cause of the gravity force, be rolling 
along the bottom of the duct. In dust- 
collection equipment back mixing 
against even larger separating forces 
limits collection efficiency. It is sug- 
gested that irregular particle bounce is 
a major mechanism for such back 
mixing. 

Figure 5 shows the concentration 
gradient for sand particles of angular 
shape conveyed horizontally in a rec- 
tangular duct. The sand particles were 
about 90 » in average diameter (range 
74 to 105 ») and had a terminal fall- 
ing velocity of about 1.5 ft./sec. The 
duct was 2 in. high by 5 in. wide by 
16 ft. long, and the concentration 
gradient was measured at 14 ft. from 
the inlet, where there was nearly a 
uniform concentration. The central air 
velocity was 50 ft./sec. If all the parti- 
cles were traveling horizontally when 
they entered the duct, one would ex- 
pect to find them on the bottom of 
the duct after 5 ft. of duct length. By 


TABLE 1. CONCENTRATION OF BOUNCING PARTICLES 


Average Angular Rounded Angular 
diame- tin tin sand 
ter, u 50 50 93 
Sp. gr. 7.3 7.3 2.64 
1/8, deg. 3.5 18 3.6 
Observed Calculated Observed Calculated Observed Calculated 
concen- concen- concen- concen- concen- concen- 
tration, tration, tration, tration, tration, tration, 
y, ft. g./sq. ft. g./cu. ft. g./cu. ft. g./cu. ft. g./cu. ft. g./cu. ft. 
0.0075 7.0 5.35 7.64 3.38 2.54 2.63 
0.0256 4.37 4.38 2.62 2.07 1.75 1.75 
0.054 BS 15 3.33 1.00 0.994 1.099 1.08 
0.0767 2.5 2.56 0.437 0.43 0.654 0.627 
0.102 1.95 1.98 0.18 0.207 0.398 0.397 
0.1275 1.42 1.515 0.093 0.0925 0.259 0.219 
0.1458 -—— 1.255 0.067 0.051 0.204 0.167 
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the time the particles had traveled 14 
ft. along the duct, where the concen- 
trations of Figure 5 were measured, 
they must have undergone multiple 
bounces and were approaching some 
equilibrium bounce state. In accord- 
ance with the Weiss-Longwell criterion 
(2), turbulent diffusion could not have 
been the cause of back mixing. 


SIMPLE THEORY FOR EQUILIBRIUM 
CONCENTRATION OF BOUNCING 
PARTICLES 


A particle striking a surface at an in- 
cident angle @ with a certain velocity 
and initial rotation will bounce at some 
reflected angle (6+) with a new 
velocity and rotation which is a func- 
tion of the elasticity of bounce, the ir- 
regularity of the particle, and the fric- 
tion encountered on impact. a consists 
of two parts; the first part establishes 
the average angle of reflection, and the 
second part involves a probability of 
dispersion about the average angle of 
reflection. After rebound a certain por- 
tion of the particles will have an in- 
creased lateral velocity which will 
carry them a large distance from the 
rebound surface. 

To obtain the order of back mixing 
by bounce, a simplified system was 
considered. In this simplified system it 
is assumed that the incident angle is 
quite large (8 = 90 deg.), that the 
particle bounces at the angle « to the 
surface, and that the particle hits at 
the main-stream velocity and bounces 
at the same velocity (no energy loss or 


| 


interchange of energy). It is also as- 
sumed that the angle a is distributed 
normally about an average reflection 
angle of 90 deg., dispersion through 
the surface being perfectly reflected 
away from the surface, such that 


(28/\/m) exp (— 8°a”) da 


represents the fraction of the total num- 
ber of bouncing particles which bounce 
at a positive angle between a and da. 

The velocity away from the surface 
becomes 


(9) 


where a is nearly always less than 15 
deg. It is assumed further that the 
stopping distance of a particle bounc- 
ing at an angle a is governed by Stokes’s 
resistance law. 

At every y distance above the sur- 
face, particles falling toward the sur- 
face are assumed to fall with their 
terminal velocity. This is certainly not 
true of particles whose bounce carries 
them only to this level, but the con- 
centration at this level is made up pri- 
marily of particles raining down from 
much higher levels. 

At equilibrium a flux balance at a 
certain level reads 


CV, = f? CuV,(28/\/7) exp (—8%a*) da 
(10) 


where the first term represents the flux 
toward the wall caused by the separat- 
ing force, and the integral term repre- 
sents the flux away from the surface of 


Dy = SiN a ~ 
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Fig. 3. Dispersion about the average bounce angle is affected 
by incident angle and type of contact surfaces. 
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those particles which have stopping 
distances greater than the y level in 
question. C,,V, is the flux of particles 
into the surface; (28/\/z) exp (—8a*) da 
is the fraction of particles bouncing at 
an angle a, reaching a stopping dis- 
tance S, = y. Rearrangement of the 
flux balance gives 


C/C,, = 1—erf(q) = 1— (2/Vz) 


where gq = a 6. 
The effective diffusion coefficient be- 
comes 


=V.C/(dC/dy) 


Since cannot be obtained explic- 
itly in terms of y, the effective diffusion 
coefficient must be obtained by graphi- 
cal differentiation of a plot of C=C(y). 

It is noted finally in this theoretical 
development that back mixing can also 
occur because the particles are bounc- 
ing from randomly oriented units of 
bounce surface area. In this case the 
irregularity of the surface is of a scale 
which may seem small to the eye but 
is large with respect to the size of the 
particles. The mathematical treatment 
and theoretical results will be the same, 
but now a is a function of, and in 
special cases may be only a function of, 
surface characteristics. 


ANGULAR DEVIATIONS OF 
REFLECTED ANGLES CALCULATED 
FROM CONCENTRATION GRADIENTS 


If the simple theory for equilibrium 
concentration of bouncing particles is 
substantially correct, the angular devia- 
tion of bounce can be calculated from 
concentration gradients such as the one 
shown in Figure 5. For a point of known 
y distance from the wall the concentra- 
tion was obtained and placed in Equa- 
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Fig. 4. Dispersion about the average angle of 
reflection is normal in character. 
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Fig. 5. Example of sand-concentration distribution maintained 
by bouncing particles. 


tion (11). The known y represented a 
stopping distance related to the angle 
a which was required to bounce a 
particle to that height. A similar pro- 
cedure was followed for a second point. 
Two equations were now available 
with the unknowns C, and q, where 
= and = a8. By dividing the 
resulting equations, an expression for § 
may be obtained for each type of par- 
ticulate matter in question. Once 6 is 
established, C, and the concentration 


{ at other levels can be calculated. It is 


to be noted that § is constant for a 
given material, but « varies from level 
to level and is related to the stopping 
distance. 

Results of such calculations for three 
different types of particles are shown 
in Table 1. It is noted that the stand- 
ard-deviation angle for angular sand 
and tin is nearly that which would be 
predicted from an extrapolation of 
Figure 3 to the lower incident angles 
of these cases. As expected, the devia- 
tion angle for rounded tin particles is 
much less than that for angular parti- 
cles. 


SIMPLE THEORY FOR THE EFFECT 
OF IRREGULAR BOUNCE ON ENERGY 
LOSSES DURING PNEUMATIC 
CONVEYING 


Using the assumptions and symbols 
of the section on back mixing, one can 
also consider the effect of irregular 
bounce on energy losses during the 
horizontal conveying of particle sus- 
pensions. It remains only to assume that 
kinetic energy represented by lateral 
velocities is lost energy and is dissi- 
pated in particle wakes in the gas vol- 
ume above the bounce surface. 

The energy loss rate per unit area of 
bounce surface is 


(28/\/7) exp 
(— 8'a?) da = (13) 
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If this energy is supplied by the gas 
moving over the surface, the gas will 
experience, in addition to other energy 
losses, an energy loss caused by the ir- 
regular bounce. In tube flow, when one 
assumes a floor area of DL, this energy 
loss per unit mass of gas flowing is 


given by 


N, = (F/L)D/(v*,/2g.) = 


(4/m) (Cw/p) (v.) (1/8) (14) 


For C,,/p = 1 Ib.-mass solids/Ib.-mass 
gas, V,/v, = 10°, the ratio of terminal 
falling velocity to flow velocity, and 
1/8 = radians; N; = 3X 10°, 
which is of the order of 10 to 20% of 
that expected for turbulent gas flow 
alone. 

The preceding calculation is signifi- 
cant only so far as it suggests a method 
of attack on a rather complex problem. 
The role and significance of friction at 
the moment of impact and interchange 
of energy between translation and rota- 
tion have not been considered. C,., 
the effective particle concentration in 
the gas near the wall, is usually un- 
known. The interference between 
particles has been neglected. 

In the usual case of particle trans- 
port by bounce the average particle 
velocity is somewhat less than average 
gas velocity (3), an indication that 
bouncing particles are always lagging 
behind the gas flow. The combined 
particle wakes for the relative axial 
velocity difference also produce an 
energy loss in the gas. Since the meas- 
ured velocity lag would result in a 
much more significant energy loss than 
that for lateral motion alone, it is pre- 
sumed that the importance of irregular 
bounce lies primarily in its effect on 
the lag, or slip, velocity. However such 
a theoretical derivation and experimen- 
tal verification is beyond the simple 
theory and experiment of the present 


paper. 
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NOTATION 


C = suspended particle concentra- 
tion in gas flow 


= suspended particle concentra- 
tion in gas flow at bounce sur- 
face 

C =vector velocity of center of 

mass of stick 

E = total energy of stick 

F = energy loss per unit mass of 
gas flowing 

g. = dimensional conversion con- 
stant = 82.2 (lb.mass/lb.- 
force) (ft./sec.*) 

I = inertia tensor of bouncing 
stick 

J = impulsive change in momen- 
tum 

2£ = length of bouncing stick 

m = mass of bouncing stick 

q =ad 

S, = stopping distance of particle if 
Stokes resistance law pertains 

v. = gas-flow velocity, main stream 

V. =terminal falling velocity of 
particle 

x,y = unit vectors in x and y direc- 
tions 

y = vertical distance from bounce 
surface 


Greek Letters 


a = angular deviation of the 
bounce, measured from the 
average angle of reflection 

1/8 = standard deviation of the an- 
gular deviation of the angle of 
reflection 

6 = angle of incidence measured 
from normal to bounce surface 


6 = angle of reflection 

p = gas density 

= angle between stick and sur- 
face at moment of impact 

o = rotation of bouncing stick 


Subscripts x, y, z refer to vector com- 
ponents in x, y, directions; primed 
quantities denote conditions after colli- 
sion, unprimed quantities conditions 
before collision. 
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Compressibility and Vapor Pressure of 


Methyl Borate 


RICHARD G. GRISKEY, WALTER E. GORGAS, and LAWRENCE N. CANJAR 


Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


Pressure-volume-temperature measurements have been made on methyl borate over the tem- 
perature range of 225° to 300°C. and pressures of 30 to 200 atm. in a variable volume P-V-T 
bomb. Vapor-pressure measurements from 180°C. to the critical point have also been made 
with the same apparatus. The vapor-pressure data are presented in the form of the Antoine 
equation, and the P-V-T data togetHfer with the vapor-pressure data have been fitted to the 


Benedict-Webb-Rubin equation of state. 


With exception of vapor-pressure 
measurements made by Webster and 
Dennis (7) and the vapor-pressure and 
orthaboric-density measurements of 
Hansen and Hughes (4), no previous 
work has been done on the P-V-T prop- 
erties of methyl borate. 

The apparatus used in this investiga- 
tion is a modification of the design of 
Keyes (5) and Beattie (1). Except for 
certain changes which have been de- 
scribed by Li and Canjar (6), a de- 
tailed description of the equipment was 
published by Cherney, Marchman, and 
York (3). The methyl-borate sample 
was prepared from special-grade (99.9% 
pure) material. After a portion of the 
stock had been distilled in the presence 
of sodium in a closed system, the mid- 
dle third of the distillate was frozen, 
exposed to vacuum, liquefied, frozen 
again, exposed to vacuum, liquefied 
again, and sealed in a glass ampule. 

It was discovered that methyl! borate 
over mercury slowly decomposed with 
time, particularly at high temperatures. 
In order to minimize the effect of this 
decomposition, the data were obtained 
as rapidly as possible in two sets. The 
vapor-pressure runs were made over 
the temperature range of 180° to 
230°C. The initial pressure measured 
at 180°C. was 16.722 atm. After all 
the vapor-pressure measurements had 
been made, a repeat measurement was 
made at 180°C., and a pressure of 
16.950 atm. was obtained. Normally 
when these measurements are made on 
other compounds, the difference in the 
pressure of the initial measurement and 
the repeat measurement is negligible, 
indicating no chemical change. In this 
work the decomposition effect was ap- 
preciable. 

A second set of runs was made to 
determine the compressibility of gase- 
ous methyl borate in the temperature 
range of 225° to 300°C. One of the 
first measurements made at a density of 
1.545 moles/liter and 300°C. gave a 
pressure of 49.616 atm. After all the 
data in this set of runs had been ob- 
tained, this same point was remeasured, 
and the pressure was found to be 
49.749 atm., again an indication of a 
decomposition effect. 
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The uncertainty in vapor-pressure 
determinations is much larger. When 
measurements are made in the two- 
phase region, the pressure of a pure 
component remains constant when the 
volume is varied over an isotherm. Be- 
cause of the presence of decomposition 
products in the methyl-borate sample, 
the pressure changed as vaporization 
took place at constant temperature. 
This made the exact location of the 
critical point impossible and added an- 
other uncertainty in the actual value 
of the vapor pressure. The uncertainty 
is a maximum at the critical point and 
is estimated to be 0.5 atm. 

The vapor pressure data, given in 
Table 1, can be represented by the An- 
toine equation: 


1164.0 
T-60 


logioPatm. = 4.18470 — 


where T is temperature in °K 

Residuals of observed pressures mi- 
nus calculated pressures are given in 
Figure 1. 

A summary of the P-V-T properties 
of gaseous methyl borate is given in 
Table 2. These data and the vapor- 
pressure data have been fitted to the 
Benedict-Webb-Rubin equation (2): 


Co 
P = RTd + (Bort — 40-2.) 


+ (bRT—a)d* + aRd’ 


a je 


where Ao = —31.589, Bo = —0.4332, 
Co = 7.863 X 10°, a = 23.272, b = 
0.3417, c = 2.790 X 10°a = 7.8 X 
10—4, y = 0.033, R = 0.0820567 when 
P is given in atm., T in °K., and d in 
g.-moles/liter. The average percentage 


TABLE 1. VAPOR PRESSURE OF 
METHYL BoRATE 


Vapor pressure, 


Temperatures, °C. atm. 
180.00 16.72 
202.16 24.12 
209.79 27.11 
220.00 31.44 
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deviation between observed pressures 
and pressures calculated from the Ben- 


TABLE 2. COMPRESSIBILITY 
MEASUREMENTS OF METHYL BORATE 


Temper- Density, Pressure, 
ature,°C. g. moles/liter atm. 

225 1.545 32.53 
1.943 34.26 

2.632 35.20 

3.248 35.64 

3.561 35.91 

3.805 36.08 

4,244 37.72 

4.489 39.49 

4.809 44.87 

5.244 60.66 

5.582 85.83 

6.367 211.56 

250 1.117 34.16 
1.550 38.32 

1.790 40.79 

1.948 42.21 

2.174 43.90 

2.438 45.79 

2.848 48.00 

3.356 51.16 

4.102 59.02 

4.556 69.51 

4,943 85.34 

5.253 105.87 

5.463 131.02 

5.709 156.16 

5.862 181.68 

6.018 211.49 

275 1.238 38.45 
1.554 44.07 

1.793 47.84 

2.585 57.99 

3.023 63.14 

3.488 69.79 

4.139 84.01 

4.658 104.79 

4.958 123.89 

5.309 156.09 

5.545 186.26 

5.701 211.41 

300 1.236 42.63 
1.545 49.61 

1.795 54.72 

2.133 61.06 

2.745 67.19 

2.836 73.74 

3.383 85.55 

3.873 99.63 

4.321 118.73 

4.853 154.92 

51157 186.13 

5.342 211.27 


1.545(recheck) 49.74 
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35.64 
35.91 
36.08 
37.72 
39.49 
44.87 
60.66 
85.83 
211.56 
34.16 
38.32 
40.79 
42,21 
43.90 
45.79 
48.00 
51.16 
59.02 
69.51 
85.34 
105.87 
131.02 
156.16 
181.68 
2.11.49 
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57.99 
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84.01 
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edict-Webb-Ruben equation of state is 
0.64%. 


The critical temperature is estimated 


to be 228.5° + 0.5°C. and the critical 


pressure 35.4 + 0.5 atm. 
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The behavior of spherical particles 
settling in a viscous fluid is of funda- 
mental importance in solving problems 


involving sedimentation, flow through 


packed beds, and fluidization. However 
both mathematical analysis and experi- 
mental observation are extremely diffi- 
cult when dealing with assemblages of 
particles because of the many bound- 
ary conditions and interaction effects 
encountered. In addition to these com- 
plications, as soon as the particle 
Reynolds number becomes as high as 
0.25, the inertial terms can no longer 
be neglected in the solution of the 
Navier-Stokes equations of motion. 
For these reasons a logical start in 
attempting to solve problems involving 
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The Motion of Two Spheres Following 
Each Other in a Viscous Fluid 


JOHN HAPPEL and ROBERT PFEFFER 


The purpose of this investigation was to determine the interaction effect of one spherical 
particle upon another when both are falling in a viscous fluid. The velocities of two identical 
spheres, falling along the axis of a cylinder in a direction parallel to their line of centers, 
were measured experimentally as a function of the center-to-center distance between them at 
very low Reynolds numbers. The experimental results compared very well with theoretical studies 
found in the literature which predicted that two spheres will fall faster than one sphere. 

At Reynolds numbers greater than 0.25 the influence of inertial effects were studied for one 
and two spheres. The experimental results qualitatively confirmed the Oseen equations. A definite 
attraction between two spheres falling one above the other was observed; the inertial forces 
acted to slow down the lower sphere without affecting the upper one. 


many particles is to carry out a com- 
plete study of the important variables 
affecting the motion of one particle at 
very low Reynolds numbers. Then 
these observations can be used to study 
the motion of two particles and so on, 
until eventually enough theoretical and 
experimental information is available to 
predict the motion of the complex 
particle systems actually encountered 
in practice. The same technique can be 
utilized in studying the inertial effects 
which become important at higher 
Reynolds numbers. 

The purpose of the investigation de- 
scribed in this paper was to continue 
to add to the information available 
concerning the motion of two particles 
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settling one above the other in a vis- 
cous fluid. As an idealization of the 
numerous particle shapes conceivable, 
identical, smooth, and rigid spheres 
were chosen to work with. 
Experimental measurements were 
made at low Reynolds numbers (much 
less than 0.25) of two spheres settling 
along the axis of a cylindrical tube in 
a direction parallel to their line of 
centers. This was done to determine 
how well the theoretical equations of 
motion, and the pertinent correction 
factors which take into account the 
boundary and interaction effects, could 
predict the actual motion. The influ- 
ence of inertial effects at higher Reyn- 
olds numbers on the motion of two 
spheres was also determined experi- 
mentally and compared with the cor- 
responding effects on a single sphere. 
A qualitative analysis of the motion of 
three spheres will also be discussed. 


DESCRIPTION OF APPARATUS 


The apparatus used for taking velocity 
measurements consisted of a cylindrical 
Pyrex glass column 32 in. long with an 
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I.D. of 5 11/32 in. (Figure 1). The column 
was equipped with a closed nipple set be- 
tween two 1%-in. gate valves which was 
mounted directly below the axis of the 
cylinder. This equipment was used to re- 
cover the spheres and also, when necessary, 
to empty the column. A dropping me- 
chanism, consisting of a thin-walled brass 
bushing slightly larger in diameter than 
the spheres which were dropped, was 
carefully mounted on the top of the 
column so that the axis of the bushing 
coincided with the axis of the cylindrical 
column. This allowed the spheres to fall 
freely into the fluid. 

Two thermometers were inserted into 
the glass column 8 in. from the top and 
bottom and % in. from the glass wall so 
that the temperature of the fluid might be 
read at both of these points. Since it was 
impractical to surround the column by a 
constant-temperature bath, the experi- 
ments were performed in a_ relatively 
constant-temperature room which was 
maintained at a temperature between 24.5° 
and 26.5°C. by a Fenwall thermoswitch 
connected through a relay to a %4-ton 
room air conditioner. The temperature of 
the room never varied more than +12°C. 
in any 24 hr. period; temperature gradients 
across the room were minimized by the use 
of an electric fan to circulate the air. 

To obtain different operating conditions 
two polyalkylene glycol types of fluids 
having different viscosities were used in 
the experiments. The fluids show a com- 
paratively small change in viscosity with 
temperature and are also extremely stable. 
They have a negligible vapor pressure, 
low hygroscopicity, and a low specific 
heat; they are also water soluble which is 
very helpful in cleaning the apparatus. The 
viscosity and density of the two fluids 
were determined over a temperature range 
of 23° to 28°C. with a calibrated Ostwald 
type of viscometer and pycnometer. 

The spheres which were used in the 
experiments consisted of plastic balls ap- 
proximately % in. in diameter. The balls, 
made of marbelette, Lucite, and nylon, 
were perfectly smooth and rigid and com- 
pletely insoluble in the fluids. The density 
of the spheres was measured to five signifi- 
cant figures by the use of a constant- 
volume pycnometer; the diameters of the 
spheres were measured with a micrometer. 


Some of the pertinent properties of the 
spheres and fluids that were used are 
listed below. 


Spheres 
Diam- Density, 
Material Color eter,in. 
Nylon White 0.250 1.1586 
Lucite Red 0.234 1.1919 
Marbelette Black 0.241 1.3249 
Fluids 
Viscosity Density 
Ucon at 25°C., at 
fluid centipoises g./ce. 
1,337 1.050 
2 242, 1.043 
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EXPERIMENTAL METHOD 


The experimental runs consisted of tak- 
ing velocity measurements of one sphere 
falling along the axis of the cylindrical 
glass column and of two spheres falling 
along the axis, one above the other. 

For one sphere falling alone the time 
required for the sphere to fall between 
two strips of tape 12 in. apart was re- 
corded with a stop watch which could be 
read to 0.1 sec. Before each run the 
temperature of both thermometers was 
read to 0.1°C. and the average value re- 
corded. This was justified because an 
error as large as 0.2°C. in the average 
temperature would amount to an error of 
only 1% in the viscosity of the fluid and a 
completely negligible error in the density. 
No runs were made, however, if the tem- 
perature gradient was more than 0.4°C. 

The 12-in. length of fall was located in 
the central section of the 32 in.-long glass 
column so that the possibility of errors due 
to unsteady motion was eliminated. This 
also minimized any errors due to end 
effects. 

For two spheres falling one above the 
other, at very low Reynolds numbers 
(Nre << 0.25), the velocities of the two 
spheres were found to be equal and were 
measured by recording the time (to 0.1 
sec.) required for the bottom sphere to 
fall 12 in. The center-to-center distance 
between the spheres was taken both at 
the top and bottom of the 12-in. length of 
fall by measuring the time difference be- 
tween the two spheres as they both crossed 
each of the tape strips; another stop watch 
which could be read to 0.1 sec. was used 
for this purpose. The observed time be- 
tween the spheres at the top and bottom of 
the fall was converted to distance units by 
—— the time by the velocity of 
the spheres. The two results were aver- 
aged; if they differed by more than 1% of 
the total 12-in. length of fall, the run was 
discarded. 

At higher Reynolds numbers (Nze > 
0.25) the two spheres falling one above 
the other were invariably observed to 
approach each other. Since the distance 
between the two spheres kept getting 
smaller during the run, the velocities of 
the spheres were neither equal nor con- 
stant. The experimental procedure in this 
case consisted only of measuring the ve- 
locity of each of the spheres over the 12-in. 
length of fall; two stop watches were used. 


THE MOTION OF A 
SINGLE SPHERE AT New << 0.25 


The velocity of a single sphere fall- 
ing along the axis of the cylindrical 
column in the high-viscosity fluid was 
measured at slightly different fluid 
temperatures (between 24° and 
27°C.). The velocity measurements 
were taken for each of the three differ- 
ent density spheres and were found to 
be reproducible. Since the sphere- 
diameter—to—cylinder-diameter ratio for 
a %4-in. sphere falling in a column hav- 
ing an inside diameter of 5 11/82 in. is 
less than 0.1, Stokes’s Law (10) com- 
bined with the Faxen (2) correction 
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factor, which accounts for the effect of 
the cylindrical boundary, can be used 
to predict the experimentally measured 
velocities: 


(ps — p)g 


1 
(1) 


Upreas ctea 


2.105 
— 2.105 = 


The predicted values of the velocity 
at each temperature were calculated by 
the use of Equation (1); since the 
Reynolds numbers were all much less 
than 0.25, the effect of inertial forces 


was neglected. The average error be- | 


tween the calculated and measured 
velocities was less than 1%; these re- 
sults show that inertial and end effects 
were indeed negligible. The single- 
sphere velocity measurements were 


plotted as a function of the tempera- 


ture of the fluid. 


THE MOTION OF TWO SPHERES 
AT Nre << 0.25 


If two spheres are falling in an 
infinite viscous fluid, a mutual inter- 
action effect between them is observed. 
Each sphere will have a tendency to 
move fluid down along with it, and 
therefore the velocity of each sphere 
will be increased owing to the motion 
of the other. For two spheres falling 
one above the other in an infinite fluid 
at very low Reynolds numbers the drag 
force on each sphere can be expressed 


by 


W = d8ap dU (3) 


Equation (3) is Stokes’s Law modified 
by a correction factor to account for 
the interaction effect. 

Smoluchowski (8) in a theoretical 
study showed that 


3d 
= 4 
(4) 


Equation (4) is an approximate ex- 
pression and can only be applied to 
two equal-sized spheres falling with a 
center to center distance greater than 
three diameters. The mutual interac- 
tion between two spheres of different 
size has recently been reported in a 
series of studies by Andersson (1) 
based on the creeping-motion equa- 
tions. 

A more rigorous solution of the 
problem of two spheres falling with 
equal and constant velocities parallel 
to their line of. centers at negligible 
Reynolds numbers is that given by 
Stimson and Jeffrey (9). Mathemati- 
cally their expression for ) is 
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8 nu (2n—1)(2n + 8) 


2sinh(2n + 1)a + 2n + 1 sin h’a ) 


where cosh a = I/2a = I/d. A numeri- 
cal evaluation of this function is given 
below for different values of 1/d 


a 
0.5 1.128 0.663 
1.0 1.543 0.702 
2.852 0.768 
2.0 8.762 0.836 
25 6.132 0.892 
8.0 10.068 0.931 

ora) a) 1.00 


Faxen (2) calculated the value of 
for the limiting case of the two spheres 
touching (that is, 2 = 0,1/d = 1) and 
obtained 4 = 0.645. This predicts that 
a doublet consisting of two equal 
spheres touching one above the other 
would fall 55% faster in an infinite 
fluid than if one sphere were falling 
alone. 

The relationships of Ladenburg (5) 
and Faxen (2) which were developed 
for the effect of a cylindrical boundary 
on the motion of a single sphere can be 
directly applied to the study of two 
spheres. If two spheres A and B are 
falling one above the other along the 
axis of a cylinder, the drag on sphere 
A will be the result of adding four 
velocity fields. These include the initial 
undisturbed velocity field Us, and the 
first reflection of this field from the 
cylinder wall Us; these would be the 
only contributions to the velocity field 
if sphere A were falling alone. In addi- 
tion sphere B will reflect the motion of 
sphere A in two ways, by a direct re- 
flection of its own velocity field Us, 
(interaction effect) and by the reflec- 
tion of this velocity field at the cylinder 
wall Uns, Us, and Us, are given by 
Stokes’s Law combined with the Faxen 
correction factor. Happel (4) has 
shown that Us, can be represented by 
the following series expansion is sphere 
B is close to sphere A and a/R = d/D 
is less than 0.1: 


Ua ( P 
Us, = —( 2.105—1. — 
5 — 1.139 


+0595 — +...) (6) 


To convert the observed velocity for 
two spheres falling in a cylinder to that 
which would be obtained if they fell 
in an infinite medium, it is necessary to 
multiply the observed velocity by a 
correction factor obtained by adding 
unity to Us, and Us. This factor Kr; is 
found to be 
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a 
Kr = 1 + 4215 


aP al‘ 
— 1.189 — + 0. —+... 
Re 0.595 + (7) 


If I/R is very small, Equation (7) re- 
duces to 


(8) 


and the coefficient of a/R=d/D is 
just twice the value of the coefficient 
for a single sphere. If 1/R is large, 
Equation (6) will not converge, and 
a numerical evaluation of Us, is re- 
uired. 

Equation (7) has been used to eval- 
uate the boundary correction factor for 
values of 1/R< 0.3. For the special 
case of 1/R = 1, K,, has been evaluated 
numerically and was found equal to 
8.45 a/R. The values of K,, were calcu- 
lated for the three different density 
spheres which were used and plotted 
for convenience as a function of I. 

If 1/d is small (spheres very close 
together), it would be desirable to con- 
sider more than one reflection between 
them to completely evaluate their 
interaction. When the spheres are 
touching, for example, the constant in 
Equation (8) will be smaller than 4.21. 
This would tend to raise the values of \ 
determined experimentally for small 
values of I/d. If the drag force exerted 
on each sphere when two spheres fall 
in an infinite viscous fluid is compared 
with that exerted on a single sphere, it 
is clear that 


a 
Kun = 1 + 4.21—- 


Ure 
A= 9 
Une 
To correct the experimental velocities 
for the effect of the cylindrical bound- 
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Fig. 1. Experimental apparatus. 


A.1.Ch.E. Journal 


ary, the factors K; and Ky, are used. If 
Un is the experimentally measured 
velocity of the two spheres at a known 
fluid temperature and U, is the velocity 
of a single sphere at the same tempera- 
ture, then 


(10) 


The values of \ were calculated from 
Equation (10) by measuring the veloc- 
ity of the two spheres. For each differ- 
ent run with two spheres the corre- 
sponding velocity of a single sphere at 
the same average temperature was 
obtained from the plots mentioned 
above, K; was calculated by means of 
Equation (2), and K, was obtained 
from the plots of Ki; vs. l. 

The experimental values of \ obtained 
for the three different-density %-in. 
spheres were plotted against the I/d 
ratio in Figure 2; the theoretical curve 
predicted by Stimson and Jeffrey has 
also been included. Figure 2 shows an 
excellent agreement between the ob- 
served values and the theoretical curve 
in the entire 1/d range which was in- 
vestigated. The Reynolds number range 
for these runs was between 0.008 and 
0.03; at these low Reynolds numbers 
no attraction between the two spheres 
was observed, and inertial effects were 


taken to be negligible. 


THE EFFECT OF INERTIAL FORCES ON 
THE MOTION OF ONE AND TWO 
SPHERES 


In order to study some of the impor- 
tant effects on the motion of one and 
two spheres which are caused by in- 
ertial forces the less viscous fluid was 
used as the fluid medium. This resulted 
in the spheres falling at greater veloc- 
ities and higher Reynolds numbers. 

The experimentally measured veloci- 
ties of the %-in. spheres were again 
compared to the predicted values given 
by Equation (1). The deviations were 
appreciably larger, varying from about 
2% at a Reynolds number of 0.25 to 
3% at a Reynolds number of 0.5. To 
obtain even higher Reynolds numbers 
spheres % in. in diameter were dropped, 
and velocity readings were taken. The 
corresponding velocities calculated from 
Equation (1) deviated by as much as 
17% at a Reynolds number of 3.5. 
Fayon’s (3) experiments have shown 
that the boundary correction factor K, 
remains relatively constant up to Rey- 
nolds numbers of 20; therefore in this 
range Stokes’s Law no longer applies 
for a single sphere in an infinite me- 
dium. 

Oseen (6) included some of the 
quadratic inertial terms in his solution 
of the Navier-Stokes equations for a 
single sphere falling in an infinite fluid 
and derived theoretically that the drag 
force can be approximated at higher 
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Fig. 2. Interaction effect between two spheres. 


Reynolds numbers by a modification of 
Stokes’s Law: 


W = 8m dU(1+3/16Nz.) (11) 


Oseen also extended Smoluchowski’s 
solution [Equation (4)] for the mo- 
tion of two spheres so that it might be 
applied to higher Reynolds numbers. 
Oseen’s equations for one sphere fall- 
ing above another can be approximated 
when the spheres are not too far apart 
by 
W, = 8ap dU 


d 
( 1—8/4> + 8/8Nx. ) (12) 


W. = 8m du (1-9/4) (13) 


These equations point out that the 
bottom sphere is slowed more than a 
single sphere owing to inertial forces 
[compare Equation (12) with Equa- 
tion (11)] and that the slowing is a 
function of Reynolds number only. The 
top sphere, however, is not at all af- 
fected and will fall according to the 
Smoluchowski theory. Since the drag 
on two equal spheres must be equal, 
the velocity of the top sphere will be 
greater than that of the bottom sphere, 
and they will tend to move toward 
each other. 

If the two spheres fall side by side 
with the same velocity, Oseen’s equa- 
tions show that the inertial force on the 
right sphere is 

F = (14) 
and acts to the right; the corresponding 
force on the left sphere is equal in mag- 
nitude but opposite in direction, and 
the two spheres will tend to move 
away from each other, a phenomenon 
exactly opposite to that predicted for 
two spheres following each other. 
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If Oseen’s equation for a single sphere 
is rewritten in terms of the drag coeff- 
cient and is also modified to take into 
account the effect of a finite cylindrical 
boundary around the fluid, Equation 
(11) becomes 


24 
Cp = Fe BO + 3/16 Re) (15) 


The measured velocity data for a 
single sphere did not correlate with 
Equation (15), and in order to obtain 
a correlation the constant 3/16 was re- 
placed by an empirical constant so that 
Equation (15) read 


24 


Re 


K,(1+C,Nz.) (15a) 


C, was calculated from Equation (15a) 
in the Reynolds number range of 0.25 
to 3.5 by measuring the drag coefficient 
and the Reynolds number; the correc- 
tion factor was assumed to remain con- 
stant. At Reynolds numbers greater 
than 0.5 C, was found approximately 
equal to 0.05; the results at the lower 
Reynolds numbers were not too signifi- 
cant, since the deviations from the 
Stokes-Faxen linear approximation were 
less than 8%. 


with two 


Preliminary experiments 
the other 


spheres falling one above 
showed, as predicted by Equations 
(12) and (18), that they invariably 
will come together during the length of 
fall. However, it was possible to estab- 
lish the effect of inertia by observing 
their relative velocities, thus making a 
wall correction factor unnecessary. 
From Oseen’s theory the following ap- 
proximation may be developed (7): 


U.— U, = Nre (16) 
where 
v= (es— (17) 
18u 
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and U, — U, is the difference in veloc. 
ity between the two spheres. 

The constant, %, in Equation (16) 
was again replaced by an empirical 
constant so that a correlation of the 
experimental data could be obtained; 
Equation (16) was rewritten as 


U.— U, = Cr¥ (16a) 


The average values of U, and U, 
were measured for the three different 
density %4-in. spheres, independent of 
the distance 1 between them, during 
the 12-in. length of fall. For forty-two 
different runs in a Reynolds number 
range of 0.27 to 0.73 the average value 
of C,, was 0.11. Equations (12) and 
(18) can thus be rewritten as 
W, = dU 


| + 0.11 Ne | (12a) 


d 
W, = dU | (18a) 


The bracketed terms correct Stokes’s 
Law for the interaction effect between 
the spheres. The interaction effect, un- 
like the wall correction factor, is a 
function of the Reynolds number. 

It is interesting to point out that the 
average value of C;, (0.11) over the 
Reynolds number range of 0.27 to 0.73 
is a little more than twice the average 
value of C, (0.05) obtained over the 
Reynolds number range of 0.5 to 8.5. 
This relative effect was predicted by 
Oseen, his constants being % and 3/16 
respectively. Obviously the representa- 
tion of the effect of Reynolds number 
in Equations (12) and (12a) will not 
be applicable at large distances be- 
tween the spheres. 


A QUALITATIVE ANALYSIS OF THE 
MOTION OF TWO AND THREE 
SPHERES AT HIGHER REYNOLDS 
NUMBERS 


Before prediction of the complex in- 
teractions between assemblages of 
particles is tried, it is interesting to 
observe what happens with two or 
three particles settling at higher Reyn- 
olds numbers. 

Figure 3 shows the effect of the 
inertial forces on the motion of two 
spheres falling one above the other 
along the axis of a cylindrical container 
in the Reynolds number range of 0.8 to 
0.7. At time t = 0, the center to center 
distance between the two spheres is 
1,. However the inertial forces will slow 
down sphere B [Equation (12) ] with- 
out affecting the velocity of sphere A, 
so that I will become smaller until at 
some time t = f, the spheres will touch. 
Since the drag force exerted on sphere 
A is less than that exerted on sphere B, 
sphere A will tend to move over sphere 
B sidewise until the attractive force 
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between the two spheres is just bal- 
anced by the repelling force given by 
Equation (14) (t =f, to t = t,). The 
inertial forces will then cause the 
spheres to move away from the axis. 
This is shown at t = ft; and t = f,; the 
repelling force is about half as great as 
the attractive force when the spheres 
are falling one above the other. 

It should be made clear that all the 
velocity measurements made to deter- 
mine C,;, were taken between t = t, 
and t = t, in Figure 3. 

The motion of three spheres, as 
might be expected, is even more com- 
plex. For example (Figure 4) if 
spheres C, B, and A are falling in the 
same vertical plane so that the distance 
between the spheres A and B is less 
than the distance between spheres B 
and C, the two spheres A and B con- 
situte a doublet and consequently move 
at a greater velocity than sphere C. At 
some time t = t, spheres A and B will 
have caught up to sphere C and so the 
distance between all three spheres is 
the same and a triplet is formed. How- 
ever the triplet is not in stable equi- 
librium because the center sphere is 
influenced by interaction effects from 
both spheres A and C. These interac- 
tion effects cause sphere B to move 
closer to sphere C which produces a 
doublet between spheres B and C. At 
time t=t;, the distance between sphere 
A and sphere B is greater than the 
distance between sphere B and sphere 
C because of the greater velocity of 
the doublet. These phenomena will 
occur even if inertial effects are negli- 
gible; the inertial forces act only to 
reduce the distance between the 
spheres in the doublet by slowing 
down the lower sphere during the 
length of fall. 


CONCLUSIONS 


The experimental values of \ ob- 
tained for the %4-in. spheres agreed 
very closely with the values obtained 
by Stimson and Jeffrey from theoretical 
considerations over the [/d range of 
one to six diameters; no noticeable at- 
traction between the spheres was ob- 
served. Since the Reynolds numbers 
were between 0.008 and 0.03, this 
would imply that inertial effects were 
negligible. 

A definite attraction between two 
spheres falling one above the other was 
Observed in the Reynolds number 
range of 0.25 to 0.7; the inertial forces 
acted to slow down the lower sphere 
without affecting the upper one. 

Thus it is possible that spheres sus- 
pended in random orientation may not 
maintain their positions relative to each 
other. Perhaps the formation of doub- 
lets, and their corresponding higher 
velocities of fall, has been one of the 
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Fig. 3. Effect of inertial forces on the motion 
of two spheres. 
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Fig. 4. The motion of three spheres. 


causes for the wide discrepancies in 
the presently available fluidization 
data. Additional data will be required 
before the fundamental findings in this 
paper can be applied exactly to practi- 
cal problems in fluidized or sediment- 
ing systems of particles. 
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NOTATION 
(C.G.S. Gravitational Units em- 
ployed unless otherwise indicated ) 

a = radius of sphere, cm. or in. 

Cp = drag coefficient, dimension- 
less 

C; = empirical constant (meas- 
ures inertial effects for one 
sphere) 

Cn = empirical constant (meas- 
ures inertial effects for two 
spheres ) 

d = diameter of sphere, cm. or in. 

D = diameter of cylindrical col- 


umn, cm. or in. 
acceleration of gravity 
Faxen correction factor for a 


I 
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cylindrical boundary on one 


sphere 

Ki = Happel correction factor for 
a cylindrical boundary on 
two spheres 

l = center to center distance be- 


tween spheres, cm. or in. 


Nz. = Reynolds number = dUp/p, 
dimensionless 

R = radius of cylindrical column, 
cm. or in. 

U = terminal velocity 

Us, = initial undisturbed velocity 
field 

Us. = first reflection of initial un- 
disturbed velocity field 

Us, = first reflection of velocity 


field at sphere A 
Us, = first reflection of velocity 
field at cylinder wall 


U,, = terminal velocity of a single 
sphere in an infinite fiuid 
Un. = terminal velocity of two 
spheres in an infinite fluid 
U, = terminal velocity of a single 
sphere in a bounded fluid 
U,; = terminal velocity of two 
spheres in a bounded fluid 
WwW = drag force; W, = drag force 


on bottom sphere, W. =drag 
force on top sphere 


Greek Letters 
density of fluid 


ai = density of sphere 
nN = correction factor for inter- 
action effects between two 
spheres 
= (ps—p)gd’/18p, cm./sec. 
= viscosity of fluid 
cosh a = I/d, dimensionless 
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Photographic Study of Solid-Gas Fluidization 


LEOPOLDO MASSIMILLA and J. W. WESTWATER 


Motion pictures at 2,000 frames/sec. were used to measure the movements of individual 
solid particles and gas bubbles in a fluidized bed. Air was used to fluidize 0.028-in. glass 
spheres and 200-mesh alumina in a 3.75-in. glass column. Aggregates were very common, and 
each moved as a unit. Particles and aggregates near the wall showed pronounced alternations 
of fast and slow movements both upward and downward. Individual particles exhibited spin. 
Baffles increased the bed density and decreased the particle velocities. Small bubbles rose 
rapidly with littie change in shape. Large cavities were slow and tended to collapse and reform 


elsewhere. 


The advantages of a fluidized bed 
as compared with a fixed bed are the 
low pressure drop, ease of transporta- 
tion of the solid from one piece of 
equipment to another, and good tem- 
perature control because of high in- 
ternal conductivity of the solid-gas sys- 
tem and the high heat transfer rate at 
the walls. The main disadvantage is 
poor homogeneity of the fluid as a re- 
sult of bypassing. 

The homogeneity and heat fluxes are 
of particular importance in catalytic 
beds, because these factors affect the 
extent of the conversion and the selec- 
tivity of the reaction when competing 
reactions exist. Many sources report 
that bubbles, slugs, and channels in 
fluidized beds are serious handicaps, 
but they may sometimes be outweighed 
by the good thermal properties of a 
fluidized system, especially if a uniform 
temperature is required or if large 
quantities of heat must be added or 
removed. 

All these properties depend on the 
physical distribution and velocity of the 
solid particles. Baffles or other mechan- 
ical devices can be used to destroy bub- 
bles or slugs, but they limit the move- 
ment of the solid particles (11, 12). An 


Leopold Massimilla is now at the University of 
Naples, Naples, Italy. 


Fig. 1. Free-bed fluidization of 0.628-in. beads; 
run 5. Height of view — 5.5 in. 
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important problem is how much one 
can afford to reduce the circulation by 
baffles without nullifying the desired 
uniformity of temperature in the bed. 

Ideally one wishes to know the entire 
history of movements of the solids and 
the fluid in a bed. High-speed photog- 
raphy can be used to study the region 
near the walls. A start was made by 
Toomey and Johnstone (23), who used 
a metal column fitted with a window. 
Recently Todd et al. (22) applied the 
technique to a two-dimensional column, 
thin as compared with its width. 
The present research stressed the photo- 
graphic technique. One object was to 
record the motion of individual particles 
with a high-speed motion picture cam- 
era. This required a size magnification 
at least one order of magnitude larger 
than that used by prior workers. A sec- 
ond object was to study bubbling. Both 
still and motion pictures were desired 
for this. Baffled and free beds could be 
studied with equal facility. 


EXPERIMENTAL 


Fluidization Equipment 

The column was a 3.75-in.-I.D. glass 
cylinder, with the lower end fitted to a 
conic inlet section ending in a distributor 
consisting of a set of brass screens, the 
finest being 200 mesh. To minimize bubble 
generation at the wall, the diameter of the 
distributor was made % in. smaller than 
the column. 

Two solids were fluidized in batches: 
glass beads of 0.028-in. diameter and 
fluid cracking catalyst of 120 to 200 mesh. 
Both solids were spheroidal. In each batch 
about 5% of the particles were colored to 
serve as tracers. A thin coat of black 
spray enamel was put on the glass beads, 
and a_ bismuth-manganese oxide thin 
coating on the alumina. 

Baffles, when used, were horizontal 
screens of metal hardware cloth, separated 
1 cm. apart by three spacers of copper 
tubing. Baffles A, B, and C in this paper 
refer to screens of 3%g-, %4-, or ¥%-in. hard- 
ware cloth. 

The fluid used was air from the 
laboratory line, which passed through a 
filter, a pressure regulator, and a flow 
meter. During run 8 part of the air (about 
10%) was injected into the bed through 
a ¥%-in. copper tube. The tube passed 
from the top of the column, down 
through the bed, made a 180-deg. turn, 
and emptied upward through a small piece 
of 200-mesh screen. 
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During the entire duration of runs 9 
and 10 the column was inclined 10 deg. 
from the vertical. Although this probably 
modified the flow pattern somewhat, a 
desirable result was that some gas bubbles 
were near the wall and their motion could 
be followed for much greater distances 
than would have been possible otherwise. 


Photographic Technique 

Motion pictures were taken with 16-mm. 
negative film. A selection (28) of the 
results is available on request. For shots 
encompassing a field of view 3.5 in. high, 
a 35-mm. focal length lens set at f/4 was 


used, and the lens-to-object distance was | 
about 21 in. Illumination was provided by | 
four spotlights, each 750 w., off to one side | 


at a 45-deg. angle. Two lights were above 
the camera elevation, and two were below; 


all were focused on the same spot. Run | 


10 with alumina powder was photographed 
in this manner at 2,000 frames/sec. 

The other twelve runs listed in Tables 
1 and 2 were photographed as close-ups. 
For these scenes a l-in. extension tube 
was connected to the lens, and the lens- 
to-object distance was adjusted to about 
3 in. The field of view was about 0.3 in. 
high, which is much smaller than that 


used by prior workers. Enlargements of ; 


single frames of movies of the glass 
particles taken at about 2,000 frames/sec. 
with an aperture of f/2 have been pub- 
lished (27). Figure 7 shows alumina at 
about the same framing speed and was 
taken at f/4. 

Still pictures were taken with a 4- by 5- 
in. negative film. For shots having a vertical 
field of about 14 in. a 135-mm. focal-length 


ee 


Fig. 2. Baffled-bed fluidization of 0.028-in. 
beads; run 3. Height of view = 5.5 in. 
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Fig. 3. Velocity of solid particles at the wall. Run 5, 0.028-in. beads, no 
baffles, superficial air velocity — 2.2 ft./sec. 


lens located about 21 in. from the column 
was used. The aperture was f/4.7 for the 
glass beads and f/5.6 for alumina, and for 
each an exposure of 0.001 sec. was used. 
The illumination was similar to the above 
except that the spots were spread out to 
cover 14 in. Figure 8 was taken this way. 
The column was inclined 10 deg. during 
the still photograph for Figure 8. The 
column was vertical during the motion 
pictures of these same runs (runs 12 and 
13). 

Close-up still shots were taken from a 
distance of about 11 in. The resulting field 
was 5.5 in. high and was illuminated by 
a flash-tube photolight. Figures 1 and 2 
were obtained with an exposure of 1 yu sec. 
at f/13. 

The motion pictures were analyzed 
frame by frame at the screen of a film- 
editing machine. The screen was fitted 
with a grid to give readings of the in- 
stantaneous space coordinates of individual 
particles of interest. The instantaneous 
framing speed of the movie camera was 
calculated from timing pips on the edge 
of the film. Thus the displacement of 
particles from frame to frame was con- 
verted to particle velocity in the plane of 
focus. 

The framing rates listed in Tables 1 and 
2 are the maximum values which occur at 
the end of the reels. The value stated in 
the caption for Figure 7 is the instan- 
taneous speed for the frames selected. 


SOLIDS FLOW PATTERN 


The particles recorded by the photo- 
graphic technique are those near the 
wall. At present no one as devised a 
successful method for photographing 
the interior of a fluidized bed. Never- 
tueless the activity at the wall is 
worthy of investigation. The velocity of 
the visible particles frequently changes 
abruptly in direction and _ intensity. 
These sudden changes cause difficulty 
in measuring and interpreting the data. 
The observed net flow of solid near 
the wall is downward, but in the un- 
seen core of the bed the flow must be 
upward and is stated to be faster than 
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Fig. 4. Effect of gas velocity. Run 4, same as run 5 except 


it is near the wall (2). The activity of 
a solid particle depends on its elevation 
in the bed, with the velocity increasing 
from the bottom to the top (23). 

Table 1 lists the characteristics of 
the systems for which the motions of 
individual particles were studied photo- 
graphically, frame by frame. The gross 
particle motion is summarized in Table 
1 as a root-mean-square velocity. The 
instantaneous velocity at various times 
is shown in Figures 3 to 6 for four runs. 
Similar graphs were constructed for the 
other runs. As a rule the majority of 
particles visible in a single frame moved 
in the same direction with the same 
velocity. Careful measurements were 
made for a single colored particle until 
it disappeared. Then a new tagged par- 
ticle was selected and traced. Thus Fig- 
ures 3 to 6 show symbols which indi- 
cate the successive history of one 
particle after another. 

The most striking features of the 
graphs are the alternation of fast and 
slow action and of upward and down- 
ward motion. Periodic motion in fluid- 
ized beds has been noted previously 
(23. 


Glass Particles 

For free fluidization the effect of in- 
creasing gas velocity is shown in Fig- 
ures 3 and 4. The amount of solids was 
not identical in the two runs; however 
the measurements were taken at the 
same distance from the top of the bed. 
An increase in the gas velocity caused 
an increase in the average velocity of 
the particles, an increase in the magni- 
tude of the velocity peaks, and an in- 
crease in the occurrence of peaks. The 
peaks show that the particle velocity 
near the wall is frequently much greater 
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that new air velocity = 4.2 ft./sec. 


than the calculated superficial gas 
velocity upward. Most of the peaks are 
downward velocities, a few are upward, 
none are sideways. Sideways motion 
does occur, but itis relatively mild. 

The spin of individual particles was 
observed on occasion. An _ illustration 
(27) shows an elliptical particle spin- 
ning at 105 rev./sec. The spherical par- 
ticles spin also, but this is more dif- 
ficult to see. Spin may be important for 
heat and mass transport; however it has 
not been taken into account by any 
workers. 

Baffles in a bed greatly reduce the 
bed expansion and therefore increase 
the particle count in a photographed 
area. This is obvious from a comparison 
of photographs taken with a bed both 
with and without baffles. The great dif- 
ference in the homogeneity between a 
free bed and a baffled bed is illustrated 
in Figures 1 and 2. Baffles reduce the 
spin of the particles and also their lin- 
ear velocity. 

Table 1 and a comparison of Figures 
3 and 5 show the enormous effect of 
baffles on the particle motion. The 
average linear velocity in a baffled bed 
is reduced by a factor of about 5 to 1 
or 10 to 1 as compared with a free bed. 
The frequency of peaks is greatly re- 
duced and shows but little change as 
the gas flow rate is changed. A small 
difference exists between the choice of 
baffles A and B, as seen by a compar- 
ison of runs 2 and 7 or 1 and 6. The 
smaller mesh resulted in the smaller 
average velocity. Increasing the gas ve- 
locity caused an increase in the particle 
average velocity as shown by a com- 
parison of runs 1 and 2 or 6 and 7. If 
the gas velocity is sufficiently low, a 
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TABLE 1. SumMARY OF DATA FOR STUDY OF PATTERN OF FLOW OF SOLIDS 


Superficial Camera RMS. Max. velocity 
Amount Settled Fluid- gas velocity Loca- speed, __ particle of particles, 
of bedhgt. ized bed  lb./(hr.) Baffle tion*, frames/ velocity, t./sec. 
Run Solids solids, lb. Lo, ft. hgt., ft. (sq. ft.) ft./sec. design in. sec. ft./sec. Up Down 
1 Glass 5.40 0.80 0.98 635 2.2 B 1.97 960 0.27 0.72 0.70 
2 Glass 5.91 0.88 0.98 450 1.55 B 1.97 1,200 0.17 0.96 0.99 
3 Glass 3.66 0.54 0.98 1,225 4.2 B 1.97 1,920 0.22 0.81 0.72 
4 Glass 3.66 0.51 Varied 1,225 4.2 None 1.97 1,820 2.44 7.15 6.39 
5 Glass 5.40 0.75 Varied 635 22 None 1.97 1,800 1.96 2.23 5.70 
6 Glass 5.40 0.80 0.98 635 29 A 1.97 1,920 0.43 0.97 1.55 
zf Glass 5.91 0.88 0.98 450 1.55 A 1.97 1,080 0.22 0.97 0.99 
ll Alumina 5.04 1.08 Varied 82 0.29 None 1.58 2,040 0.38 0.22 1.24 
12, Alumina 5.04 1.08 Varied 114 0.39 None 1.58 1,920 0.75 0.75 2.30 
13 Alumina 5.04 1.08 _— 114 0.39 C 1.58 2,160 0.30 0.49 1.01 


* Distance between the photographed field and the top of the fluidized bed. 


portion of a fluidized bed can become 
stagnant temporarily. This is particu- 
larly likely in a baffled bed. During run 
2 the photographed section of the bed 
showed no motion for about 30% of 
the time. Runs 1, 5, and 6 showed that 
baffles A produced more peak velocities 
upward than were observed with baflles 
B or with a free bed. 


Alumina Particles 

Table 1 shows data for three runs 
with alumina. One set is shown in Fig- 
ure 6. Velocity peaks and flow reversals 
are similar to the effects noted for the 
larger glass particles. The effect of in- 
creasing gas flow is similar. 

Although the values of G/G, were 
higher for the alumina, the velocities 
of the alumina particles were less than 
those for the glass beads. The probable 
reason is the greater severity of slug- 
ging with the glass beads. Thus alumina 
particles moved at roughly one-fifth the 
velocity of the glass particles, for free- 
fluidized beds of equai bed expansions. 
The superficial gas velocity for the runs 
with alumina was 0.29 and 0.39 ft./ 
sec. compared with 2.2 and 4.2 ft./sec. 
for the glass beads. 

One difference between the alumina 
and the glass particles was that baffles 
reduced the average velocity of the 
alumina particles by about 3 to 1, a 
much smaller change than was noted 


with the glass beads. 
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Fig. 5. Effect of baffles. Run 6, same as run 5 
except that baffles A were installed. 
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Remarks on Temperature Profile 

The solids flow pattern explain cer- 
tain heat transfer observations. A prior 
study (13) made with a bed having 
the same diameter, height, baffle design, 
solids, gas, and gas velocities shows 
temperature measurements along the 
geometric axis. Air entered at about 
90°C.; the walls were cooled with 
water at about 30°C. For free fluidiza- 
tion a near-constant temperature profile 
resulted for a gas flow which was 1.2 
times the flow for incipient fluidization. 
For a baffled bed the profile was not 
this flat until the gas velocity was in- 
creased beyond the incipient value by 
over 100%. Thus although baffles pre- 
vent channeling and slugging, they 
cause some impoverishment in the heat 
exchange between one region in the 
bed and another. The reason of course 
is that baffles decrease the average ve- 
locity of the particles. 


Particle Diffusivity 


Runs 6 and 7 were duplicates of prior 
runs (12) carried out to determine dif- 
fusivities of the solid particles. In the 
early work trace particles were dropped 
on the top of a fluidized bed, and sam- 
ples were removed at a point 4.7 in. 
below. Concentration vs. time data were 
used to calculate diffusivities for the 
particles. These prior tests were de- 
signed to test the equation of Trawinsky 
(25) which extended the kinetic mo- 
lecular theory of Shafer: 


D = (K/1—«,) Gd (AL/L,) (1) 


The equation could not be checked for 
a free-fluidized bed, presumably be- 
cause of nonuniformities in the gas-solid 
system, but the results were promising 
for baffled beds. A linear relationship 
was obtained for the prior data: 


D = 0.050 (G) (AL/L,) (2) 


The present photographs permit an 
independent check of the equation. A 
convenient comparison can be made in 
terms of the average velocity of the 
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particles. For run 7 the relative expan- 
sion of the bed was 0.11, and the par- 
ticle diffusivity was 2.5 sq. ft./hr. 
Einstein’s expression V = 2D/AX and 
the expression AX = (m/2nd*)” 
combine to give a _ corresponding 
velocity of about 3 ft./sec. for the 
particles. The motion picture  evi- 
dence showed that the particle root- 
mean-square velocity at ihe walls was 
0.22 ft./sec. A similar discrepancy ex- 
ists for run 6; the diffusivity value from 
Equation (2) coupled with the bed 
expansion of 0.22 leads to a predicted 
velocity of about 6 ft./sec., whereas 
the photographs show an actual R.M.S. 
velocity of 0.43 ft./sec. The discrepancy 
of about 15 to 1 between the predicted 
velocities and the observed velocities 
can be explained. The equations assume 
that the kinetic molecular theory applies 
to individual solid particles and that 
each particle moves as an individual. 
The motion pictures show that aggre- 
gates of particles move as a unit, even 
in baffled beds. The particles in an ag- 
gregate have approximately the same 
velocity in the same direction. Perhaps 
one should use the average diameter of 
an aggregate and the number of aggre- 
gates per unit volume in the above 
equations instead of the particle diam- 
eter and concentration. At present these 
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Fig. 6. Velocity of 200-mesh alumina powder 
at the wall. Run 11, no baffles, superficial air 
velocity = 0.29 ft./sec. 
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suggested measurements are not avail- 
able. 

It is significant that the diffusivity of 
the particles in the baffled bed is of 
rather small magnitude. This means that 
a well-baffled bed is more like a fixed 
bed than a free-fluidized bed, at least 
from the standpoint of the circulation 
of the solids. 


GAS FLOW PATTERN 


Previous investigators have been 
greatly concerned with the gas flow 
pattern in fluidized beds. The perform- 
ance of fluidized reactors and the vari- 
ables affecting the gas flow pattern have 
been referred to by numerous workers 
(4 to 10, 17, 18, 24, 25, 29, 30). The 
process of bubbling has received special 
attention. Baumgarten and Pigford (3) 
consider it from the standpoints of the 
extent of bubbling and the conditions 
under which it occurs. Rice and Wil- 
helm (19) consider the dynamics of 
the boundary between the dense sus- 
pension and the gas bypassing as bub- 
bles. Other problems involve the 
amount of bypassing gas and the sta- 
bility of the above-named boundary. 
The phase boundary may sometimes 
seem to be lacking or nonexistent in 
short columns; however it has been 
shown that a uniform distribution of 
solid particles is unstable, and if a 
column is of sufficient height, growing 
bubbles of gas must always appear (1). 

It is important whether bubbles do 
or do not occur because bubbles affect 
the gas-solid mixing. Two counteracting 
effects take place when the gas velocity 
is increased. One has been pointed out 
by Toomey and Johnstone (24) and 
Trawinski (25), who show that the 
number of bubbles increases. Because 
bubbles represent bypassing gas, this 
effect should cause a reduction in the 
rates of heat and mass transfer. The sec- 
ond effect of velocity increase is an in- 
crease in the agitation of the particles 
in the phase boundaries. Of course this 
tends to cause improvement in the heat 
and mass transfer. Which effect pre- 
dominates depends on the operating 
conditions, but the second effect seems 


to be more significant in most experi- 
ments. Shen and Johnstone (20) found 
that increases in the gas velocity caused 
increases in the heat and mass trans- 
fer between the solids and the gas. 
Massimilla and Johnstone (14) ob- 
tained similar results. Shuster and Kis- 
liak (21) found that the bed uniformity 
increased up to a certain gas velocity. 
On the other hand Mathis and Watson 
(16) found that for the dealkylation 
of cumene the conversion depended on 
the flow rate in a complex fashion, with 
increases and decreases both being pos- 
sible as the velocity increases. 

Bubbling is analogous to the rise of 
gas bubbles in a liquid. Toomey and 
Johnstone (24) have suggested that a 
simple model for a fluidized bed is ob- 
tained by imagining bubbles of pure 
gas to rise through a second dense 
phase, a uniform suspension. Trawinski 
(25) stated that bubbles form at the 
bottom of a bed and begin to rise only 
when they are sufficiently large to over- 
come downward forces. The use of 
Stokes’s law was suggested because 
the Reynolds numbers were small. 

Runs 8, 9, and 10 were conducted 
to study bubbling in the absence of 
baffles. The conditions are summarized 
in Table 2. The remainder of this paper 
consists of observations based on the 
motion pictures for those runs. 

For run 9 two patterns of gas flow 
occurred at 0.6 in. from the bottom. 
Type 1 consisted of cavities that passed 
through the field of view with no sub- 
stantial modifications beyond certain de- 
formations somewhat similar to those 
which occur also for gas bubbles in 
liquids. These bubbles can be classified 
according to size. The bigger bubbles 
of, say, 0.5-in. diameter moved rapidly 
upward (at about 1 ft./sec.). Very few 
solids were suspended in these bubbles. 
The boundary surfaces were not spheri- 
cal but were well defined. Surrounding 
particles in the dense phase showed 
a pronounced motion downward as 
these bubbles rose. Very small cavities 
occur also. Figure 7 illustrates a bubble 
of about 0.06-in. diameter. Both the 
bubble and the surrounding phase 
moved upward with their absolute ve- 
locities being 0.70 and 0.57 ft./sec. 


TABLE 2. SUMMARY OF DATA FOR STUDY OF PATTERN oF Gas FLow 
Solids: 120- to 200-Mesh Alumina 


Superficial 


Settled gas velocity, 
bed Ib./(hr.) (sq. ft.) | Loca- 
height Main In- tion®, 
Run Bete: feed jected in. 


8 0.89 28.5 3.1 2.4 
9 0.89 31.6 0 0.6 


10 1.08 31.6 0 6.9 


Camera 
Height of speed, 
field of frames/ 
view, in. sec. Notes 
0.33 1,920 Injection nozzle of 
%-in. tubing. 
0.33 2,160 Column inclined 10 
deg. 
5 2,160 Inclined 10 deg. 


* Distance between the photographed field and the bottom of the fluidized bed. 
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Fig. 7. Small bubble rising in alumina. Bubble 

width — about 0.06 in. Height of view = 

0.33 in. Run 9 at 1,200 frames/sec., (a) frame 
0, (b) frame 28. 


The equations of Baron and Mugele 
(1) can be used to estimate the largest 
bubble which could be empty of solids 
for an appreciable time. The viscosity of 
the dense phase can be guessed as 
roughly 250 centipoise by comparing 
the solid to some described in the litera- 
ture (15). This leads to a value of 0.94 
in. for the maximum diameter of 
stable empty bubbles. The bubbles de- 
scribed above were smaller than this. 

Some cavities originated, grew, de- 
creased, and vanished in the small field 
of view (0.47 xX 0.33 in.) during run 
9; these are type 2, also called gas 
pockets herein. Typically the birth of 
such a cavity starts as a small hole 
which moves upward splitting the dense 
phase like a wedge. The cavity then 
expands, with a typical increase in 
width occurring at a rate of about 0.43 
ft./sec. Eventually the growth ceases, 
and collapse sets in. Collapse frequently 
takes place by a break in the roof of 
the cavity which allows simultaneous 
leakage of solids inward and gas out- 
ward and a rise of solids from below. 
Occasionally the roof of a cavity breaks 
at one point only. Then the gas leaks out 
quickly, possibly to form a new cavity 
at a higher elevation. 

Type 2 cavities should not be likened 
to bubbles in a liquid. Rather these 
cavities appear to be regions of high 
gas pressure. As the gas enters a zone 
having a minor resistance to gas flow, 
it blasts open a cavity. The cavity grows 
until a rupture occurs which provides 
a leak into a new zone or zones of 
minor resistance. Collapse occurs as the 
pressure falls. This gas motion is quite 
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Fig. 8. Collapsing gas pockets. 3.75-in. column, 
inclined 10 deg., run 13, 200-mesh alumina. 


unlike that of gas bubbles in a liquid. 
The motion of type 2 cavities or pockets 
is slow compared with that of type 1 
bubbles. The gas inside type 2 cavities 
does not possess enough energy to split 
the bed all the way up. Instead the gas 
inside is destined usually to leak into 
new zones to form new pockets. How- 
ever two interesting possibilities exist 
and seem to occur; the gas can be partly 
captured by fast bubbles passing by or 
can simply leak in all directions and 
become distributed throughout the 
dense phase. 

Photographs midway up the bed for 
run 10 showed gas flow patterns similar 
to those near the bottom. One excep- 
tion was that formation of cavities by 
the coalescence of two or more bubbles 
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was frequent in the midsection. Such 
cavities moved faster than cavities near 
the bottom. Figure 8 illustrates a typical 
large pocket near the midsection of the 
bed. A rain of particles down from the 
roof of the cavity occurs in the picture. 
The prominent cavities in these photo- 
graphs are larger than the theoretical 
critical size of 0.94 in. 

Run 8 included the injection of about 
10% of the gas at a fixed point in the 
bed. Motion pictures showed discrete 
small bubbles at this point indicating 
that the gas injection was discontinuous. 
The same thing occurs of course when 
gas is injected into a liquid from an 
orifice. The motion of the surroundings, 
first outward, then down and in to 
pinch off the bubble, is quite evident 
when solids are present. The last part 
of this solids movement is much faster 
than the earlier part. 

The gas flow patterns can be used to 
postulate why the difference between 
the conversion in a fluidized and in a 
fixed bed can first decrease and then 
increase as the flow rate is progressively 
increased. At low flow rates small bub- 
bles and quasistable pockets predom- 
inate. These move rapidly through the 
bed with the gas inside excluded from 
good contact with the catalyst powder. 
At higher flow rates unstable pockets 
predominate. The rain of solids through 
these slow-moving pockets provides 
contact for catalysis, and the efficiency 
of the reactor is thus improved. Even- 
tually a flow rate could be reached 
which would be so great that severe 
channeling would result and finally the 
bed would become inoperable. This 
extreme case was not studied in the 
present investigation. It was reached in 
tests on a catalytic reactor described by 
Mathis and Watson (16). 
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NOTATION 

d = average diameter of particles, 
ft. 

D = diffusivity of solid particles, 
sq. ft./hr. 

G = superficial gas flow rate, 
Ib./ (hr.) (sq. ft.) 

G, = superficial gas flow rate for 
incipient fluidization, 
(hr.) (sq. ft.) 

K = dimensional constant cu. 
ft./Ib. 

L, = settled height of bed, ft. 

AL = bed expansion, ft. 

n = number of particles per unit 
volume, ft.~ 

V = particle velocity, ft./hr. 
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AX = particle displacement, tt. 
= fractional voids in settled 
bed, dimensionless 
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Mass Transfer in Liquid-Lithium Systems 


WILLIAM N. GILL, RICHARD P. VANEK, ROBERT V. JELINEK, and C. S. GROVE, JR. 


The behavior of type-304 stainless steel! in a forced-convection closed-loop lithium system 
was investigated over a wide range of temperatures and velocities. Fundamental information 
concerning the mechanism for mass transport has been obtained by examining solution and 
deposition effects along flat plates. The rate-determining process for solution is transport from 
the solid to the interface, whereas deposition rates are liquid-phase controlled. 

Liquid-phase mass transfer coefficients were correlated with a maximum deviation of ap- 
proximately 15% by the use of von Karman’s analysis of the turbulent boundary layer along 
a flat plate, combined with the Chilton-Colburn empirical modification of the Schmidt group. 
In contrast no adequate model is available for the prediction of solution rate constants which 
must be determined experimentally. Mean values of the solution rate constants ranged from 
0.154 to 0.750 x 10° cm./sec. at temperatures from 510° to 612°C. These values are on the 
order of 10° smaller than corresponding liquid-phase mass transfer coefficients. 


Significant theoretical developments 
and quantitative data relating to liquid- 
metal heat transfer are available. Com- 
parable contributions for mass trans- 
port phenomena, except for mercury 
systems, have not been forthcoming. 
Several studies have provided qualita- 
tive data about the corrosive effect of 
liquid alkali metals and their com- 
pounds on various materials of con- 
struction. Descriptive information is 
available concerning thermal-gradient 
mass transfer in lithium systems for 
both natural and forced convection (1, 
2, 3). These studies suggested general 
solution as the principal over-all mech- 
anism for mass transfer to the fluid 
phase. Other types of corrosion have 
been observed (4) which contribute 
to some extent to the total transport of 
material. 

Epstein (5) investigated the mass 
transfer problem in dynamic-sodium 
and mercury-loop systems by employ- 
ing quantitative techniques. Two mech- 
anisms for corrosion were considered. 
The rate-determining step for solution- 
limited corrosion is the transfer of mate- 
rial from the metal surface to the ad- 
jacent liquid boundary layer. For the 
diffusion-limited mechanism the rate of 
transfer of material through the liquid 
boundary layer controls the process. 
The principal difference between these 
mechanisms is that the interfacial liquid 
concentration is in equilibrium with 
the solid phase in the diffusion-limited 
case, whereas it is not saturated and is 
approximately equal to the average 
bulk-stream concentration in solution- 
limited corrosion. The mercury-iron 
and sodium-iron systems are described 
respectively as diffusion limited and 
solution limited. 

Dunn et al. (6) studied mass trans- 
fer rates for metals quite soluble in 
mercury at room temperature. The 
data were correlated by use of the 
various dimensionless correlations ap- 
plicable to the systems studied. Linton 
and Sherwood (7) investigated the 
solution of tubes and plates for both 
laminar and turbulent flow. This in- 
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vestigation represented a considerable 
extension of mass transfer data to 
higher values of (4/pD,), and the data 
were correlated by use of conventional 
dimensionless equations. 

A recent study by Bennett and 
Lewis (8) discusses the applicability 
of boundary-layer analysis and the 
more recently developed surface-re- 
newal theory (9, 10). It has been 
shown (11) that the laminar-sublayer 
and surface-renewal models yield simi- 
lar equations, and thus mass transport 
may be expressed in traditional form 
independent of the frame of reference 
used. To test these theories, two de- 
signs of apparatus were used in the 
experiments by Bennett and Lewis, 
and two equations were employed to 
correlate the data, ‘depending on the 
method used. Although an exponent of 
0.5 for the Schmidt group (as pre- 
dicted by the surface-renewal theory) 
was applicable to one system, this was 
not considered sufficient evidence to 
confirm or reject the surface-renewal 


theory. 


EXPERIMENTAL PROCEDURE 


The apparatus employed is shown 
schematically in Figure 1. Lithium was 
charged to the hold tank through a sintered 
stainless steel filter with 5-u pore size. The 
entire system was pretreated with low-tem- 
perature lithium to reduce surface films. 
Type-304 stainless steel plates (1 by % 
by 1/16 in.) which had previously been 
electropolished to eliminate surface films 
were arranged to form a continuous flat 
plate parallel to the direction of flow. This 
was accomplished with %-in. tubes 27-in. 
long which were machined to hold ten to 
twenty-five plates rigidly to form one 
continuous plate. The %-in. tube together 
with the inserted plates was placed inside 
a %4-in. tube and the assembly locked 
together to hold the two tubes concentric- 
ally. 

Lithium flowed parallel to both sides of 
the plate causing material to be trans- 
ferred identically on both sides. This ar- 
rangement enabled the measurement of 
mass flux to and from plates 1 to 25 in. 
long under invariant conditions for a given 
run. The temperature and flow conditions 
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were altered as desired for different runs. 
Plate assemblies were varied in length 
from 10 to 25 in. Two test sections were 
incorporated in the system; one was placed 
in the hottest and the other in the coldest 
part of the system. During all runs the 
low-temperature test section was main- 
tained at a constant temperature, whereas 
both isothermal and nonisothermal con- 
ditions were established in the hot section. 
As expected, material was transferred from 
the plates to the liquid stream in the hot 
zone and from the liquid stream to the 
plates in the low-temperature section. 

The lithium used was high-purity 
vacuum-distilled material reported to have 
the following analysis: 


Lithium analysis 
Na K Ca N Fe Li 


0.005% 0.01% 0.02% 0.06% 0.001% 99+% 
During each run lithium was filtered con- 
tinuously to reduce contamination and to 
justify the assumption of a steady state 
concentration distribution; the outlet 
stream from the filter was assumed to be 
saturated at the filter temperature. The 
filter also served to remove particulate 
matter resulting from crystal growth in 
the liquid stream. In addition the lithium 
was filtered continuously at approximately 
0.5 to 1°C. above its melting point at 
the termination of each run to maintain 
contamination at a low level. The absolute 
magnitude and consistency of results in- 
dicate that this is an effective procedure 
and that catalytic effects due to cxides and 
nitrides were minimized. It is concluded 
that continuous filtration is probably the 
single most fruitful method to obtain 
consistent and reliable experimental results. 

The entire system was made of type-304 
stainless steel with the exception of the 
fittings which were of type-316 stainless 
steel. A single material was used to 
eliminate dissimilar metal transfer which 
would undoubtedly bias the results. A 
preliminary study on static isothermal as- 
semblies indicated that austenitic stainless 
steels were superior to other stainless steels. 
Also a statistical analysis of the results 
showed no significant differences between 
type-304 and the other series-300 steels 
up to 500°C. Refractory metals, which are 
more inert, present considerable experi- 
mental difficulty because of oxidation 
problems unless the entire system is oper- 
ated in an inert atmosphere. Therefore 
type-304 stainless steel was chosen for 
this investigation, despite its complexity, 
because of its practical importance in 
handling lithium. Small fluxes could be 
anticipated with this material, which 
satisfied most assumptions made in theo- 
retical investigations. The principal limita- 
tion in using a complex alloy is that 
several components, rather than one, are 
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CHARGE TANK 
Fig. 1. Closed-loop mass transfer system: 1— 
surge tank, 2—electromagnetic pump, 3—elec- 
tromagnetic flowmeter, 4—heating section, 5— 
hot sample section, 6—cooler, 7—cold sample 
section, 8—filter, —thermocouple, @—valve. 
transferred simultaneously. Consequently 
mean diffusivities must be used in the 
calculations, but this is not a severe limita- 
tion because the diffusivities of iron, 
nickel, and chromium in liquid lithium are 
about equal, as indicated by the Stokes- 
Einstein equation. 

Thermocouples positioned at various 
points in the system measured the tem- 
perature distribution. The temperature in 
each sample section and throughout the 
system was measured periodically by use 
of a K-2 potentiometer and also monitored 
continuously on a multipoint recorder. 

An electromagnetic pump circulated the 
lithium, and a calibrated electromagnetic 
flowmeter measured the fluid velocity. This 
type of pump is particularly convenient for 
experimental work with liquid metals, since 
it provides excellent velocity control and 
reliable operation. 

After a specified time, from 67 to 100 
hr., the plates were removed, and the mass 
flux was measured by weight difference. 
Photomicrographic, X-ray, and chemical 
analyses were employed to determine 
structural changes occurring in the solid 
phase and to identify the components 
transferred. Crystals were also cold 
trapped upstream of the filter and analyzed 
for this purpose. 


MASS FLUX AND THE TRANSPORT 
MECHANISM 
Theory 

In most liquid lithium mass transfer 
investigations the material transported 
is the containing system. Therefore the 
solubility levels of interest are on the 
order of parts per million. Changes in 
the bulk-stream concentration around 
the system can be less than 1 part/mil- 
lion as in this investigation. This pre- 
cludes direct measurement of concen- 
tration differences by chemical means 
and requires the use of a different 
method. It is desirable to formulate 
equations describing the process in 
terms of mass flux at the phase bound- 
ary which can be measured directly. 
With known fluxes concentration dis- 
tributions can be deduced from the 
continuity equations. 

Bird (12) discusses various frames 
of reference for defining fluxes and 
clearly presents the relationships be- 
tween them. The nature of turbulence 
and its role in thermal and material 
transport are described by Opfell and 
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Fig. 2. Solution of flat plates in lithium (variation of mass flux 
with Reynolds number). 
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Sage (13). On the basis of the general 
equations described in these mono- 
graphs it is easily shown that 


aC ld 


for steady flow of an incompressible 
fluid in a constant cross-sectional area, 
circular conduit. Solutions to the heat 
transfer analogue of Equation (1) have 
been obtained for plug, laminar, and 
turbulent flow in tubes by Lévéque, 
Graetz, and Latzko (14) assuming 
constant physical properties. These 
solutions have been compared with ex- 
perimental data with considerable suc- 
cess (14, 15). 

Practical problems are usually com- 
plicated by large thermal gradients 
and the nature of the solid phase, when 
this offers appreciable resistance to 
transfer. This has made it necessary to 
state the continuity equation in the 
simplest possible form so that it can be 
integrated over the system considered. 
It is desirable to examine this approach 
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for circular tubes, since the procedure 
was used in this study. The macro- 
scopic steady state continuity equation 
for each component in the liquid 
stream is 


In addition local mass transfer coeffi- 
cients, for steady state conditions, are 
defined for each component by 


N, = k,(C,—C,*) (3a) 
=k. 
= (C,* — Cz) (3c) 


Equations (3a), (3b), and (8c) de- 
scribe solid-phase diffusion, interfacial 
chemical rates, and liquid-phase diffu- 
sion, respectively. It should be noted 
that y° and C,° in Equation (3b) refer 
to quantities in thermodynamic equil- 
ibrium with the solid phase immedi- 
ately adjacent to the liquid; this may 
not be identical with the bulk solid. 
Solution Phenomena Epstein (5) 
suggested two distinct mechanisms for 
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Fig. 3. Deposition on flat plates from lithium (variation of mass flux with Reynolds number). 
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solution phenomena in _liquid-metal 
systems as previously described. The 
diffusion-limited mechanism controls 
for single-component solids, where k, 
is large and C,* is approximately equal 
to C,°. It is readily seen that these 
conditions give directly 
N, = k, (C,° C,) 

k, (C,° == C,) (8c) 
Hydrodynamic effects are most pro- 
nounced for systems that can be so de- 
scribed. This behavior has been ob- 
served in mercury systems with iron, 
tin, lead, and cadmium solutes (6, 8). 
When the interfacial liquid boundary- 
layer cannot be considered saturated, 
several possibilities arise and have been 
observed experimentally. For pure 
solids the chemical-rate factor may 
enter into the solution process as ob- 
served with zinc in several solvents 
(8). Also the solution rate may be 
affected by the existence of a solid 
boundary layer of reaction products re- 
sulting from a chemical reaction be- 
tween the solid and an impurity of the 
liquid or the liquid itself. The iron- 
sodium system exhibits this behavior 
(5). Solution of multicomponent solid 
alloys is further complicated by solid- 
phase diffusion. All these effects are in- 
cluded in an over-all mass transfer 
coefficient frequently designated a 
“solution-rate constant,” and the mass 
flux is written 
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If the origin of the coordinate sys- 
tem is chosen at a point in the system 
where the liquid stream is saturated, 
that is the outlet from the filter, the 
flux distribution around the system can 
be obtained directly. Differentiating 
Equation (4), combining this with 
Equation (2), and integrating with the 
condition N,=0 at z=0 (at the filter 
outlet this condition is satisfied since 
the bulk stream is saturated), one ob- 
tains 


dT\ 


where 

_ Ay om 

If analytical expressions are available 
for the temperature coefficient of solu- 
bility and the temperature distribution 
in the system, the integral is easily 
evaluated; a, and A» are best deter- 
mined by 


1 
de = dz 


Xm 


(6) 


Epstein (5) simplified Equation (5) 
by assuming that (dC,°)/(dT) was 
essentially constant over small tem- 
perature intervals and that the temper- 
ature distribution can be approximated 
by a simple cosine function. Employing 
these assumptions, one obtained order- 
of-magnitude agreement. 

Deposition Phenomena For deposi- 
tion processes only k, and k, need be 
examined. If k, is large, as it is shown 
to be for the system investigated, the 
interfacial liquid is assumed to be in 
thermodynamic equilibrium with the 
solid. Consequently the mass flux can 
be written as 
= ki(Ci—Cz*) (7) 

Since the transfer mechanism cannot 
be observed directly, it must be de- 
termined by inference. Transport in 
turbulent flow parallel to a flat plate is 
ideal for this purpose. This system has 
been the subject of considerable theo- 
retical investigation, particularly as it 
relates to heat and momentum transfer. 
Von Karman (16) studied the heat 
transfer problem. From a heat balance 
over the boundary layer, based on the 
1/7 power velocity distribution law, he 
derived the following relationships for 
local and total fluxes respectively: 


0.2 
qr = 0.0285 pC, o( ) (8) 


qr = 0.0356 p C, 6. (== ) (9) 


10.00 


5.00 


= 
= 
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z= 0.50 
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Fig. 4. Variation of mass flux with temperature. 
© present data on lithium 
© data of Epstein (5) on sodium 
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TABLE |. Conpririons For SOLUTION-RATE Data IN Ficure 4 


Lithium 
Type of 
Nr(mg./ Tsoin., Tritter; AT, specimen 
sq. cm.-mo ) OF Time, hr. V,cm./sec. dissolving 
7.6 612 490* 122 100 15.5 plate 
5.7 587 450° 137 100 15.5 plate 
4.7 583 548° 35 100 40.0 plate 
3.4 563°°* 543 20 100 60.0 tube 
3.15 556 445* 111 67 15.5 plate 
2.21 541 328* 212 100 15.5 plate 
0.85 510 374 136 100 15.5 plate 
0.36 440** 430 10 100 85.0 plate 
0.17 421** 374 45 100 85.0 plate 
Sodium 
0.94 535 425 110 _ 30 
0.71 500 460 40 — 60 
0.08 375 225 150 ~ 45 


* Deposition rates were measured at these conditions and are shown in Figures 3 and 5. : 
*® Preliminary measurements were made to determine the temperature level necessary to obtain re- 


liably reassurable rates. 


ifteen measurements on tubes were made under these conditions to test the assumption that 


the solution rate is independent of geometry. 


Von Karman’s analysis assumes a 
stream of infinite extent, where the 
main stream above the boundary layer 
is undisturbed. This is approximated 
by flat plates in tubes along a relatively 
short length before the tube-and-plate 
boundary layers interact. By analogy it 
would be expected, for a given AC,, 
that the total mass flux over the length 
is proportional to [(V.L)/v]°* for an 
isothermal system if the fluid resistance 
predominates. Conversely, if the trans- 
fer process is controlled by crystal 
orientation or solid-phase diffusion ef- 
fects, the growth of the boundary layer 
should affect mass transfer to a lesser 
extent and the rate is essentially inde- 
pendent of the fluid velocity and di- 
rectly proportional to the length of the 
plate. 


Experimental Results 

Mass-Flux Data Figures 2, 3, and 4 
are representative mass-flux data ob- 
tained in this study. The behavior of 
each individual curve in Figures 2 and 
3 is independent of the driving force, 
since this is constant for a given curve. 
Figure 2 shows fluxes from the plates 
to the lithium stream. All runs indicate 
some degree of positive curvature, and 
this curvature increases with increased 
flux as expected for solution-limited 
transfer. 

In contrast Figure 3 for fluxes to the 
plates corroborates von Karman’s pre- 
dicted effect of the Reynolds number. 
It is seen that the total flux in this case 
is linear in [(V.L)/v]°* within ex- 
perimental error. This suggests a solid- 
phase controlled-solution process and a 
fluid mechanically controlled precipita- 
tion process. Subsequent examination 
of mass transfer coefficients and solu- 
tion-rate constants corroborates _ this. 
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In large measure this explains the 
plugging phenomena observed in non- 
isothermal closed-loop systems. Since 
the precipitation process is rapid rela- 
tive to the solution process, the deposi- 
tion of material in the system is limited 
only by the concentration or activity 
potential available. 

Each point in Figure 4 is based on 
twenty-five observations of solution 
rates under a given set of conditions. 
It is seen that the mass flux is substan- 
tially linear in 1/T, despite the varia- 
tion in temperature differences and 
velocities shown in Table 1. This ex- 
perimental result strongly suggests 
that the observed solution rate, under 
the range of conditions investigated, 
is an exponential function of the solu- 
tion temperature. This is quite reason- 


able considering that a large number 
of diffusion processes, reaction-velocity 
constants, and solubility concentrations 
can be expressed by an Arrhenius type 
of equation over limited temperature 
ranges. An identical result was ob- 
tained for the mercury-iron system (5), 
and the reasons for this were discussed 
rather extensively. 

Figure 4, together with the tempera- 
ture distribution, can be employed to 
determine the concentration distribu- 
tion around the system with the con- 
tinuity equation used in the form 


The stream leaving the filter is as- 
sumed to be saturated. 

Mass Transfer Coefficients. A search 
of the diffusion literature (17) on liq- 
uid metals led to the conclusion that 
measured diffusivities were one to two 
times those calculated with the Stokes- 
Einstein equation: 

(11) 
T 
This then provides a reasonable ap- 
proximation for use in dimensionless 
correlations to predict mass_ transfer 
coefficients. 

The atomic radii of iron, nickel, and 
chromium are 1.26, 1.24, and 1.25 A. 
respectively, and therefore diffusivities 
of these elements in dilute solutions 
should, on the basis of the Stokes- 
Einstein equation, be essentially the 
same. A value of 1.25 A. was used to 
calculate the mean diffusivity. 

Von Karman’s analysis modified for 
mass transfer as a Chilton-Colburn j- 
factor correlation leads to 


ja = 0.0356 (Nae)? (12) 
or, with a slightly modified friction 


0.010 


0.008) 


= 0.0356 Re, 
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Fig. 5. Correlation of liquid-phase mass transfer coefficients for flat plates. 


Temp.,°C. Velocity, cm./sec. 
o 445 15.5 
. 490 15.5 
fe) 328 15.5 
° 450 15.5 
& 548 40.0 
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Plate length,cm. AC x 10‘ mg./cc. 


2.54-25.4 1.30 
2.54-25.4 3.63 
2.54-63.5 1.17 
2.54-63.5 2.00 
2.54-63.5 1.38 
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factor for smooth flat plates as sug- 
gested by Schlichting (18), to 


ja = 0.0370 (18) 


The coefficients in these relations are 
mean values over the plate length. 

Since the filter and cold-section 
plates were maintained at the same 
temperature, the equilibrium solubility 
was the same in both. In addition if 
the deposition process is fiuid mechani- 
cally controlled, as suggested by the 
previous discussion of von Karman’s 
analysis, the interfacial concentration 
at the plate is an equilibrium value 
identical with the outlet concentration 
of the filter. Consequently the driving 
force for deposition is equal to the in- 
crease in concentration experienced by 
the lithium in travelling from the filter 
outlet to the plate entrance. These 
values are given in Figure 5. Therefore 
mass transfer coefficients were calcu- 
lated by the use of 


(14) 


where AC, is determined with Equa- 
tion (10) and measured solution rates 
used. 

The data falling below the solid line 
in Figure 5 were all obtained at 328°C., 
whereas the data on or above the line 
represent temperature between 445° 
and 548°C. No. consistent bias is ob- 
servable in the higher-temperature data, 
and the experimental error is appar- 
ently small. The larger deviations from 
predicted values for the 328°C. data 
are probably due to error in AC,. The 
temperature gradient throughout the 
heat exchanger was particularly high 
for the 328°C. data (8.5°C./in.) and 
may have caused a significant decrease 
in the concentration of the stream ap- 
proaching the plates via deposition in 
the exchanger. This may account for 
the low experimental values of k;. 


MAX, SYSTEM TEMPERATURE (556°C) 
DEPOSITION TEMPERATURE (445°C) 
3 divisions = 0. 002 in. 

x 300 


DEPOSITED 
LAYERS 


TABLE 2. SoLUTION-RATE CONSTANTS 


am X 10°, 

(cm./ ax 10°, AC, 
sec. )* (range) * mg./ce. 
0.154 0.204-0.142 0.129 
0.299 0.398-0.259 0.206 
0.504 0.775-0.428 0.204 
0.670 0.764-0.616 0.289 
0.750 0.792-0.694 0.331 


At 
system, °C. Nee X 10° 
510 136°C 6-150 
541 212°C 6-154 
556 6-155 
587 6-160 
612 123°C 6-163 


* The mean values and ranges for solution-rate constants were based on twenty-five measurements 


in all cases. 


These data contrast with those ob- 
tained by Linton and Sherwood (7). 
For plates their results in all cases were 
1.5 to twofold above the solid line in 
Figure (5). These authors logically 
suggest that this is attributable to the 
induced roughness of the plates caused 
by solution effects. This is a reasonable 
conclusion as discussed extensively by 
Schlichting (18). 

Solution-Rate Constants. Unlike the 
mass transfer coefficients discussed pre- 
viously for fluxes to the solid phase, 
the mechanism for solution is not 
readily discernible because of its in- 
herent complexity and the lack of 
sufficient solubility data. Solubility 
data were obtained for nickel from the 
the work of Bagley and Montgomery 
(19) and for iron from Sand et al. 
(20). No chromium solubility data 
were available. Therefore the solution- 
rate constants shown in Table 1 were 
calculated on the basis of these data. 
It is readily seen that the absolute 
magnitude of the solution rate constants 
is smaller, by a factor of 10°, than 
expected for diffusion-limited processes. 
A simple calculation with the approxi- 
mate relationship 


(15) 


b 


MAX, SYSTEM TEMPERATURE (612°C) 
DEPOSITION TEMPERATURE (490°C) 
3 divisions = 0.002 in. 

x 300 


Fig. 6. Photomicrographs showing deposition layer. 
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shows that 


1 1 1] (16) 

within less than 1%. Therefore the 
solution-rate constant is dependent on 
the solid phase and interfacial resist- 
ances only. 

The proper driving force to use for 
solution-rate constant calculations is 
the difference between the equilibrium 
concentration and the bulk-stream con- 
centration. This is exactly equivalent 
to the difference in solubility between 
the solution temperature and the filter 
temperature plus the bulk-stream con- 
centration increase caused by solution 
between these points. These values are 
given in Table 2. According to Figure 
4 log N, is essentially linear in 1/T. 
Therefore the solution-rate constants 
should be linear in this variable. This 
condition is only approximately satis- 
fied. Deviations from linearity are 
probably attributable to the lack of 
complete solubility data. 

It is clear from the behavior of the 
individual solution-rate constants* that 
the solution process is controlled prim- 
arily by the solid phase, in contrast to 
the precipitation process. Although 
there is a slight tendency for these 
constants to decrease with increasing 
Reynold’s number, this is not nearly so 
pronounced as that observed in fluid 
mechanically controlled systems. 

Solid-Phase Analysis. The photo- 
micrographs in Figure 6 provide a 
means of estimating quite accurately 
the depth of deposition product layers 
due to mass transfer in the low-tem- 
perature section of the system. The 
band above the stainless steel substrate 
represents the deposition layer. It can 
be seen that this layer is well deline- 
ated, and no diffusion into the sub- 
strate is evident. Fluxes observed by 
weight differences for Figure 6a and b 
were in the ratio of 1/2.83, which cor- 
responds to the respective band widths 
shown. The exact structure of the de- 


°® Tabular material has been deposited as decu- 
ment No. 6125 with the American Documenta- 
tion Institute, Photoduplication Service, Library 
of Congress, Washington 25, D.C., and may be 
obtained for $1.25 for photoprints or for 35-mm. 
microfilm. 
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position products is difficult to deter- 
mine, but spectrographic analysis of 
crystals trapped upstream of the filter 
showed that nickel was the principal 
component transferred and that chro- 
mium, manganese, silicon, and carbon 
were present in detectable amounts. 

X-ray diffraction and _photomicro- 
graphic analysis of the plates in the 
high-temperature section of the system 
where solution occurs showed trans- 
formation of the austenitic structure to 
a ferritic structure. Corresponding to 
mass-flux rates, the degree of conver- 
sion to ferrite increased rapidly with 
temperature. In an inert atmosphere 
the austenitic structure of type 304 
stainless steel is quite stable at 600°C.; 
therefore transformation to ferrite can 
be attributed to the preferential loss of 
nickel, which is the major stabilizing 
component for austenite in type-304 
stainless steel. Precipitation of chro- 
mium carbide at grain boundaries, 
thereby depleting the matrix of carbon, 
also enhances ferrite formation. 


CONCLUSIONS 


1. Mass transfer coefficients in alkali 
metal systems for fluxes to the solid 
phase are predicted within experimen- 
tal error by von Karman’s theoretical 
analysis of the turbulent boundary 
layer for flow parallel to a flat plate, 
combined with the Chilton-Colburn 
empirical modification of the Schmidt 
group. 

2. The fundamental transfer mech- 
anism is unaltered by the system geom- 
etry. Therefore j-factor correlations 
would be expected to predict mass 
transfer coefficients in circular tubes. 

3. Mass transfer from the solid to 
the liquid stream is controlled by solid- 
phase diffusion and cannot be predicted 
from correlations based on liquid-phase 
diffusion. 

4. No interfacial chemical resistance 
was evident for mass transfer to the 
solid phase. It was not possible to de- 
termine the effect of interfacial resist- 
ance in the solution process because of 
its complexity. 

5. Closed-loop forced-convection sys- 
tems are very satisfactory for mass 
transfer investigations of sparingly 
soluble materials. The idealized steady 
state condition can be closely ap- 
proached and transient behavior studied 
if desired. Isothermal and nonisother- 
mal conditions are easily established 
simultaneously in separate sections of 
a single system. The opportunity to 
study solution and deposition rates 
simultaneously is particularly impor- 
tant for investigating the transport 
mechanism. A wide continuous range 
of fluid velocities is easily obtained, 
and the velocity can be controlled ex- 
tremely well. 
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6. Type-304 stainless steel is a suit- 
able material for handling liquid lithium 
up to 1,100°F. because solution mass 
transfer rates are low. This condition 
minimizes the tendency for equipment 
failure by either corrosion or plugging. 
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NOTATION 


A = 
C 


area, sq. cm. 

concentration of solute, g./ 

ce. 

heat capacity, cal./(g. °K.) 

molecular diffusivity, sq.cm./ 

sec. 

(ki/V)[ 

reaction velocity constant, 

cm./sec. 

liquid-phase mass tranfer co- 

efficient, cm./sec. 

solid-phase mass transfer co- 

efficient, cm./sec. 

= distribution constant 

= plate length, cm. 

local mass flux, g./ (sq-cm.) 

(sec. ) 

i = total mass flux, g./sec. 

= heat flux, cal. / (sq. cm.) 
(sec. ) 

= radius, cm. 

= gas constant 

= temperature, °K. 

= time, sec. 


= 
D, = 


I 


| 


Greek Letters 
a = solution rate constant, cm./ 


sec., over-all transfer 
coefficient 

y = activity coefficient 

A = difference 

0 = temperature difference, (To- 
Tw) °K. 

kK = Boltzman constant (1.38 x 
10° erg./°K.) 

m = viscosity, g./(cm.) (sec.) 

v = kinematic viscosity, sq.cm./ 
sec. 

p = density of liquid mixture, 
g./cc. 

Dimensionless Groups 

Neze = Reynolds number for flat 
plate, (VpL/,) 

Nis. = Schmidt number (u/pD,) 

Subscripts 

c = cross sectional 

d = mass transfer 

f = final value 

K = component 
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L = liquid phase 

m = mean value 

o = origin of coordinate system 
p = peripheral 

r = radial direction 

Ss = solid phase 

T = total 

Zz = direction 
Superscripts 

o = equilibrium value 


intérfacial value 
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Mass Transfer Inside Drops 


A. |. JOHNSON and A. E. HAMIELEC 


The transfer rates of n-butanol, cyclohexanol, and ethyl acetate into water drops have 
been measured for circulating and oscillating drops. 
Methods of allowing for the end-effect transfer have been extended and measured yalues 


compared with predictions of a model. 


Various mechanisms for transfer inside drops have been examined in terms of a correlation 


factor. 


Many recent studies on heat and mass 
transfer rates to and from bubbles and 
drops as they pass through continuous 
media have been aimed at elucidating 
the transfer mechanisms during forma- 
tion, rise or fall, and coalescence or 
bursting of the drops or bubbles. In 
particular, the transfer mechanisms dur- 
ing the steady rise or fall period have 
been analyzed for a variety of situations. 
It is apparent that if proposed mech- 
anisms are to be checked experimen- 
tally, corrections for transfer during 
formation and coalescence must be 
made, or there must be some device for 
contacting two phases without these 
end effects. 

This paper discusses methods of cor- 
recting for transfer in end effects. The 
experimental work reported is con- 
cerned with mass transfer inside liquid 
drops, and for convenience in discussing 
the development of the equations used 
drops heavier than the continuous phase 
will be discussed. The methods may be 
extended to other situations. 

Possible mechanisms describing the 
steady-fall period will also be examined. 


PREVIOUS WORK 


In a recent paper (15) the authors dis- 
cussed end-effect measurements and tech- 
niques previously reported in the litera- 


Period of formation, initial 

oscillation and- drop 
acceleration or deacceleration 

Steady fall period of drop (t ) 
@ - Period of coalescence and 

contact of settled dispersed 
eee phase with continuous phase 
% 


Fig. 1. Definitions of the concentrations and 
the periods of drop life used in this research. 
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ture. Attempts to measure end effects in 
an extraction column were made by Johnson 
and Bliss (14); Sherwood, Evans, and 
Longcor (20); Treybal (21) and West 
et al. (23). Among workers on single 
drops Licht and Conway (17) and Licht 
and Pansing (18) attempted to determine 
end effects separately from the steady fall 
transfer. Coulson and Skinner (3) in- 
jected and rapidly withdrew drops to 
study the mass transferred during forma- 
tion. 


_ 


m 


Other end-effect measurements, by 
Geankoplis and Hixson (5); Geankoplis, 
Wells, and Hawk (6); and Gier and 
Hougen (7), were made by probing the 
continuous phase to determine abnormal 
transfer in the end zones. 

The present authors have employed a 
simple mathematical analysis of end ef- 
fects, introducing efficiencies for these 
periods, and have developed techniques 
to be used for plotting data both to check 
the mechanism and to obtain numerical 
values of a combined end effect. These 
methods will be expanded in the theoret- 
ical section of this paper. 

For heat and mass transfer rates inside 
drops recent studies (2, 4, 11) have cen- 
tered on the application of theory for a 
stagnant (noncirculating) sphere or for a 
drop whose circulation pattern was as- 
sumed to be that developed by Hadamard 
(9). The latter situation was analyzed by 
Kronig and Brink (16). Although the 
Kronig and Brink theory should apply 
only to slowly moving drops (Reynolds 
number below unity), it has been used at 
higher Reynolds numbers. Recently Hand- 
los and Baron (10) have modified the 
Kronig and Brink theory, allowing for 
turbulent motion inside the drops. 

Mass transfer studies involving two com- 
ponent systems have been used in this 
study. To the authors’ knowledge, only 
Heertjes et al. (11), working on a spray 
column, have examined mechanisms for 
mass transfer inside drops using such 
systems. 


THEORETICAL DISCUSSION 


Transfer mechanisms 
This first section will summarize the 


E, =1—2 > B.exp| 
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equations describing the transient mass 
transfer process inside a drop. For all 
mechanisms spherical drops, constant 
molecular diffusivity, uniform initial 
concentration, and absence of any inter- 
face resistance are assumed. 

Diffusion into a stagnant drop. The 
fraction approach to equilibrium or the 
efficiency for the steady-fall period for 
a stagnant drop with continuous-phase 
resistance has been derived by Grober 


(1) 


Here C, and C, are the uniformly mixed 
drop concentrations for the ends of the 
steady-fall period as indicated in Figure 
1. The quantities B, and A, have been 
tabulated for various Nusselt numbers 
by Grober (8). 

For the particular case of no resist- 
ance to transfer in the continuous phase 
this equation reduces to the equation 
ascribed to Newman (19): 


—n? 
En 


a 

(2) 

Diffusion into a circulating drop. For 

negligible interfacial tension and for a 

drop Reynolds number less than unity 

Kronig and Brink (16) derived the fol- 

lowing equation for diffusion into a 

circulating drop with no continuous- 
phase resistance: 


16Dt | 


En = 1—3/8 3 B,,’ exp | — Nn 

(3) 
Elzinga and Banchero (4) obtained the 
same equation for the case of a finite 
continuous-phase resistance and calcu- 
lated values of the quantities B, and d, 
for various Nusselt numbers. Table 1 
summarizes values of B, and X, for the 
case of no continuous-phase resistance 
(as encountered in this study). 

Transfer into a drop at high Reynolds 
numbers. Handlos and Baron (10) pro- 
posed a circulation model which in- 
cluded radial motion. For their mechan- 
ism 


An 16Dt 
| (4) 


2048d" 
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TABLE 1. SUMMARY OF VALUES OF By, 
AND An FOR EQUATION (3) wiTH ZERO 
ContTINuUOUS-PHASE RESISTANCE 


n Ba An Source 
1 1.29 1.656 

2 0.596 9.08 (4) 
3 0.386 22:2 

4 0.35 38.5 

0.28 63.0 

6 0.22 89.8 (11) 
a 0.16 123.8 


They claim that only one term of this 
series with \, = 2.88 need be used. 
They derived an effective diffusivity as 
a function of radius as 


D Nee; 
Eu 6r° — 8 3 5 
(r) 2,048 (6r r+ 3) (5) 
where 
N Nee; (6) 
(1 Hi / po) 


A correlation factor for diffusion in- 
side drops. The factor R proposed by 
Korchinski (2) and used by him with 


Glass burette 


Needle valve 


Glass tubing 


4| 


ll +——Glass cylinder 
71mm. diameter 


i——Stainless steel 
nozzle 


phase in 
-Disperse phase 


Fig. 2. Apparatus for studying mass transfer 
into circulating and oscillating drops. 
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the Vermeulen equation (22) is used in 
this study as a multiplier of the molecu- 
lar diffusivity to compare transfer rates 
with rates encountered in a stagnant 
drop. The following modification of 
Equation (1) may be considered to de- 
fine R: 


> RD 
En = 1-6 > B, exp 
n=1 a 
(7) 


The Vermeulen equation is an empirical 
fit of Equation (1), and hence the R 
value used by Korchinski is essentially 
the same as the one defined by Equa- 
tion (7). 
Definition of end effects 

With reference to Figure 1, the frac- 
tional approach to equilibrium in the 


formation, steady-fall, and coalescence 
periods may be defined by 


C,—C* C= 
En = (8a,b,c) 
C,; — C* 


Here C,, C., C,, and C, are the uni- 
formly mixed concentrations illustrated 
by Figure 1. 

In practice only C, and C, are directly 
measurable, and the only accurately 
measured efficiency is the over-all or 
total efficiency: 

E C,—C, 9 
(9) 

By simple algebraic manipulation of (8) 
and (9) the following equation results: 


Er En Ets En, x En 
1 En Er. En x Er. 


= 
m 


where E, is a combined end effect, 
En + En X Ene. 

At constant drop-formation _ time, 
drop size, coalesced dispersed-phase 
holdup, and continuous-phase flow rate, 
Er, and Ey. may be considered constant. 
This will be considered more fully be- 
low. 


Determination of Er and R 
Low efficiency studies. For low E,, 
values (En, <0.5) the following em- 
pirical equation has been found to fit 
Equation (7): 
RD7v't 
+ 0.0189 


ar 
2 
a 


E., = 0.905 


(11) 


This is an improvement over the Ver- 
meulen equation as used by the authors 
in a previous study (15). 
Combining (10) and (11) results in 
RD7v't 
= 0.905 (1 — Er) 
a 


+ (0.0189 + 0.981 E,) 


At low efficiencies and for a constant 
R a plot of E, against the square root of 
contact time should yield a straight line 
the intercept of which may be used to 
yield Ey. Knowing Ey, one can use the 
slope of the line to obtain the correla- 
tion factor R. 

High efficiency studies. At higher E,, 
values all but the first term of the series 
on the right side of Equation (7) are 
negligible. Equation (7) reduces to 


(12) 


, RDt 
In (1—E,,) =—)AY +m6B, (13) 


a 


Combining (13) and (10) results in 


RDt 
In (1— Ey) = 


E,— E, a 
(10) 
1—E, + In 6B, (1 — Ey) (14) 
06 
A 
i 
04 
E 
02 Cyclohexanol 
vo O- Series B 
oat A- Series F 
n-Butanol 
@- Series D 
O 
@) 2 4 6 
(Drop fall time, (sec)® 


Fig. 3. Typical plot of data in accordance with Equation (12). 
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Water-Cyclohexanol 


O — t= (189-217) sec. 
O — (1.59-1.78) sec. 
—— — Equation 


( Water- Ethyl Acetat 
08 r y etate 
O- Series E \ 
Ww A= Series G 
Er 
0.1-— 
007 


(Drop fall time, t') (sec.) 


Fig. 4. Plot of data for ethylacetate diffusing into water, in 


accordance with modified Vermeulen equation. 


For high-efficiency data for a con- 
stant R, Equation (14) dictates that 
one should plot In (1—E;) against 
time of contact to obtain E,; from the 
intercept and R from the slope. A 
knowledge of B, and A, is necessary. 


Prediction of R for various mechanisms 


It is apparent from the above discus- 
sion that for data for noncirculation 
drops application of either Equation 
(12) or (14) should yield R = 1. For a 
circulating drop under the conditions of 
the Kronig and Brink model R should 
be about 3. 

For drops with turbulent circulation 
R should be larger. When one uses the 
Handlos and Baron model for compari- 
son purposes, 


R Neen, (6 3 8 3) 1 
r — Sr 
2,048 2° 


Nee; (15) 
2,048 
Hence this model predicts that R is di- 
rectly proportional to the modified 
Peclet number. 
For any mechanism it is apparent 
from Equation (10) that 


In (1— En) = In (1— Ey) 


(16) 


whence 


din(1—En) (1— Ey) 
dt dt 


for Ey constant 

It follows from equation (17) that on 
a plot of In (1—E) against contact 
time the slope of the experimental curve 
is independent of the magnitude of the 
combined end effect. This is a necessary 
condition that a transfer mechanism for 


the steady-fall period holds. 


(17) 


Transfer mechanisms during formation 
and coalescence 

In order that the method discussed 
above for the calculation of the com- 
bined end effect be applicable it is 
necessary that Ey, and particularly Ey. 
be independent of concentration. 

By assuming Higbie’s equation (13) 
for transient diffusion into the surface 
of a drop as it is formed, Heertjes et al. 
(11) developed the following equation 
for the formation efficiency: 


20.6 Dé 
— (18) 

d 
For the coalescence end it was as- 
sumed that as each drop settled it 
spread as a layer of initial uniform con- 
centration C, across the previously set- 
tled phase and that transient mass trans- 
fer occurred until the next drop arrived 

to cover the surface. 

If the interface area is A; and the in- 
stantaneous rate is again given by Hig- 


En 


TABLE 2. RELEVANT PHYSICAL PROPERTIES FOR THE SYSTEMS 
Usep In Tuts Stupy aT 24.5° + 0.5°C. 


Ethyl 
Cyclohexanol n-Butanol acetate 
po (lb./cu. ft. ) 59.5 52.4 55.8 
to [(1b./ (ft. ) (sec. ) J 0.0120 0.00191 0.000336 
[ lb./(sec. )?] 0.00716 0.00330 0.0113 
C* (wt. %) 3.90 (Fos 8.73 
D (sq. ft./sec.) ¢ 10° 0.910 0.957 0.998 


+ ®p was determined with water as solvent by the use of the Wilke correlation (24). 
t o was determined by the pendant drop method (1). 
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0019 
Drop diameter (feet) 


0.023 


Fig. 5. Experimental Er for water-cyclohexanol compared with 


a theoretical equation. 


bie’s equation, the amount transferred 
is that which occurs in time @ and is 
equal to the mass gained by the drop in 
the coalescence zone: 


D 
at 


dt 


D 
=> 2A,(C* Cs) — 


By these mechanisms it is apparent 
that E;, and E;. should be functions of 
the drop size and time of formation. 
These variables and, no doubt, the con- 
tinuous-phase velocity must be kept 
constant during a given series of runs in 
which the contact time is varied. It is 
particularly important to argue that Er. 
is independent of the concentration C;, 
since the latter varies with the column 
height during a particular study for a 
given drop size and drop rate. 

Combining Equations (18) and (20) 
yields the following estimate of the com- 
bined end effect: 


Ey = En + Er — En X Err = 


20.6 2A, “D6 41.2A,D0 
(22428) 
d v 


dur 


(21) 


Experimental details 

The data reported and discussed in this 
paper are for the transfer of cyclohexanol, 
n-butanol, and ethyl acetate into water 
drops falling through these phases pre- 
viously saturated with water. The relevant 
physical properties for these compounds 
are listed in Table 2. 

Figure 2 shows the simple apparatus 
used in this study. The continuous phase 
was contained in a column 71 mm. LD. 
This column was equipped with a drain 
cock for continuous removal of the settled 
dispersed phase and also with a side arm 
near the bottom for adjustment of the level 
of the continuous phase in the column. 
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(11) 
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TABLE 3. NozzLes UsEp In Tuts Stupy 


Size, in. 

Series Nozzle type I.D. O.D. 
Cc 45 deg., beveled end 9/30 1/2 
B 45 deg., beveled end 7/30 1/2 
A 45 deg., beveled end 1/6 1/4 
D 45 deg., beveled end 3/20 1/4 
E 45 deg., beveled end 1/10 1/4 
F 45 deg., beveled end 1/12 1/4 
G plane-end, thin-wall tube 3/60 
H 45 deg., beveled-end glass tube 1/30 1/4 
J plane-end, hypodermic needle B-D 20 
K plane-end, hypodermic needle VIM 23 


The holdup of coalesced dispersed phase 
and the diameter of the interface at coal- 
escence were kept constant for all runs at 
approximately 0.75 cc. and % in. re- 
spectively. 

The water was admitted from a burette 
through a long jacketed nozzle with inter- 
changeable tips of various diameters. For 
the most part, sharp-edged nozzles of the 
type used by Hayworth and Treybal (12) 
were used; details are listed in Table 3. 
All drops except for the series A, B, C, 
and D for the water-butanol system were 
formed in the continuous phase. For the 
series noted, the drops were formed about 
one drop diameter above the continuous 
phase to prevent the continuous phase 
from running up the nozzle. 

The drop rate and the drop volume 
were determined by counting the drops 
formed from a given volume of water 
over a time period. The drop contact time 
was obtained by timing the fall of drops by a 
stop watch, the watch being started as a 
drop detached itself from the nozzle and 
stopped when the drop struck the coal- 
esced dispersed phase. 

Drops of each size and for the various 
drop-formation times indicated in Table 
4 were allowed to fall through various 


depths of the continuous phase. The first 
settled dispersed phase was discarded; 
then the settled aqueous phase leaving the 
column was sampled until a steady final 
concentration (C,) was obtained. 

All experimental work was carried out 
in a constant-temperature room at 24.5° 
+ 0.5°C, The dispersed phase leaving the 
apparatus was analyzed with a Bausch and 
Lomb dipping refractometer which had 
been previously calibrated with known 
solutions. 

For series A and B (where Er = 0.100) 
for the water-n-butanol system a layer of 
linseed oil was used to separate the con- 
tinuous phase from the coalesced dispersed 
phase in an effort to lower E;,. However 
for series B without linseed oil as a sepa- 
rating layer Er was found to be less than 


it was when the separating layer was used.° 


This indicated that the linseed oil sepa- 
rating layer served no useful purpose and 
was abandoned in later work. 


DISCUSSION OF DATA OBTAINED 


Use of the proposed plotting techniques 
Figure 3 shows typical data plotted 

in the manner indicated by Equation 

(12), that is as E, directly against t’”. 


Intercept values on such graphs yielded 
Ey values, and the slopes of the: lines 
combined with these E, numbers gave 
numerical values of the correlation fac- 
tor. This method was found suitable for 
n-butanol and for cyclohexanol diffusing 
into water. 

Figure 4 indicates the method of 
plotting efficiency, data over a large 
range indicated by the Vermeulen equa- 
tion (22). These data were for ethyl 
acetate diffusing into water, and these 
drops in all cases were oscillating. It ap- 
pears that the high transfer rates en- 
countered in the fall period of these 
drops obscure the end-effect transfer 
efficiency. The slight curvature of the 
upper line on Figure 4 is not explained. 
Values of R were obtained for this sys- 
tem with no end effect assumed and 
the straight-line portion of the curves 
at low contact times used. 


Combined end effects 

A comparison of the experimental 
combined end effect with that pre- 
dicted by Equation (21) for cyclo- 
hexanol diffusing into water is shown as 
Figure 5. It is seen that the trend of 
E, with diameter is as predicted. 


Studies of the correlation factor R 

Figure 6 indicates plots of the corre- 
lation factor of this study plotted 
against the modified Peclet number 
by Handlos and Baron. This was chosen 
as a correlation group to permit com- 
parison of data with their model and 
also because this group includes the 
product of the drop velocity and diam- 
eter, both of which are significant vari- 
ables in discussing the flow character- 
istics of a drop. 

This figure shows the data for cyclo- 
hexanol and for n-butanol diffusing into 


TABLE 4. SUMMARY OF ExPERIMENTAL DATA FOR WATER Drops IN ORGANIC 
Liguip SATURATED WITH WATER AT 24,5° + 0.5°C. 


Modified 
Drop Drop Drop Drop Peclet | Combined 
diameter formation velocity Reynolds number _ end effect 

Series d, ft. time, sec. V, ft./sec. number Nre (Ne.’,) 10° Er 
C 0.0224 1.89-2.17 0,142 15.7 3.32 0.0947 
B 0.0212 1.89-2.17 0.139 14.6 3.07 0.103 
A 0.0184 1.89-2.17 11.0 2.32 0.137 
F 0.0142 1.89-2.17 0.0863 6.06 1.28 0.194 
| 0.00924 1.59-1.78 0.0482 2.20 0.464 0.232 
A 0.0114 3.03-3.45 0.258 80.8 2.33 0.224 
D 0.00982 1.10-1.21 0.260 70.3 2.02 0.290 
E 0.00804 1.00-1.11 0.232 51.2 1.48 0.311 
F 0.00722 1.00-1.11 0.212 42.0 1:91 0.303 
B 0.0121 1.20-1.49 0.240 79.8 2.30 0.040 
B 0.0124 1.49-1.69 0.240 81.8 2.36 0.100 
C 0.0133 3.00-4.00 0.238 87.0 2.51 0.070 
E 0.0149. 1.30-1.40 0.283 699 E51 
F 0.0131 1.20-1.39 0.289 628 1.36 
G 0.0116 1.20-1.39 0.303 583 1.26 
J 0.00992 1.00-1.21 0.319 526 1.14 
K 0.00845 1.00-1.21 0.305 429 0.926 
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Fig. 6. Experimental R compared with a theo- 
retical model. 


water. All drops in this study were ob- 
served to be circulating, with Hada- 
mard type of streamlines, when alumi- 
num powder was suspended in the 
water. 

It would appear that the R values 
of the Kronig and Brink equation are 
approached at low drop Reynolds num- 
bers but that R increases with the prod- 
uct of drop diameter and velocity to 
values several times the value of the 
Kronig-Brink correlation. 

Figure 7 shows similar R values of 
ethyl acetate diffusing into water drops. 
Here all drops were oscillating, and 
aluminum powder inside the drops 
showed no regular circulation pattern. 
Values of R in the range 29 to 52 have 
been observed. The trend is similar to 
that predicted by the Handlos and 
Baron correlation, but the observed 
values are somewhat lower. 


Time of contact 


It may be noted in the nomenclature 
that the contact time in the steady-fall- 
period equations may be slightly less 
(by At) than the observed time ¢'. In 
practice in this paper At was assumed to 


be negligible. 


CONCLUDING REMARKS 


This paper has reported data on mass 
transfer rates inside circulating and 
oscillating drops. By use of two com- 
ponent systems with the continuous 
phase saturated with the dispersed 


; phase, the transfer rates inside the 


drops could be studied without the ne- 
cessity for correcting for an outside re- 
sistance. 

The choice of the system and the use 
of end-effect efficiencies have permitted 
the comparison of the magnitude both 
of the combined end effect and of the 
correlation factor with values predicted 
by various mechanisms in the literature. 

The Kronig and Brink mechanism 
applies well for low drop Reynolds num- 
bers, but it has been shown that the 
correlation factor may rise above that 
predicted by Kronig and Brink even 
though a drop is apparently circulating. 

For oscillating drops the Handlos and 
Baron model shows considerable prom- 
ise. 
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A model for transfer at the settling 
end has been proposed. Combined with 
the Heertjes model for drop formation, 
it predicted the combined end effect 
fairly well. However this may have been 
accidental. 


NOTATION 


= interfacial area at coalescence 
= drop radius 
= coefficient 
= concentration of dispersed 
phase (uniformly mixed) 
drop diameter 

= molecular diffusivity 

= effective diffusivity 

= dimensionless number given 


QWs 
I 


E = transfer efficiency 

Nre = Reynolds number, (dVp,) / 
(Ho) 

Nee; = modified inside Peclet num- 


ber, (dV) /[D(1 + pi/p)] 

dimensionless correlation fac- 

tor 

p/(d/4) 

time from the point of drop 

release from the nozzle to the 

point when transfer mechan- 

ism of the steady-fall period 

holds 

t = time taken by drop to strike 
the coalesced dispersed phase 
from the point of drop re- 
lease from the nozzle 

t = (f'— At) 

= drop volume 

V = drop velocity 


> 
til 


Greek letters 


x = eigenvalue 

o = interfacial tension 

p = density, radius of circulation 
patterns 

0 = drop formation time 

= viscosity 

Subscripts 

1 = in the nozzle 

2 = beginning of transfer mechan- 


ism of the steady-fall period 


3 = point at which drop strikes 
the coalesced dispersed phase 

4 = at column outlet 

E = over-all, based on points 1, 4 

0 = continuous phase 

i = drop or dispersed phase 

m = steady-fall period 

n = term number in series sum 

fi = end effect at entry end for 
dispersed phase 

fs = end effect at exit end for dis- 
persed phase 

KB = predicted by Kronig and 
Brink [Equation (3) ] 

HB = predicted by Handlos and 


Baron [Equation (4) ] 
= at equilibrium with respect to 
transfer of solute to or from 


dispersed phase 
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Fig. 7. Experimental R for oscillating drops 
compared with a theoretical model. 
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Compressions of Liquids 


This three-part paper reports on the first step of a study of the liquid state initiated in 1954 by Union Carbide Chemicals Company. The 
ultimate objectives of this program are to elucidate the mechanism of the flow process and to write an equation of state that is valid continuously 
from the melting point through the ideal-gas region. 

Only the compressions of the n-alkanes (ratios of the volumes under the pressures of measurement to the volume under the initial pressure 
at the same temperature) are here considered. An accuracy of four significant figures in the measurement was sought to enable the subsequent 


calculation of the thermodynamic properties of these liquids to be made with equivalent accuracy. 


I. Apparatus and Method of Measurement 
IVAN SIMON and RAYMOND M. CORNISH 


ARTHUR K. DOOLITTLE 


Union Carbide Chemicals Company, South Charleston, West Virginia 


A novel type of piezometer used to 
and from 1 to 4,000 kg./sq. cm. is described 


The four essential operations in- 
volved in the determination of the 
compressions of liquids are measure- 
ments of volume, pressure, tempera- 
ture, and mass of the sample. Of these 
the determination of volume with an 
accuracy better than one part in 10,000 
under pressures up to 4,000 kg./sq. cm. 
and temperatures up to 300°C. was 
the most difficult problem experimen- 
tally. Several known methods of meas- 
urement were considered and rejected. 
For example the method of Beattie 
(1), which depends upon the accuracy 
of the calibrated mercury injector and 
the sample bulb, was not applicable 
beyond the pressure range of 0 to 500 
kg./sq. cm. The piston-displacement 
method of Bridgman (2) has limited 
accuracy in the lower pressure range 
because of friction and is not easily 
adapted for temperatures higher than 
100°C. The accuracy of the method 
of metallic bellows (3) suffers from the 
inelastic hysteresis of the bellows. The 
glass piezometer of Adams and Gibson 
(4) allows determination of only one 
volume at one filling and therefore is 
too slow. The glass piezometer with 
sealed-in contacts used extensively by 
Michels (5) and his co-workers has 
high accuracy but is not operable above 
200°C. because the mercury dissolves 
the platinum contacts at the higher 
temperatures. Since none of these and 
other known methods were entirely 
satisfactory for the purpose of this in- 
vestigation, a novel type of piezometer 
was developed. 

Although the piezometer is the most 
critical part of the apparatus, the other 
components such as the pressure plant, 
the pressure gauge, and the tempera- 
ture control will also be described be- 
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of liquids from 20° to 300°C. 


. The accuracy anticipated is 4 parts in 10,000. 


cause they are all functionally inter- 
connected. 


APPARATUS 


The piezometers to be described 
were based on the idea that the dis- 
placement of a small iron core could 
be measured from the outside of a 
pressure container made of an austen- 
itic, nonmagnetic steel by means of a 
linear differential transformer (6). The 
iron core floated on the surface of 
mercury enclosing the liquid under test. 

The piezometers were made of lengths 
(about 19 in.) of precision-drawn, thin- 
walled stainless steel (type 321) tubing 
(0.097-in. O.D., 0.005-in. wall) terminated 
by screw closures at the top and mercury 
valves at the bottom. During measure- 
ments the piezometer was positioned in a 
pressure container consisting of thick- 
walled, high-pressure stainless steel (type 
316) tubing (0.375-in. O.D., 0.125-in. 
I.D.) which was filled with light mineral 
oil as a pressure-transmitting medium. The 
pressure was transmitted to the sample via 
a column of mercury which communicated 
with the oil medium in the mercury cup 
at the bottom of the apparatus (Figure 1). 

The construction of the piezometer is 
shown in detail in Figure 2. The top, 
which was silver-soldered to the stainless 
steel piezometer tube, was provided with 
a closure consisting of a steel socket set 
screw (No. 2-56, % in. long) fitting into 
a cone seat with a 60 deg. angle. The 
sample, introduced into the piezometer 
through the top with a long hypodermic 
syringe, filled it to the cone seat. Then the 
socket screw was put in and tightened 
with a miniature wrench. Repeated tests 
with a helium-leak detector proved that 
this seal remained completely tight over 
the whole temperature range. 

The small lateral dimensions of the 
piezometer resulted in a considerable sav- 
ing on the volume of sample and in a 
great reduction of the thermal capacity of 
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the entire apparatus. The length of the 
sample column was sufficient to allow 
accurate determination of the compression; 
in a typical arrangement the sample column 
was approximately 100 mm. long, its 
length being determined by readings on 
the external micrometer directly to 0.01 
mm. (Five microns can be estimated on 
the dial. ) 


Volume Measurement 


The volume of the sample in the 
piezometer was essentially the vol- 
ume between the electromagnetic cen- 
ters of the plug at the top and the float 
that rode on the mercury column. 

These electromagnetic centers were 
located from without the apparatus by 
means of two small linear differential 
transformers, which slid with small clear- 
ance over the surface of the pressure 
vessel. These two coils were mounted 
securely on a stainless steel rod so that 
their distance apart was fixed (a in Figure 
1). An Invar wire passing over a pulley 
connected the coil suspension with a pre- 
cision micrometer slide. It was necessary 
to use two coils because the micrometer 
slide commercially available did not have 
a span large enough to cover the whole 
length of the sample column directly. 

The transformers were connected to an 
A.C. 1,000 cycles/sec. bridge with a 
vacuum-tube voltmeter as a null indicator 
(7). Either coil might be switched into 
this circuit at will. To balance the bridge, 
one of the coils was moved until either 
the plug or the float, depending on which 
coil was moved, lay in the exact elec- 
tromagnetic center of that coil. This posi- 
tion, indicated by a very sharp minimum 
deflection of the voltmeter, could be 
located easily to within 5 » on the dial 
scale of the micrometer. Manipulation of 
the dial thus permitted one to center the 
top coil on the plug and the bottom 
coil on the float. 

The difference between these two 
readings x established the distance X 
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between the float and the plug. Thus 
if a was the difference between two 
coils and x the difference between the 
two readings of the micrometer, the 
length of sample in the piezometer 
would be X=x-+a. The volume of 
sample contained in the instrument 
at the temperature and pressure of 
measurement could then be determined 
from the length X, the cross-sectional 
area A of the piezometer, and the ini- 
tial volume. 


Measurement of Mass 


The mass of the sample contained 
in the piezometer was measured by 
direct weighing of the piezometer be- 
fore and after filling it with the sample. 

A simple plug valve at the bottom of the 
piezometer made it possible to introduce 
the predetermined amount of mercury; 
then the piezometer was weighed before 
being filled with sample, as described above. 
After the two weights had been obtained, 
this valve was opened by rotating it with 
a key until a small inner hole lined up 
with a similar hole in the wall of the 
piezometer. This was done with the piezo- 
meter dipping into the mercury reservoir 
at the base of the apparatus (Figure 1). 

The weight of the sample was also 
checked by weighing the filling pipette 
(hypodermic syringe) before and after 
the sample was transferred to the piezo- 
meter. By either method the mass could 
be weighed to 0.2 or 0.3 mg, but on a 
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Fig. 1. Schematic diagram of steel piezometer 
and measuring assembly (not a scale draw- 
ing; mechanical details omitted). 
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sample weight of 0.3 g. this represented 
accuracy of only one part in 1,000, which 
is at least an order of magnitude less than 
the accuracy attainable in the measure- 
ments of pressure, volume, and tempera- 
ture. For this and other reasons the mass 
of sample was determined by indirect 
methods, as described in a companion 


paper (8). 
Temperature Control and Measurement 


Because the steel piezometer with its 
surrounding pressure vessel represented 
a relatively small mass of low heat 
capacity, the temperature control was 
simplified with respect to both chang- 
ing from one temperature to another 
and maintaining a fixed temperature 
accurately during a set of volume 
measurements at various pressures. 

The pressure vessel containing the piezo- 
meter and surrounded by the two differen- 
tial transformer coils was immersed in an 
oil bath 3 in. in diameter and extending 
approximately 8 in. above and 5 in. below 
the sample. The bath was insulated with 
magnesia-pipe insulation and asbestos 
soaked with water glass. Two heaters 
were employed; one, an electric heating 
tape, was wound spirally around the out- 
side of the oil bath container, and the 
other was an immersion heater inside the 
oil bath. Dow-Corning No. 710 fluid was 
used as the heat transfer medium, and a 
small electric stirrer provided adequate 
circulation. The external heater was con- 
trolled manually by a variac; the immer- 
sion heater was connected to a thyratron 
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Fig. 2. Steel piezometer. 
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controller, but it was found that even 
better temperature control could be main- 
tained during the period of a run by 
manual operation of the variac. The 
vertical temperature gradients were 
checked by means of three thermocouples 
attached to the steel tube containing the 
piezometer, and the variations never ex- 
ceeded a few hundredths of a degree. The 
temperature was maintained uniform to 
within +0.1°C., but the actual tempera- 
ture was measured to five significant 
figures at the moment of each measure- 
ment of volume. Temperatures were meas- 
ured with a platinum resistance ther- 
mometer and Mueller resistance bridge. 


Pressure Measurement 


The dead-weight or free-piston gauge 
was chosen for the measurement of 
high pressures because of its accuracy 
and its ability to maintain the pressure 
constant during operation. In such a 
gauge the internal pressure in a system 
is balanced by the force of a known 
weight acting upon a piston of known 
area. Two conditions must be satisfied 
for the practical application of this 
principle: first, there must be negligible 
friction between the piston and the 
cylinder walls, and, second, there must 
be little leak of the pressure-transmit- 
ting oil. These conditions are resolved 
by the rotation of the piston above the 
critical velocity so that a continuous 
film of oil is maintained. 

The Michels dead-weight gauge, or 
pressure balance, which became available 
shortly after this project was started, con- 
sists essentially of a differential piston 
moving in a cylinder that contains two 
coaxial bores. The cylinder is mounted in 
a frame, and the piston is connected to 
a weight-carrying shaft at the bottom and 
a pointer arm at the top. The assembled 
pressure balance, as made by the “T Hart 
Company, is shown in Figure 3. 

The piston is a tight fit in the cylinder 
until pressure is applied, the hydraulic 
pressure causing a slight expansion in the 
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Fig. 3. Michels pressure balance. 
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Fig. 4. Pressure plant. 


cylinder walls and also a slight decrease in 
the area of the piston. Under these condi- 
tions the piston can rotate freely, and 
there is sufficient leakage to ensure con- 
tinuous oil-film lubrication. A  motor- 
driven pulley system rotates the piston and 
the column of weights above the critical 
velocity of about 50 to 60 rev./min. At 
the time of measurement a clutch is dis- 
engaged, and the piston and weights can 
therefore rotate freely by their own mo- 
mentum. A mixture of 75% Shell Talpa 
30 and 25% Shell Diala AX (by volume), 
having a viscosity of approximately 80 
centipoises at 25°C., was found to be 
satisfactory. Under pressure the piston and 
weights can fall through 2 cm. of free 
travel. With an oil of proper viscosity 
a good cylinder with piston and weights 
rotating freely takes 5 to 10 min. to fall 
this 2 cm. 

The Michels pressure balance has a 
series of six measuring cylinders that 
cover a range from 118 to 4,000 kg./sq. 
cm. There are twelve 50-kg., one 10-kg., 
two 5-kg., and five 1-kg. weights, all 
calibrated to 0.1 g. 

For low pressures a Bourdon-tube gauge 
was employed which, over the range of 
0 to 250 kg./sq. cm., had an accuracy 
of better than 1 part in 1,000, as demon- 
strated repeatedly by checks against the 
Michels pressure balance. 


Pressure Plant 


The diagram of the pressure plant is 
shown in Figure 4. Pressures up to 8,000 
kg./sq. cm. can be generated by means 
of a Harwood intensifier operated by a 
1,500-kg./sq. cm. Sprague air/oil booster 
pump or by a Blackhawk hand pump. A 
screw press allows fine adjustments of vol- 
ume and pressure directly on the high- 
pressure side (up to 4,000 kg./sq. cm.). 

The high-pressure vessel consists of a 
vertical section of %-in. O.D. by %-in. 
I.D. cold-drawn stainless steel tubing, ap- 
proximately 40 in. long, connected to the 
various components of the system through 
5/16-in. O.D. by 1/16-in. I.D. cold-drawn 
stainless steel (type 316) tubing which 
was proof tested by the supplier at 130,- 
000 Ib./sq. in. The rupture pressure is 
20,000 to 40,000 Ib./sq. in. above the 
proof test. Harwood series 5 M fittings, 
designed for service to 100,000 Ib./sq. in., 
are used for connecting the various com- 
ponents. 
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The pressure-transmitting fluid is Shell 
Diala AX, which has a viscosity of ap- 
proximately 30 centipoises at 25°C. and 
can withstand the maximum operating 
temperature (300°C.) without excessive 
decomposition. Its viscosity rises rather 
rapidly with pressure. Thus in the upper 
limit of the working range (4,000 kg./ 
sq. cm.) the time necessary to reach 
equilibrium between the pressure gauge 
and the pressure vessel may be a minute 
or more, which makes it difficult to obtain 
pressure equalization throughout the sys- 
tem in the time allowed for the piston to 
sink freely on the leaking oil film. 

Since the pressure balance requires a 
different type of oil for satisfactory opera- 
tion, a fluid separator, consisting of a 
4-ft. vertical section of the same %-in. 
O.D. by %-in. I.D. high-pressure tubing, 
was inserted. A second Blackhawk pump 
supplied fresh balance oil from a reservoir 
through-a high-pressure check valve. 


CALIBRATION 


Volume-Measuring Instrument 


The cross-sectional areas of the 
piezometers were determined at atmos- 
pheric pressure by weighing small 
increments of mercury released from 
the instrument and observing the cor- 
responding drop in the level of the 
steel float by means of the sensing coil. 
From the density of mercury the vol- 
ume of mercury released is computed. 
This volume divided by the corre- 
sponding difference in level is equal 
to the area of cross section. The pre- 
cision-drawn polished stainless steel 
tubing was found to be uniform to bet- 
ter than + 0.05% in cross section over 
the length used. 

The setting constant a, which rep- 
resents essentially the distance between 
the electromagnetic centers of the two 
sensing coils, can be determined by 
filling the sample space with a known 
volume of liquid. The difference be- 
tween the top and bottom coil readings 
added to the length of the column of 
liquid is equal to the setting constant. 
As long as the distance between the 
coils is mechanically fixed, and if the 
float and the plug are not changed, the 
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value of the setting constant is fixed 
except for the change resulting from 
the thermal expansion of the apparatus. 
The accuracy of the measurements, re- 
duced as explained in the succeeding 
papers, does not depend on the ac- 
curacy of the setting constant, since 
the extrapolated zero-pressure volumes 
are shown to be far more accurate than 
the initial volumes computed from low- 
pressure measurements by use of the 
setting constant. 

The change in the cross-sectional 
area of the piezometer as a result of 
the thermal expansion of the metal 
must be taken into account, but any 
change in the length of the piezometer 
or in the column of mercury inside it is 
immaterial, since the length of the 
column of sample is measured inde- 
pendently of its surroundings. 

The temperature dependence of the 
setting constant results from the linear 
expansion of the section of the stainless 
steel suspension rod between the sens- 
ing coils; the value of 1.62 - 10° deg.” 
was used for the thermal expansion co- 
efficient of the steel used (type 321). 
Similarly the thermal expansion causes 
an increase of the cross-sectional area 
of the piezometer at a rate of 3.24 - 
10° 

Hydrostatic pressure decreases the 
cross-sectional area of the piezometer 
tubing by a factor of approximately 
(1 — 3.9 - 10% p), where p is in kg./ 
sq. cm. A series of test runs with pure 
water up to pressures of 3,000 kg./sq. 
cm. indicated that the compression is 
actually smaller than the value esti- 
mated from the formula above and 
below the limits of observational ac- 
curacy. 

The combined experimental errors 
involved allowed the measurements of 
volume to be made with an accuracy 
of one part in 10,000 at all tempera- 
tures and at all pressures except those 
in the neighborhood of 1 atm. The 
loss of accuracy at very low pressures 
is presumably occasioned by a change 
in the shape of the meniscus at the 
mercury-sample interface. 


T 


ature-M ing Instrument 


The platinum resistance thermometer 
was calibrated by the manufacturer by 
comparison with a platinum resistance 
thermometer certified by the National 
Bureau of Standards. One check of the 
resistance at the ice point agreed ex- 
actly with the manufacturer’s calibra- 
tion; which assures an accuracy in the 
measurement of temperature of at least 
one part in 10,000. 


Pressure-Measuring Instrument 

The calibration of the dead-weight 
gauge was supplied by the manu- 
facturer. Certificates of calibration by 
The Netherlands Bureau of Standards 


March, 1960 


acc 
in 
aa OOH = the 
n-h 

| 

care 
kg. 
(vol 
date 
of t 
tiple 
eig 
we 
at 
to 
sur 
the 
the 
in 
len 
me 
wl 
is 
dir 
| we 
u 
su 
Bem per lov 
ful 
ess 
ze 
tai 
) the 
an 
) su 
| pre 
acc 
a 
thi 
re 
stit 
Ve 


fixed 
from 
atus. 


, 
ding 
since 
mes 
than 
low- 

the 


ional 
It of 
netal 
any 
1eter 
it is 
the 


nde- 


the 
inear 
nless 
sens- 
leg. 
1 CO- 
area 


24 


the 
1eter 
ately 
kg./ 
pure 
./sq. 
ym. is 
esti- 
and 
ac- 


rrors 
ts of 
racy 
yera- 
hose 

The 
sures 
ange 
the 


neter 
by 
ance 
ional 
f the 
ex- 
ibra- 
the 
least 


eight 
yanu- 
n by 
lards 


960 


accompanied the weights and cylinders, 
guaranteeing an accuracy of one part 
in 10,000 in the measurement of pres- 
sure. 


Over-All Accuracy 

When one combines the errors in 
the measurement of temperature and 
volume, a conservative estimate of the 
probable over-all accuracy of meas- 
urement may be placed at 4 parts in 
10,000, which assures four significant 
figures in specific volume. [Statistical 
analyses of the data on two compounds, 
n-heptane and n-eicosane, described in 


a companion paper (8), indicate that 
the over-all accuracy for the entire 
range of temperatures and pressures is 
more likely to be of the order of 3 parts 
in 10,000.] 

Over 4,000 measurements of volume 
under pressure were made in the course 
of this program. The presentation and 
complete evaluation of these and other 
liquid n-alkane data is the subject of 
the companion papers (8, 9). 
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II. Critical Evaluation of New n-Alkane Data: n-Heptane to n-Tetracontane 


ARTHUR K. DOOLITTLE and DORTHA B. DOOLITTLE 


Union Carbide Chemicals Company, South Charleston, West Virginia 


New measurements of the volumes of liquid n-alkanes of 7, 9, 11, 13, 17, 20, 30, and 40 
carbon atoms over a range of temperatures from 20° to 300°C. and pressures from 0 to 4,000 
kg./sq. cm. have been made. These volume measurements are here reduced to compressions 
(vol ?r)/(vol’r), and the accuracy of the measurements has been determined. Analysis of the 
data for n-heptane and n-eicosane shows that the order of accuracy of the compressions of each 
of these compounds appears to be approximately 3 parts in 10,000. Evaluation of random mul- 
tiple measurements on the remaining six compounds indicates that their over-all accuracy 


is likewise of this same order. 


The volumes of small samples of 
eight n-alkanes, from 7 to 40 carbons, 
were measured by Simon and Cornish 
at a number of temperatures from 20° 
to 300°C. and over a range of pres- 
sures from 0 to 4,000 kg./sq. cm., with 
the apparatus and inethod described in 
the prior paper (10). This method has 
the advantage of very high accuracy 
in the measurement of volumes under 
pressure, but it does not afford equiva- 
lent accuracy in the direct measure- 
ment of the weight of the material 
whose volume is being measured. It 
is therefore necessary to resort to in- 
direct means of determining the sample 
weight. 

Also this procedure measures vol- 
umes very accurately under high pres- 
sure, but somewhat less accurately at 
low pressures. Therefore, to realize the 
full advantage of the method it is nec- 
essary to establish the values of the 
zero-pressure volumes with more cer- 
tainty than is possible by extrapolating 
the lower pressure values alone. 

A procedure was devised for making 
an indirect extrapolation to zero pres- 
sure of the volumes measured at higher 
pressures which gives values fully as 
accurate as the measurements. When 
applied to the Simon and Cornish data, 
this procedure permits the results to be 
reported as compressions or ratios of 
the volume at the pressure of meas- 


Dortha B. Doolittle is at the West Virginia In- 
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urement to the zero-pressure volume 


(vol’,)/(vol’r). 
PURITY OF SAMPLES 


The preparation and characterization of 
the samples of n-heptane, n-nonane, n- 
undecane, n-tridecane, and n-heptadecane 
used in this study have been described 
elsewhere (11). The remaining pure com- 
pound n-eicosane, was synthesized as fol- 
lows. Decanol-1, was purified and bromin- 
ated with anhydrous hydrogen bromide at 
100°C. The purified 1-bromodecane was 
converted to n-eicosane by a Wurtz reac- 
tion with sodium. The crude distilled 
product was hydrogenated and _ fraction- 
ated, the fractions of common density be- 
ing combined. The composite had a freez- 
ing point of 36.51°C.; the freezing point 
of pure n-eicosane is reported (12) to be 
36.8°C. 

The other two samples were character- 
ized as follows: n-tricontane freezing point 
65.512°C., purity (13) 99.48%; n-tetra- 
contane freezing point 81.030°C., purity 
98.6%. 


DETERMINATION OF ZERO-PRESSURE 
VOLUME 


Linear extrapolation of the volumes 
of sample under pressure is satisfactory 
at temperatures well below the normal 
boiling point of the substance being 
measured, but this method fails in the 
neighborhood of the normal boiling 
point and is obviously inapplicable 
above this temperature. An indirect 
extrapolation procedure was therefore 
devised which makes use of a pressure- 
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volume relationship that has so far 
received very little attention in this 
country. This relationship used by Bett, 
Weale, and Newitt (14) for evaluating 
data on the compression of liquids, was 
originally proposed by Hudleston (15): 


P(vol?,)** 
(vol?) 
C.[ 


One of the features of the Hudleston 
equation is that at low pressures the 
left-hand member of the equation is 
very sensitive to small changes in the 
zero-pressure volume. As the pressure 
is reduced in the low-pressure region, 
(vol’;)”* approaches (vol’,)** and the 
denominator becomes vanishingly small. 
slight error in (vol’;)** there- 
fore makes a large difference in the 
quotient at the limit. Since the fit of 
data to the Hudleston equation is de- 
termined principally by the higher pres- 
sure points, deviations of the lower 
pressure points generally suggest an 
error in the value assigned to (vol’,)**. 
This feature of the Hudleston equation 
makes it ideal for the indirect extrap- 
olation of the volumes to the zero- 
pressure value, as it involves simply 
trying different values of (vol’,)’” 
until a value is found that provides the 
best fit of the lower pressure points to 
the line determined by the higher 
pressure points. In this way the best 
fitting values of (vol’,) were deter- 
mined for each compound at all tem- 
peratures of measurements, thereby 
enabling the compressions to be calcu- 


=C,+ 
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TABLE 2. PRECISION OF MEASUREMENTS, n-HEPTANE DEVIATIONS IN SPECIFIC VOLUME 
FROM THE MEAN OF DUPLICATE MEASUREMENTS 


Temper- 
ature, °C. 


Pressure 
range, bars 


30 116.1 to 3011 
50 98.1 to 3011 
100 116.1 to 3011 
150 39.2 to 1866 
200 116.1 to 1577 


250 
300 


312.3 to 1015 
508.5 to 1015 


lated with an accuracy as good as the 
volume measurements themselves. 


TYPICAL DATA 


As it will be shown in the succeed- 
ing paper (9) that the compressions 
can be reproduced from equations with 
an accuracy equal in most cases to that 
of the measurements, only a few typi- 
cal results for each compound will be 
given. These data have been chosen to 
cover the pressure range of the meas- 
urements, the points being selected at 
identical pressures wherever possible.* 


PRECISION AND ACCURACY 
OF MEASUREMENTS 


General Considerations 


It was first necessary to establish the 
validity of the extrapolation to the 
zero-pressure volume by means of the 
Hudleston equation. The approximately 
700 measurements made on n-heptane 
and n-eicosane were selected for this 
purpose for several reasons. n-Heptane 
is the lowest molecular weight com- 
pound measured by Simon and Cornish, 
whereas n-eicosane is the lowest 
molecular weight compound of the 
group measured which had a normal 
boiling point substantially above the 
highest temperature of measurement. 
Thus the maximum molecular weight 
and temperature ranges that it is prac- 
tical to deal with are encompassed by 
these two compounds. Two independ- 
ent runs were made with n-heptane, in 
each of which the initial sample filling 
was used at all temperatures of meas- 
urement. This coincidence enabled cal- 
culation of the specific volumes of n- 
heptane under pressure at all tempera- 
tures, which was desirable because, 
n-heptane having been _ extensively 
studied by others, comparisons were 
possible. With n-eicosane specific vol- 
umes under pressure could be calcu- 
lated at all temperatures, since atmos- 
pheric-pressure densities were avail- 
able over the entire range of tempera- 
tures. 

® Data have been deposited as Table 1, docu- 
ment 6127, with the American Documentation 
Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C., and may be 


obtained for $1.25 for photoprints or 35-mm. 
microfilm. 
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No. of duplicate 


measurements SPE, % 

18 0.006 
20 0.006 
19 0.013 
17 0.053 
18 0.012 
0.046 

6 0.068 

109 


PRECISION OF THE MEASUREMENTS 
ON N-HEPTANE 


The zero-pressure volume is actually 
the volume of a hypothetical liquid of 
zero vapor pressure. At temperatures 
well below the normal boiling point 
the density of such a liquid should not 
differ appreciably from the atmos- 
pheric-pressure density of a real liquid. 
Validation of the Hudleston equation 
for n-heptane was therefore carried 
out in two parallel runs. In each case 
the weight of the sample in the pie- 
zometer was measured (independently 
of any Hudleston equation calculation) 
at each of two temperatures. The re- 
sults were as follows: 


identical pressures and temperatures 
showed the root-mean-square deviation 
from the mean (standard percentage 
error, or SPE) for both 18 points at 
30°C. and 20 points at 50°C. to be 
0.006%. 

Since the specific volumes from both 
runs were practically identical, all the 
values at each temperature were 
thrown together and fitted to a single 
Hudleston plot. The value of v’,r giving 
the best fit to the Hudleston line was 
then determined at each temperature. 
The results were as follow: 


Tempera- Calculated 1/p’r from 
ture, °C. vr reference 12 
30 1.4807 1.4808 
50 1.5191 1.5191 


The agreement is one part in 14,808 
for 30° and exact for 50°, which 
establishes the fact that the extrapola- 
tion of higher pressure volumes to 
atmospheric pressure by the Hudleston 
equation is valid for n-heptane. 

The measured volumes for each run 
were converted to specific volumes by 
dividing them by the corresponding 
average of the sample weights com- 
puted at 30° and 50°C. The fractional 


Tempera- Measured Measured 

ture: °C, weight, run A, g. Avg., g. weight, run B, g. Avg., g. 
30 0.30934 0.30948 0.29943 0.29924 
50 0.30961 0.29905 


The volumes in the piezometer were 
measured over a considerable range of 
pressures at each of these two tempera- 
tures and were converted to specific 
volumes by dividing each by the aver- 
age measured weight for each of the 
two runs. A statistical analysis of the 
differences between the two runs at 


TABLE 3. PRECISION OF MEASUREMENTS, 

n-HEPTANE, 0 To 3,000 Bars. DEVIATIONS 

OF CALCULATED FROM OBSERVED VALUES 
oF SpEeciFic VoLuME, (IBM Run 5) 


Temper- No. of 
ature, °C. points SPE, % 
30 9 0.015 
50 9 0.004 
100 9 0.011 
150 9 0.018 
200 9 0.046 
250 6* 0.052 
300 0.053 
55 


* At temperatures in the neighborhood of and 
above the critical temperature the lower pressure 
points lie above the line determined by the 
higher pressure points, because the zero-pressure 
volume may equal or exceed the volume at the 
critical temperature and pressure. Thus at 250°C. 
it was necessary to reject values through 214.2 
bars and at 300°C. values through 508.5 bars. 
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deviation from the mean was calcu- 
lated for each pair of points, and the 
SPE was determined with the results 
shown in Table 2. The over-all SPE in 
specific volume for 109 duplicate points 
was 0.031%. 


CALCULATION OF SPECIFIC VOLUME 
BY HUDLESTON EQUATION 


For a single substance the values of 
C, and C, of the Hudleston equation 
are somewhat dependent on the quan- 
tity of sample taken, since if C, =A 
and C, = B when the sample is | g., 
for any other weight of sample w, 
C, = A+ In and C, = B/w”. 
Therefore when comparing Hudleston 
parameters one must deal with the 
same quantity of sample. 

The zero-pressure specific volumes 
for n-heptane at the various tempera- 
tures of measurement were calculated 
by dividing the extrapolated ZerO-PTes- 
sure volumes by the average of the 30 
and 50°C. sample weights. The values 
of A and B were calculated from the 
data by the method of least squares. 

The extreme accuracy with which 
the Hudleston equation, with the 
parameters referred to, reproduces the 
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TABLE 4. HupLESTON PARAMETERS FOR n-HEPTANE, 
MELTING Point —90.61°; Pornt 98.43°C. 


(From velocity 


Ref £5. °C of sound) 
19 0 10.254 
20 0 10.254 
21 4,44 10.221 
22 25 10.005 
20 25 10.065 
24 30 10.026 
23 30 10.026 
31 37.78 9.964 
20 40 9.945 
24 50 9.862 
19 50 9.862 
20 60 9.776 
21 9.675 
19 95 9.441 
24 100 9.388 
23 100 9.388 
21 104.44 9.341 
21 137.78 
24 150 
23 150 
21 171.11 
24 200 
23 200 
21 204.44 
21 237.78 
24 250 
23 250 
24 300 


A 

(From 
compressions ) B (v°r)?* 
10.25 13.2 1.1259 
10.25 12.9 1.1259 
10.22 13.2 1.1280 
10.12 12.3 1.1375 
10.06 12.9 1.1375 
10.023 13.18 1.1398 
9.95 13.2 1.1435 
9.94 12.8 1.1447 
9.854 13.16 1.1495 
9.80 13.3 1.1492 
9.77 12.8 1.1548 
9.67 13.2 1.1608 
9.43 13.2 1.1745 
9.365 13.18 1.1776 
9.32 13.2 1.1810 
8.86 12:7 1.2055 
8.694 13.27 1.2149 
8.72 13.5 1.2133 
8.40 13.0 1.2327 
7.566 13.65 1.2756 
7.64 13.9 1.2713 
7.44 13.9 1.2800 
5.86 14.5 1.3625 
4.752 14.25 1.4300 
4.90 13.5 1.4300 
—17.79 15.60 2.7531 


Values of A in column 4 that are carried to three decimal places were calculated from data of 
Simon and Cornish by the method of least squares. All others were obtained graphically. Data of 
reference 23 do not extend to high enough pressures to determine the Hudleston line accurately at 
30° and 100°C. Column 3 gives the values of A calculated from velocity-of-sound data as explained 


in the text. 


observed specific volumes for n-heptane 
was shown by a machine calculation 
made on the IBM-650 computer. Tem- 
peratures and pressures were chosen 
for the calculations that exactly dupli- 
cated certain Simon and Cornish meas- 
urements, and so deviations of the cal- 
culated from the measured values 
could be observed directly. Calcula- 
tions at each of the following pressures: 
116.1, 2142, $12.8, 508.5, 1,051, 
1,577, 2,089, and 8,011 bars were 
made at each of the following tempera- 
tures: SO°, 50°, 100°, 150°, 200°, 
250°, and 300°C. (IBM run 5). 

The SPE of the deviations calcu- 
lated from the measured specific vol- 
umes are given in Table 3. It will be 
noted that at 30°, 50°, and 100°C. (up 
to approximately the normal boiling 
point) the Hudleston equation dupli- 
cates the specific volumes fully as ac- 
curately as the values themselves were 
measured at these three temperatures, 
whereas above 100° the agreement, 
while good, diminishes as the tempera- 
ture of the measurement increases. The 
SPE for the entire spread of tempera- 
tures and pressures for 55 points 
(weighted in accordance with the 
number of measurements at each tem- 
perature) is 0.025%. 
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INDEPENDENT CHECK OF 
HUDLESTON INTERCEPTS 


Bett, Weale, and Newitt (14) point 
out that the intercepts of the Hudleston 
lines can be checked independently of 
compression measurements if data on 
the velocity of sound, specific heat, co- 
efficient of expansion at 1 atm., and 
liquid density are available at the tem- 
peratures of interest. Such data were 
available on n-heptane (16) up to 
50°C. and were extrapolated up to 
100°C. (17, 18). The results of these 
calculations are shown in column 3 of 
Table 4. The agreement of the Hud- 
leston A’s calculated from velocity of 
sound data with those calculated from 
the authors’ compression data is excel- 
lent. 


COMPARISON WITH DATA 
OF OTHERS 


For a further check on the Simon 
and Cornish data, calculations of the 
best values of the Hudleston param- 
eters were made on published n-hep- 
tane data of other investigators. These 
results are shown in columns 4 and 5 
of Table 4. The values of A from these 
and other sources are shown on Figure 
5. It will be observed that the Hud- 
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Fig. 5. n-Heptane. [Numbers refer to litera- 
ture. Open circles are data of Simon and 
Cornish (24) ]. 


leston A’s calculated from the authors’ 
compressions (open circles) fall on the 
smooth curve running through most of 
the A’s calculated from the data of 
other investigators. 


ESTIMATE OF THE ACCURACY 
OF THE N-HEPTANE DATA 


The following factors have been 
weighed in arriving at an estimate of 
the accuracy. of the n-heptane data. 


1. The root-mean-square percentage 
deviation from the mean of duplicate 
measurements of specific volume at 
109 different temperatures and/or 
pressures was 0.031%. 

2. Values of specific volume calcu- 
lated from the Hudleston equation 
differed from the observed average 
specific volumes at 55 points with an 
SPE of 0.025%. 

3. Since the sample weight is the 
product of the atmospheric-pressure 
density and the extrapolated zero- 
pressure volume at temperatures well 
below the normal boiling point, the Po 
isotherms must extrapolate to 1/p, at 
these temperatures. 

4. The Hudleston A’s_ calculated 
from the Simon and Cornish data agree 
well with the corresponding param- 
eters calculated from the data of most 
other investigators whose results have 
been examined and with values of A 
calculated from velocity-of-sound data. 


The agreement of two independent 
runs at 109 identical temperatures and 
pressures establishes the precision of 
the measurements. This coincidence 
taken in conjunction with the agree- 
ment of the extrapolated specific vol- 
umes with 1/p and of the Hudleston 
A’s with those based on the work of 
other investigators may be taken as 
evidence of accuracy as well as preci- 
sion. It is very unlikely that any syste- 
matic error could be common to both 
independent runs and still achieve the 
conformity indicated by the other 
criteria. It is therefore concluded that 
the over-all accuracy is of the same 
order as the over-all precision or ap- 
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proximately three parts in 10,000 for 
the entire spread of the measurements 
on n-heptane. 


PRECISION OF THE N-EICOSANE 
MEASUREMENTS 


Duplicate runs at identical tempera- 
tures and pressures were not made 
with n-eicosane, so the method of 
analysis that was used with n-heptane 
was not applicable. However with n- 
eicosane the normal boiling point 
(342.7°C.) is well above the highest 
temperature of measurement; therefore 
the published densities could be used 
to convert the measured compressions 
to specific volumes at all temperatures. 

The measured compressions were 
obtained as follows. The volumes of 
sample in the piezometer over a range 
of pressures at constant temperature 
were fitted to the Hudleston equation, 
and the zero-pressure volume giving 
the best fit of the points to the line 
was calculated. Since the volumes were 
of the order of 0.5 ml., the zerO-pres- 
sure volume was not a specific volume. 
However these measurements were 
converted to compressions by dividing 
each measured volume by the extrap- 
olated zero-pressure volume. The multi- 
plication of each value of compression 
by 1/p converts these numbers into 
specific volumes, and of course the zero 
pressure number is 1/p itself. 

The establishment of the validity of 
the Hudleston extrapolation was done 
in the next step. (It is to be clearly 
understood that all that had been done 
so far was te multiply each measured 
volume by a constant.) 

The specific volumes were next fitted 
to the Hudleston equation, and the 
value of the zero-pressure specific vol- 
ume that gave the best fit of the points 
to the line was calculated for each 
temperature. 

The results were as follow: 


Tempera- Calculated 1/p’r from 
ture, °C. vr reference 12 
50 1.3007 1.3007 
100 1.3598 1.3598 
150 1.4267 1.4267 
200 1.5013 1.5013 
250 1.5876 1.5876 
300 1.6926 1.6926 


Since the agreement was perfect at all 
temperatures, it is established that the 
extrapolation of higher pressure vol- 
umes to atmospheric pressure by the 
Hudleston equation is likewise valid 
for n-eicosane. 

For the purpose of making a statisti- 
cal analysis of the precision of the 
measurements, a large number of 
points (163) were taken. Table 5 gives 
the Hudleston parameters resulting 
from these calculations. 

Over a relatively limited range of 
temperature Bett, Weale, and Newitt 
(14) concluded that the slope of B of 
the Hudleston lines was a constant for a 
given liquid. The Simon and Cornish 
data, over a considerably greater range, 
confirm this observation except at 
temperatures somewhat above the nor- 
mal boiling point where the B’s are 
observed to increase. Since the Hudle- 
ston equation fails at the critical point, 
where v’, may exceed v’,, there is 
some uncertainty about . the highest 
temperature at which the equation 
can be used with confidence. Therefore 
the observed increase in B as the criti- 
cal temperature is approached may not 
be significant. 

In the case of n-eicosane all tempera- 
tures of measurement were substan- 
tially below the normal boiling point, 
and so the B’s may be presumed to be 
constant. The actual values obtained 
were therefore averaged and the A’s 
adjusted accordingly. The parameters 
used in the Hudleston equation calcu- 
lations are given in Table 6. 

The differences between the calcu- 
lated and the observed specific volumes 
gave a standard percentage error for 
the 163 points of 0.033%. 


ESTIMATE OF THE ACCURACY 
OF THE N-EICOSANE DATA 


The above calculation establishes the 
degree of precision attained in these 
measurements. However the Hudleston 
equation has been found to represent 
correctly the dependence of the volume 
of liquids on pressure at constant tem- 
perature by others (14) as well as the 
authors, and so the curvature of the Po 
isotherms is presumed to be correct. 
Therefore since the extrapolated zero- 
pressure volumes correspond in all 
cases to 1/p, it follows that the accu- 


TABLE 5. HupLESTON PARAMETERS, N-E,ICOSANE 


Temper- Pressure 
ature, °C. range, bars 
50 165.2 to 557.6 
100 165.2 to 3292 
150 116.1 to 2534 
200 116.1 to 3932 
250 116.1 to 4007 
300 116.1 to 3456 
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No. of 
measurements A B 

9 10.483 14.186 
25 10.185 14.754 
32 9.865 14.216 
37 9.522 13.876 
30 9.124 13.872 
30 8.581 14.094 
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racy must again be substantially equiv- 
alent to the precision or an over-all 
SPE for the 163 points of the order of 
0.03%. 


ACCURACY OF OTHER SIMON AND 
CORNISH N-ALKANE MEASUREMENTS 


Since the order of accuracy of the 
Simon and Cornish measurements was 
sufficiently well established by the 
analyses of the n-heptane and n-eicosane 
data, it was not considered necessary 
to go into such detail with the remain- 
ing six compounds (n-alkanes of 9, 11, 
13, 17, 30, and 40 carbons). However 
an indication that these measurements 
are of the same order of accuracy may 
be taken from the observation that the 
root-mean-square percentage deviation 
from the mean volume for each of 190 
random multiple points (458 measure- 
ments at identical temperatures and 
pressures) was 0.035%. These random 
points represent all the instances in 
which multiple measurements were 
made at identical temperatures and 
pressures on these six compounds. Al- 
though the agreement of multiple 
measurements at identical temperatures 
and pressures is a measure only of pre- 
cision, other criteria lead the authors to 
believe that the accuracies are again of 
the same order as the precisions, ex- 
cept for n-tetracontane, which con- 
tained 1.4% impurity. 


SUMMARY 


The compressions of eight pure 
liquid n-alkanes have been calculated 
from new measurements of volumes 
under pressure at a series of tempera- 
tures. The zero-pressure volumes used 
for the calculation of the compressions 
were obtained by extrapolation of the 
measurements of the volumes under 
pressure. 

Analyses of the data for n-heptane 
and n-eicosane indicate that the over-all 
accuracy of the compressions for each 
of these compounds appears to be of 
the order of 3 parts in 10,000. Less 
comprehensive analysis of the data for 
the other six compounds indicates an 
accuracy of approximately the same 
order. 


TABLE 6. HupDLESTON PARAMETERS, 
n-EICOSANE, CONSTANT B 


Temper- 
ature, °C. A B (v°r)** 
50 10.482 14.118 1.0916 
100 10.206 14.118 1.1079 
150 9.869 14.118 1.1258 
200 9.509 14.118 1.1450 
250 9.109 14.118 1.1666 
300 8.579 14.118 1.1917 


* From reference 12. 
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III. Temperature and Molecular Weight Dependence of the 


Hudleston Parameters for the n-Alkanes 


ARTHUR K. DOOLITTLE and DORTHA B. DOOLITTLE 


Union Carbide Chemicals C 


General equations for the temperature dependence of the parameters of the Hudleston 
equation are given which were deduced from a study of n-alkane compression data. Empirical 
expressions for the molecular-weight dependence of the constants of these equations are like- 
wise given which are applicable only to n-alkanes. By use of these relations in the Hudleston 
equation the compressions of the family of liquid n-alkanes over ranges of T, P, and m were cal- 
culated on an IBM-650 computer. The over-all standard percentage error (SPE) of the computer 
calculations for n-alkanes of 7 to 20 carbons up to temperatures not exceeding their normal 
boiling points was 0.10%. The over-all SPE for n-alkanes of 7 to 40 carbons up to temperatures 
substantially above their normal boiling points (but not exceeding 300°C.) was 0.21%. 


Since the Hudleston (15) equation 
has been shown (8, 14) to represent 
pressure-volume data on liquids at 
constant temperature with high accu- 
racy, it seemed desirable to investigate 
the temperature-dependent parameters 
of this equation so that it could be used 
as an equation of state for the purpose 
of making certain liquid-state thermo- 
dynamic calculations. 

To permit the calculation of com- 
pressions for all members of the n-al- 
kane family, empirical equations for 
the molecular-weight dependence of all 
parameters involved were determined. 
These are applicable to the n-alkanes 
only. With all variables defined as 
functions of temperature and molecular 
weight, a trial-and-error solution of the 
Hudleston equation was programed for 
the IBM-650 computer, and a set of 
tables was listed giving the specific 
volumes of all the n-alkanes studied at 
their temperatures of measurement but 
at even pressures. 

The purpose of carrying out this em- 
pirical study was twofold: to determine 
the nature of the variation, particularly 
that of the temperature dependence, as 
a step toward a better understanding 
of the liquid state and to provide a 
body of compression data at even pres- 
sures for use in subsequent calculations 
involving the behavior of liquids. 

The apparatus and method used by 
Simon and Cornish to measure the vol- 
umes of liquids under pressure have 
been described (10), and their data on 
eight n-alkanes of 7 to 40 carbons has 
been evaluated (8). It has been shown 
that the data for n-heptane and n-eico- 
sane are very well represented by the 
Hudleston (15) equation. This paper 
considers all the Simon and Cornish 
data and the n-alkane data of other 
investigators for the purpose of estab- 
lishing the temperature and molecular- 
weight dependence of the parameters 
of the Hudleston equation. 


Dortha B. Doolittle is at the West Virginia In- 
stitute of Technology, Montgomery, West Virginia. 
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The Hudleston equation for a sample 
weight of 1 g. may be written as 


(v’r) — 
= Ar + BE (v’r) *] (1) 


The constant B is substantially in- 
dependent of temperature except in 
the neighborhood of the critical point, 
but A, and wv’; are temperature de- 
pendent. In addition, v’r, Ar, and B 
depend on the nature of the substance; 
thus when only the n-alkanes are con- 
sidered, they depend on the molecular 
weight. 


TEMPERATURE DEPENDENCE 
The Parameter v’r 

To explore v’ = f(T) a study of n- 
alkane liquid-density data (12) was 
made which yielded the following re- 
lationship: 


In 


(2) 


The values of In (v’,) and k were 
determined for each of the twenty n- 
alkanes (methane to n-eicosane) in the 
following manner. Specific volumes 
from A.P.I.-44 density data (12) were 
assumed to be identical with wv’, at 
temperatures from the melting point to 
within 30 to 50 centigrade degrees of 
the normal boiling point. Trial values 
of v’, were calculated from In (v’,) = 
10/m (25). The quantity y in Equa- 
tion (2) may be expressed as 

(o'r) 


(2a) 


At temperatures well below the nor- 
mal boiling point no correction A is 
necessary. Hence over the range speci- 
fied, a series of values of y from Equa- 
tion (2a) was calculated for each com- 
pound at intervals of 20 centigrade de- 
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grees. Values thus calculated plotted as 
straight lines, and their slopes and in- 
tercepts were determined by least- 
squares calculations. In accordance 
with Equation (2), the intercepts of 
these lines should be zero in all cases. 
Since calculation from In (v’,) = 
10/m did not provide zero intercepts 
(or more exactly intercepts <=+ 
0.0001), trial calculations were con- 
tinued until a value of In (v’,) was 
found for which the intercept was 
< + 0.0001. This gave twenty pairs of 
parameters In (v’,) and k. It is inter- 
esting to note that in an earlier publica- 
tion (6), it was stated that In (v’,) 
could have been read as (10/m) — 
0.005, but the value 10/m was used 
for simplicity. The method here em- 
ployed in Equation (2) gives values of 
In (v’,) almost exactly = (10/m) — 
0.005, and these values are used here 
since more precise quantities are dealt 
with in this paper. 

Calculations were made (IBM run 
4) of the specific volumes of the n- 
alkanes with the twenty pairs of par- 
ameters, In (v’,) and k. For sixteen 
n-alkanes, n-pentane to n-eicosane, Over 
a temperature range from the melting 
to within 30 to 50 centigrade degrees of 
the normal boiling temperature (309 
points), the SPE of the calculated 
specific volumes was 0.05%. At tem- 
peratures in the neighborhood of the 
normal boiling point (and at higher 
temperatures) data on liquid density 
obtained at atmospheric pressure can- 
not be used to check values calculated 
from Equation (2). Another method 
was therefore used. It has been men- 
tioned (8) that the Hudleston equation 
is an excellent device for extrapolating 
accurate measurements of volume 
under pressure to the zero-pressure 
volume. With n-heptane, accurate 
measurements of the specific volumes 
under pressure over a wide range of 
temperatures have been made by a 
number of investigators, including 
Simon and Cornish (8). Application of 
the Hudleston equation to these data 
therefore enabled the zero-pressure 
specific volumes of n-heptane to be 
calculated at temperatures beyond the 


Page 157 


| In Js) = e* — | 
= 
| y=k(T +4) | 
| 


range of the atmospheric-pressure den- 
sities. 

When the values of y for n-heptane 
were calculated from these data ac- 
cording to Equation (2), the linear 
relationship was observed to hold up 
to approximately 0.6 T, or 324°K. 
Above this temperature the observed 
values of y were greater than kT. The 
nature of the deviation was exponential 
and took the following form: 


= [expe,(T—c.T.)]—1 (8) 


It was anticipated that c, = 0.6 would 
apply to all members of the n-alkane 
series, but a trial calculation with n- 
eicosane showed that the correction 
was applied at too low a temperature 
with the higher molecular-weight com- 
pound. This parameter was therefore 
made molecular-weight dependent. 


The Parameter A 

With the dependence of v’, on T 
established, attention was directed to 
the other temperature-dependent pa- 
rameter of the Hudleston equation. 
Bett, Weale, and Newitt (14), from a 
study of data extending over a rather 
limited range of temperatures, sug- 
gested that perhaps the Hudleston A 
was linear with temperature. Figure 1 
of a prior paper (8) indicates how- 
ever, that this linearity does not extend 
to the higher temperatures. 

To explore A,=f(T), n-alkane 
compression data of a number of inves- 
tigators were analyzed according to the 
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Fig. 6. n-Alkanes. Parameters of the relation- 
ship defining the dependence of specific vol- 
ume on temperature. 


ular weights and temperatures. The 
published data have frequently been 
reported as specific volumes or have 
been given in a form that can be con- 
verted to specific volumes. Such data 
were extrapolated to zero pressure by 
use of the trial-and-error procedure de- 
scribed in the prior paper (8). In the 
few instances where the available data 
(well below the normal boiling point) 
did not extrapolate to 1/p [p = A.P.I.- 
44 liquid density (12)], such data 
were not included in this study. 

The Simon and Cornish data and 
those of some other investigators are 
reported as compressions. These were 
converted to specific volumes by mul- 
tiplying by v’, calculated from Equa- 
tion (2). With the authors’ data the 
intercepts A and slopes B of the 
Hudleston lines were generally calcu- 


and B’s were made in all other in- 
stances except n-octane, where several 
values calculated from velocity of 
sound data seemed more reliable. 
Table 7 presents the results of these 
calculations and lists the values of A, 
B, and (v’r)** for all compounds and 
temperatures involved. 

Study of A=f(T) with these. ex- 
tensive data led to the following re- 
lationship for the temperature depend- 
ence of the Hudleston A’s: 


A/2 T 
1——— 

Cs 

T 
A=2In Cz 1—— 
Cs 


The degree of fit of the observed values 
to the lines determined by Equation 
(4) is discussed in a later section. 


or 


MOLECULAR-WEIGHT DEPENDENCE 


The Parameter B 


Definition of B as a function of 
molecular weight was complicated by 
the fact that the values of B for n-tria- 
contane and n-tetracontane appear to 
be less than for n-eicosane. Since confi- 
dence in the results for the highest 
molecular weight n-alkanes is less than 
for the lower members of the series, a 
compromise was made by choosing a 
function, Equation (5), that well repre- 
sents the B’s for the lower molecular 
weight n-alkanes but continues to in- 
crease slowly as the molecular weight 
increases. This function 


Hudleston equation, and thus values of lated by the method of least squares. Se o( i — (5) 
A were provided at a variety of molec- Graphical determinations of the A’s m 
TaBLE 7. HUDLESTON PARAMETERS 
173 173 
Ref. Ec A B (wa) Ref. t, °C A B wD 
FS from IBM 7 from IBM 7 
C5, mp -129.72°C; bp 36.074°C. Cj, mp -90.61°C; bp 98.43°C. 
3 0 9.834 12.8 1.1576 3 0 10.25 13.2 1.1259 
26 37.78 9.610 12.8 1.1805 20 0 10.25 12.9 1.1259 
3 50 9.340 12.8 1. 1886 29 4.44 10.22 13.2 1.1279 
26 71.11 9.126 12.8 1.2038 22 25 10.12 12.3 1.1375 
3 95 8.746 12.8 1.2239 20 25 10.06 12.9 1.1375 
26 104.44 8. 606 12.8 1.2330 24 30 10.023 13.18 1.1399 
26 137.78 7.798 12.8 1.2748 23 3000 1.1399 
26 171.11 6.19 12.8 1.3493 29 37.78 9.95 13.2 1.1436 
26 204.44 0.64 12.8 1.5325 20 40 9.94 12.8 1.1447 
24 50 9.854 13.16 1.1497 
3 50 9.80 13.3 1.1497 
Ce, mp -95.35°C; bp 68.74°C. 20 60 9.77 12.8 1.1548 
* 29 71.11 9.67 13.2 1.1608 
3 0 10.13 13.2 1.1390 3 95 9.43 13.2 1.1743 
20 0 10.13 13.0 1.1390 24 100 9.365 13.18 1.1774 
20 25 9.93 13.0 1.1516 23 10000 1.1774 
27 37.78 9.81 10.8 1.1584 29 104.44 9.32 13.2 1.1801 
20 40 9.82 12.8 1.1597 29 137.78 8.86 12.7 1.2029 
3 50 9.70 13.2 1.1653 24 150 8.694 13.27 1.2126 
20 60 9.63 12.7 1.1711 23 150 8.72 13.5 1.2126 
27 71.11 9.40 12.8 1.1779 29 171.11 8.40 13.0 1.2325 
3 95 9.18 13.3 1.1937 24 200 7.566 13.65 1.2705 
28 100 9.10 13.0 1.1973 23 200 7.64 13.9 1.2705 
27 104.44 9.00 12.8 1.2006 29 204.44 7.44 13.9 1.2781 
27 137.78 8.47 13.2 1.2292 29 237.78 5.86 14.5 1.3684 
28 150 8.25 13.2 1.2424 24 250 4.752 14.25 1.4289 
27 171.11 7.80 13.0 1.2713 23 250 4.90 13.5 1.4289 
28 200 6.60 13.0 1.3351 24 300 -17.79 15.60 2.7478 
27 204.44 6.52 13.2 1.3493 
27 237.78 4.21 13.6 1.5507 
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represents the values of B over the en- TABLE 8. 1\4 
tire range with an SPE of 2.5%. Prac- Ink = c ve + Cro (7) 
tically all this error occurs in the B’s  c: = 0.02536 Cy = 6.65397 
for the two highest molecular-weight ¢s = 335 Cx = —7.838779 C= Cnu* M+ Cy (8) 
] C= —9.3000 Cu = 0.000835 
compounc Ss. 
Co = 2.6720 Cie = 0.52 The conformity of the data to lines 
Parameters of Equations (2) and (3) Cc; = 9.911902 Cis = 22.040 representing Equations (6) and (7) is 
The parameters of Equations (2) = —0.0057157 Cu = —71.428 shown on Figure 6. It will be observed 
and (3) that are molecular-weight de- that the values of In (v’,) for molecu- 
pendent are v’,, k, and c.. The follow- l lar weights below n-octane and above 
ing equations express these relation- In (v’,) ( (6) m-nonadecane are not well represented 
ships: m by Equation (6). Since time was not 
TABLE 7. (continued) 
1/3 
Ref. A B Ref. A B 
from IBM 7 from IBM 7 
Cy, mp -56.80°C; bp 125.66°C. Cio» ™P -29.66°C; bp 174.12°C. 
3 0 10.35 13.3 1.1162 22 25 10.38 12.50 1.1125 
20 0 10.40 12.9 1.1162 32 37.78 1.1176 
22 25 10.24 12.6 1.1269 32 104.44 1.1463 
20 25 10.23 12.8 1.1269 32 1.1803 
20 40 10.12 12.8 1.1336 
3 50 10.01 13.1 1.1382 
20 60 9.97 12.9 1.1429 
3 95 9.58 13.6 1.1602 Cy,» mp -25.59°C; bp 195.89°C. 
30 100 ---- ---- 1.1629 
30 150 9.00 11.6 1.1925 24 50 10.160 14.2 1.1169 
30 200 8.37 11.1 1.2332 24 100 9.828 14.0 1.1376 
30 250 6.84 18.4 1.3126 24 150 9.408 13.9 1.1606 
24 200 8.918 13.6 1.1874 
Values Calculated from Velocity of Sound 24 250 8.062 14.2 1.2220 
24 300 6.03 15.7 1.2811 
0 10.33 
25 10.16 
33,17, 18 40 10.05 
50 9.98 
60 9.90 
Cy, mp -53.52°C; bp 150.80°C. C13 mp -5.39°C; bp 235.44°C. 
24 30 10.238 13.24 1.1210 24 30 10.405 14.97 1.1009 
31 37.78 1.1243 24 50 10.254 14.97 1.1081 
24 50 10.073 13.36 1.1295 24 100 9.947 14.14 1.1274 
24 100 9.677 13.26 1.1524 24 150 9.593 13.74 1.1485 
31 104.44 9.63 13.0 1.1546 24 200 9.13 13.7 1.1720 
24 150 9.152 13.50 1.1790 24 250 8.49 14.1 1.1999 
31 171.11 8.92 13.0 1.1919 24 300 7.29 14.9 1.2375 
24 200 8.486 13.64 1.2125 
31 237.78 7.66 13.9 1.2497 
24 250 7.32 14.0 1.2666 
24 300 2.64 15.7 1.4098 
TABLE 7. (continued) 
1/3 
Ref, A B wp) Ref. A B 
from IBM 7 from IBM 7 
mp 21.98°C; bp 301.82°C. mp 81.5°C; bp 520°C. 
24 50 10.42 14.2 1.0966 24 150 10.12 13.9 1.1044 
24 100 10.13 13.8 1.1140 24 200 9.86 13.5 1.1202 
24 150 9.77 14.0 1.1330 24 250 9.57 13.3 1.1374 
24 200 9.40 13.9 1.1537 24 300 9.19 13.4 1.1559 
24 250 8.94 13.9 1.1763 
24 300 8.35 13.9 1.2022 
Cog» mp 36.8°C; bp 342.7°C 
* 
24 50 10.482 14.12 1.0914 
24 100 10.206 14.12 1.1079 
2h 150 9.869 14.12 1.1258 
24 200 9.509 14.12 1.1452 
24 250 9.109 14.12 1.1665 
24 300 8.579 14.12 1.1896 
Ca9> mp 65.8°C; bp 446.4°C. 
* 
24 100 10.34 15.8 1.0959 
24 150 10.05 13.2 1.1117 
24 200 9.75 13.3 1.1288 
24 250 9.41 13.2 1.1474 
24 300 9.01 13.2 1.1674 


* IBM Run 7 (ve) 
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5 values corrected by using observed ln (v8) values instead of those calculated from Equation (6). 
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TABLE 9. MACHINE CALCULATION OF 
Compressions, IBM Run 9 


tC 30 50 100 150 200 250 300 
C,, mp -90.61°C; bp 98.43°C; 540.2°K. 
P, bars 
0 1.0000 1.0000 1.0000 1.0000 1.0000 
50 -9927 9914 -9859 -9738 -9402 
100 -9860 -9540 -9059 
200 -9740 -9540 
300 -9635 9579 -9378 9023 
1000 -9018 -8688 -8189 
1500 -8759 8393 7863 7033 
2000 . 8679 -8170 -7624 6788 
3000 -8380 -8246 - 7839 -7278 - 6444 
5000 -7969 -7827 -7403 6834 
SPE, % 0.019 0.008 0.035 0.193 0.457 
Range, bars 0-3000 0-3000 0-3000 0-3000 0-3000 
Cy, mp -53.52°C; bp 150.80°C; T, 595°K. 
P, bars 
0 1.0000 1.0000 1.0000 1.0000 1.0000 
50 -9940 -9931 - 9897 - 9832 -9690 
100 -9884 9867 -9805 -9465 
200 .9783 -9753 -9647 - 9468 -9141 
300 -9290 -8905 
500 -9296 -9016 
1000 -9230 -8561 
1500 -9003 8637 -7716 
2000 -8820 -7475 
3000 -8536 .7131 
5000 .8140 -7689 6690 
SPE,% 0.113 0.031 0.036 0.065 0.262 
Range, bars 0-3000 0-3000 0-3000 0-3000 0-3000 
TABLE 9. (continued) 
Fale 50 100 150 200 250 300 
mp -25.59°C; bp 195.89°C; 640°K. 
P, bars 
0 1.0000 1.0000 1.0000 1.0000 
50 -9940 9914 9869 -9781 
100 - 9883 -9836 9756 - 9609 
200 -9781 - 9568 -9345 
300 - 9690 -9581 -9414 -9142 
500 -9532 -9169 -8840 
1000 .9228 .9026 8356 
1500 .9001 .8770 8463 .8042 
2000 -8818 -8570 -8246 7809 
3000 -7922 -7471 
SPE, % 0.065 0.020 0.063 0.367 
Range, bars 0-3000 0-3000 0-3000 0-3000 
C,3> mp -5.39°C; bp 235.44°C; T, 677°K. 
P, Bars 
0 1.0000 1.0000 1.0000 1.0000 1.0000 
50 9924 - 9889 -9825 9694 
100 -9893 -9791 -9681 -9473 
200 9799 -9730 -9624 9452 -9153 
300 -9714 -9622 9271 
1000 -9276 -9101 -8538 8069 
1500 .9058 .8855 .8590 .8237 .7743 
2000 -8881 -8380 -8011 
3000 ---- - 8064 -7163 
5000 .7958 .7246 .6727 
SPE, % 0.057 0.045 0.090 0.108 0.391 
Range, bars 0-2000 0-3000 0-3000 0-3000 0-3000 
available to make further refinements, degrees of the normal boiling point given by 
a run was made on the IBM computer with an SPE of 0.05%. Values of i ‘a 9 
= 10? nm + Cu) (9) 


(run 7) in which Equation (6) was 
used only for n-alkanes n-heptane to 
n-eicosane. Observed values of v’, were 
used for n-alkanes below and above 
these limits. Equation (7) was satis- 
factory for defining k over the entire 
range. IBM run 7 duplicated the spe- 
cific volumes of the n-alkanes n-pentane 
to n-tetracontane over the range from 
the melting point to within a few 
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(v°,)** from IBM run 7 are listed in 
Table 7 for the various temperatures of 
interest. 


Parameters of Equation (4) 

The only molecular-weight—depend- 
ent parameter of Equation (4) is c,, 
which is a number nearly but not ex- 
actly equal to the critical temperature. 
Its dependence on molecular weight is 
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Equations (4) and (9) represent the 
observed A’s with an SPE of 0.16%. 
The constants involved in all the equa- 
tions discussed above are given in 
Table 8. 


OVER-ALL EVALUATION 
The Hudleston equation, Equation 
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TABLE 9. (continued) 


ee 50 100 150 200 250 300 
Ci7> mp 21.98°C; bp 301.82°C; T, 735°K. 
P, bars 
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
50 -9951 -9910 -9790 
100 -9905 -9828 -9624 -9373 
200 - 9820 -9766 -9564 -9009 
300 -9670 -9410 -9170 .8767 
500 - 9606 -9504 -9364 -9165 8874 - 8436 
1000 -9336 -9191 -9001 .8747 8398 -7940 
1500 -8742 -8462 8089 - 7627 
2000 -8774 -8542 .8246 -7859 -7372 
3000 8488 -8237 .7925 -7525 6992 
5000 8093 7500 -7091 6567 
SPE, % 0.096 0.047 0.038 0.046 0.313 0.675 
Range, bars 0-1000 0-3000 0-3000 0-3000 0-3000 0-3000 
Cogs mp 36.8°C; bp 342.7°C; T, 775°K. 
P, bars 
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
50 - 9940 -9918 9884 -9824 -9709 
100 -9911 - 9884 -9782 -9680 -9496 
200 - 9830 -9782 -9713 -9611 -9450 -9186 
300 -9756 -9691 . 9600 - 9468 -9270 -8959 
500 9626 -9534 -9411 -9239 8630 
1000 -9233 -9063 -8840 -8540 -8121 
1500 - 9008 .8813 -8240 -7800 
2000 cane .8828 -8618 -8354 -8015 
3000 -8548 .8319 -8038 7686 .7225 
5000 .7913 .7618 -7256 
SPE, % 0.060 0.156 0.053 0.091 0.198 0.483 
Range, bars 0-500 0-3000 0-2000 0-3000 0-3000 0-3000 
TABLE 9. (continued) 
ig 100 150 200 250 300 
Cay mp 65.8°C; bp 446.4°C 
P, bars 
0 1.0000 1.0000 1.0000 1.0000 1.0000 
50 - 9933 -9910 -9874 -9813 
100 -9900 -9872 - 9830 -9765 
200 -9811 -9761 -9689 -9583 -9422 
300 -9731 9663 - 9568 -9434 .9237 
500 .9590 -9495 -9196 -8954 
1000 -9179 - 9008 .8787 -8495 
1500 ---- .8752 . 8508 
3000 ---- ---- -8251 .7978 7638 
5000 .7843 .7558 .7210 
SPE, % 0.039 0.205 0.311 0.321 0.256 
Range, bars 0-500 0-1000 0-1000 0-1000 0-1000 
Cy» mp 815°C; bp 520°C 
P, bars 
0 1.0000 1.0000 1.0000 1.0000 
50 -9940 -9850 
100 -9885 -9851 -9801 -9724 
200 -9783 -9725 -9519 
300 -9693 -9615 -9507 -9355 
500 -9537 -9431 -9290 -9098 
1000 -9238 -9092 -8906 . 8667 
1500 -9015 .8847 . 8639 .8378 
2000 8836 .8655 -8434 .8160 
3000 8558 -8361 7838 
5000 .7959 -7711 -7414 
SPE, % 0.479 0.605 0.664 0.869 
Range, bars 0-3000* 0-3000 0-3000 


*¥NOTE: Sample did not freeze under 3000 bars. “Presumably because of impurity of 1. 4%. 


(1) with auxiliary Equations (2) to 
(4), defines completely the PvT' rela- 
tions of liquids over its range of valid- 
ity. By further relating all parameters 
to the molecular weight of the n-alkanes 
in Equations (5) to (9), one can make 
a general calculation giving the com- 
pressions of any of the n-alkanes at any 
temperature and pressure, in which the 
only independent variable is molecular 
weight. Such a calculation, which 
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evaluates the combined accuracy of all 
the empirical equations, was made 
(IBM run 9). The compressions were 
computed for all compounds studied 
at all temperatures of interest and at 
the following even pressures: 0, 50, 
100, 200, 300, 500, 1,000, 1,500 2,000, 
3,000, and 5,000 bars. At the same 
time the compressions were likewise 
listed at 0, 116.1, 214.2, 312.8, 508.5, 
1,015, 1,577, 2,089, and 3,011 bars so 
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0-3000 


that the experimental values might be 
compared with the machine calcula- 
tions. The even-pressure values for 
n-alkanes 7 to 40 carbons are presented 
in Table 9, and the fit of the Simon and 
Cornish data to the equation over the 
indicated pressure ranges is shown for 
each compound. 

This comparison indicates that over 
a pressure range of 0 to 3,000 bars the 
over-all SPE of the computed values 
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for n-alkanes of 7 to 20 carbons at all 
temperatures from 30°C. to somewhat 
below the normal boiling temperature 
is 0.10%. The over-all SPE for the en- 
tire range of molecular weights and 
pressures and over a range of tempera- 
tures extending considerably above the 
normal boiling point (but not exceed- 
ing 300°C.) is 0.21%. 

At temperatures considerably above 
the normal boiling temperatures for all 
compounds, and for n-triacontane and 
n-tetracontane at all temperatures, the 
agreement of the calculated with the 
observed values is not so good as 
elsewhere. The discrepancies at these 
extremes of temperature and molecular 
weight are due principally to slight dis- 
agreement between the calculated and 
observed values of the Hudleston pa- 
ameters A and B at the upper limits 
of these ranges. 

The relatively poor agreement of 
n-tetracontane may be due in part to 
the lower purity of this sample com- 
pared with the other compounds (8). 
The observed Hudleston A’s for n-tetra- 
contane (Table 6) are somewhat less 
than those calculated from Equation 
(4), whereas those for n-triacontane 
are well represented by the calculation. 
With both these compounds the ob- 
served Hudleston B’s are less than 
those for the preceding members of 
the series and are therefore not pro- 
perly represented by Equation (5). 


SUMMARY 


1. Equation (1) with one physical 
constant v’, and two arbitrary con- 
stants A and B defines completely the 
Po relations of a single liquid at a 
single temperature (substantially below 
the critical temperature). 

2. Equations (1), (2), and (4) with 
one extrapolated physical constant v’, 
and four arbitrary constants k, B, cs, c 
define completely the PvT relations of 
a single liquid n-alkane at all tempera- 
tures substantially below the normal 
boiling temperature. 

3. Equations (1), (2), (3), and (4) 
with two physical constants v’, and T, 
and six arbitrary constants k, B, c,, C2, 
Cs, define completely the rela- 
tions of a single liquid n-alkane up to 
temperatures substantially above the 
normal boiling temperature. 

4. The PoT relations of the family 
of liquid n-alkanes from 7 to 40 car- 
bons may be completely defined by 
nine equations involving one physical 
constant T, and twelve arbitrary con- 
stants up to temperatures substantially 
above the normal boiling temperature. 
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NOTATION 


A = Hudleston intercept for sample 


weight of 1 g. 


a = setting constant 

B = Hudleston slope for sample 
weight of 1 g. 

C, = Hudleston intercept for any 
sample weight 

C, = Hudleston slope for any sample 
weight 

Cc, = numerical constant 

c. = molecular - weight —- dependent 
constant in Equation (3) 

= Cu M+ Cy 
Cs = numerical constant 
c, = molecular - weight —- dependent 


constant in Equation (4), nearly 
but not exactly equal to the 
critical temperature 
= 10° (cs lnm + cu) ” 
c; to Cy = numerical constants 
= molecular - weight — dependent 
constant in Equation (2) 


1 1/2 
[«. & ) + on | 
m 


external pressure, bars 
absolute temperature, °K. 
« = absolute critical temperature, 
° 
K. 
volume of sample at tempera- 
ture T and pressure P 
vol’; = zero-pressure volume of sam- 
ple at temperature T 
v’; = specific volume of sample at 
temperature T and pressure P 
zero-pressure specific volume of 
sample at temperature T 
limiting specific volume at zero 
pressure and zero temperature 
(See reference 34.) 
= variable in Equation (2) 
=k(T +A) 
z = variable in Equation (2) 
= (exp y)—1 
A = variable in Equation (2) 
= [expc, (T—cT.)]—1 
p = liquid density 


I 


P 


vol’, = 
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Temperature Measurements in a Spherical 


Field: Transfer Coefficients and Corrections 


for Thermocouples in Boundary Flows 


W. W. SHORT and B. H. SAGE 


California Institute of Technology, Pasadena, California 


A study was made of the deviation between the temperature of thermocouple junctions and 
the temperature of the fluid surrounding them which arises as a result of conduction along the 
thermocouple leads. Measurements around a 12-in. heated sphere in the plane of the equator 
normal to an air stream having a velocity of 16 ft./sec. were made with a 0.001-in.-diam. thermo- 
couple of platinum and platinum rhodium. Air temperatures in the boundary flows of the 
sphere were predicted from the indications of the thermocouple. The method of prediction 
employed also determined the heat transfer coefficients for the thermocouple wire in the 
boundary layer. These local heat transfer coefficients are lower than those observed in a uniform 
stream having a velocity equal to the estimated local velocity in the boundary layer. 


Measurement of the local tempera- 
ture of a fluid in the presence of large 
temperature gradients is a major experi- 
mental problem encountered in many 
heat transfer studies. The differential 
equations used to describe the tempera- 
ture in and around temperature-sensing 
devices are usually simple, but the ana- 
lytical solution to these equations is 
often impossible because of unusual 
geometry or irregular boundary condi- 
tions. Carslaw (4) and Ingersoll (13) 
presented equations and a few solutions 
applicable to heat-conduction problems 
encountered when thermocouples are 
used. 

Several investigators have studied the 
problem of conduction in thermocou- 
ples. Johnson (15) determined analyti- 
cally the thermocouple temperature for 
each of five air-temperature distribu- 
tions along the thermocouple leads. 
Boelter (3) corrected the readings of 
thermocouples mounted on flat plates in 
heaters. Hsu (10) presented an ana- 
logue method for correcting thermo- 
couple readings taken in the boundary 
layer surrounding a heated sphere. Ex- 
tensive studies of corrections for hot- 
Wire anemometers were made by King 
(17), whose results in many cases can 
be applied to thermocouples because of 
similar geometry and boundary condi- 
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tions. The application of all these results 
presumes a knowledge of the heat trans- 
fer coefficient for the wire. The present 
paper describes a method which does 
not require an independent knowledge 
of the heat transfer coefficient for pre- 
dicting point air temperatures from the 
indications of small thermocouples. 


METHODS 


A study of the effect of free-stream 
turbulence on the local thermal and 
material transfer from spheres has been 
under way for a number of years. To 
determine the local thermal flux from 
the surface of a silver sphere, tempera- 
tures were measured as a function of 
position in the fluid adjacent to the sur- 
face. Temperature traverses were ob- 
tained by moving a thermocouple junc- 
tion through the thermal-boundary layer 
to the surface of the sphere. Traverse 
data of this type were presented by Hsu 
(10, 12) and Short (21). Junction tem- 
peratures from a typical experimental 
traverse are shown in Figure 1. The 
term junction temperature refers to the 
measured temperature as distinguished 
from the true air temperature at the 
same point in space. The term wire tem- 
perature denotes temperatures in the 
thermocouple wire at points other than 
the junction. The thermocouple correc- 
tion is the difference between the air 
temperature and the junction tempera- 
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ture. The term surface temperature rep- 
resents the temperature determined 
with thermocouples mounted within the 
surface of the sphere. 

The difference between the junction 
temperature and the surface tempera- 
ture, as shown in Figure 1, indicates 
that the junction temperatures are con- 
siderably lower than the corresponding 
air temperatures. Earlier investigators 
believed that thermal conduction along 
the thermocouple wires caused these 
deviations. 


EQUIPMENT 


The probe thermocouple used for this 
investigation was made of 0.001-in.—dia- 
meter wires of platinum and of platinum— 
10% rhodium. The thermocouple was 
soldered to the tips of two needles on a 
probe, as shown in Figure 2. Wires of 
this size were chosen because they were 
the smallest that could be butt-welded in 
an oxy-natural gas flame to form a smooth 
cylindrical junction. No irregularities at 
the junction were observed under a 36- 
power binocular microscope. Thermo- 
couples which were made from wires 
0.0003 in. in diameter showed nonuniform 
junctions. 

The probe thermocouple could be 
moved about the sphere parallel to each 
of the three coordinate axes shown in 
Figure 3. Dial indicators reading to 0.001 
in. measured the displacement of the probe 
in the two directions normal to flow. The 
thermocouple wires were always parallel 
to the y axis, which is normal to the air 
stream. 

The 0.5-in. sphere used in this investi- 
gation was employed by Baer (1), Hsu 
(12), and Sato (18) in earlier studies of 
heat transfer from spheres. The surface of 
the sphere was formed by two hemispheres 
of polished silver 0.016 in. thick fitted over 
a copper core on which an electrical 
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Fig. 1. Typical junction-tempevature traverse. 


heater was wound. Four copper constantan 
thermocouples were embedded in the inner 
surface of the silver shell to measure sur- 
face temperatures. The sphere was 
mounted on stainless steel tubes 0.096 in. 
in diameter provided with compensating 
heaters. When the heaters were properly 
adjusted, no measurable amount of energy 
was conducted to or from the sphere along 
the supporting tubes. 

The air stream in which the sphere was 
suspended was supplied by equipment 
described by Corcoran (6) and Hsu (11). 
The air stream was maintained at a velo- 
city of 16 ft./sec., a temperature 
of 100°F., and an apparent level of 
turbulence of 0.013. The level of turbu- 
lence is defined as the ratio of the root- 
mean-square of the lateral fluctuating 
velocity component to the average longi- 
tudinal velocity. The turbulence value was 
established by Sato (18) using the data of 
Schubauer (19) in conjunction with meas- 
urements of the divergence of the tempera- 
ture profile in the wake of a heated wire. 

The copper-constantan and platinum— 
platinum-rhodium _ probe thermocouples 
were calibrated in the laboratory against 
a standard resistance thermometer. These 
calibrations, which indicated a maximum 
deviation of 0.8°F. from reference values 
(20), were used in obtaining all tempera- 
tures. The reference junction for all ther- 
mocouples was at the ice point. 


ANALYSIS 


The analysis of thermocouple correc- 
tions which follows is presented in three 
parts. First, the assumptions pertinent 
to the analysis are discussed; then a 
differential equation to describe tem- 
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perature in the vicinity of the thermo- 
couple, with only conductive and con- 
vective thermal transport taken into ac- 
count, is developed and discussed; and 
finally a method of solving the differ- 
ential equation to obtain air tempera- 
tures from junction temperatures is pre- 
sented. 


Assumptions 


Thermal transport by radiation from 
both the sphere and the thermocouple 
is small compared with the transport 
by convection. At 212°F. the total emis- 
sivity of polished silver is 0.02 and that 
of unoxidized platinum is 0.047 (9). 
Since the wire surface near the junction 
became oxidized during welding, it is 
believed that the emissivity was higher 
than 0.047. Radiation transfer from an 
unoxidized platinum wire at 238.8°F., 
the maximum junction temperature ob- 
served experimentally, to surroundings 
at 80°F. is 0.0035 B.t.u./ (sq. ft.) (sec.). 
The minimum heat transfer coefficient 
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Fig. 2. Outline drawing of probe thermocouple. 
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Fig. 3. Orientation of probe thermocouple and 
sphere. 


encountered in this investigation was 
0.04 B.t.u./(°F.) (sq. ft.) (sec.). To 
transfer energy at a rate of 0.0035 
B.t.u./ (sq. ft.) (sec.) from a body hav- 
ing this heat transfer coefficient, a tem- 
perature difference of 0.09°F. is re- 
quired. Under any of the experimental 
conditions encountered, the thermo- 
couple correction due to radiation ef- 
fects is of this magnitude. 

Additional errors are expected to 
arise from temperature jump (7, 16, 22) 
and stagnation effects. The maximum 
temperature jump for a surface gradi- 
ent of 6,000°F./in. was calculated from 
the empirical equation of Kennard (16) 
to be 0.041°F. A maximum stagnation 
temperature rise at a gross velocity of 
16 ft./sec. was predicted from potential 
flow theory to be 0.048°F. 

The difference in temperature be- 
tween the inner and outer surfaces of 
the silver shell of the sphere was com- 
puted to be 0.008°F. at the maximum 
thermal flux. The internal thermocou- 
ples were embedded in a nearly iso- 
thermal surface; therefore errors due to 
conduction along these thermocouples 
are negligible. 

Since the position of the thermocou- 
ple junction is known to within +0.0005 
in. in the z direction, an uncertainty of 
0.3°F. in the junction temperature exists 
at the maximum gradient observed. It is 
thus seen that the effects discussed 
above are of the same order of magni- 
tude as this uncertainty and may be 
neglected. Hence the difference be- 
tween the surface temperature and the 
temperature of the junction when nearly 
in contact with the surface, which was 
found to be 12.28°F., is considered 
equal to the thermocouple correction at 
the surface. 


Differential Equation 

To determine the thermocouple cor- 
rection at a point in the air stream, a 
differential equation describing the 
temperature in the vicinity of the wire 
was developed. The convective thermal 
transfer rate per unit area results from 
the difference between the local air 
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Fig. 4. Experimental junction temperatures in plane of equator. 


temperature and the wire temperature 
as indicated by Equation (1): 


O = h(t. — te) (1) 


The heat transfer coefficient of Equa- 
tion (1) is based on the difference be- 
tween air temperature and wire tem- 
perature rather than on the difference 
between free-stream temperature and 
wire temperature, as is usually the case. 
This distinction is of consequence when 
high-temperature gradients surround 
the wire. 

The convective thermal transfer rate 
per unit length of wire is 


= — te) (2) 
For steady state to exist, this must be 
equal to the rate of energy loss per unit 
length of wire by conduction along the 
wire, which is given by 

) @) 


aD? d k dt,, 
4 dy dy 
Hence combining Equations (2) and 
(3) and simplifying results in the fol- 
lowing equation 


D ad 
4h dy dy 
The thermal conductivity of platinum 
is more than twice that of the platinum- 
thodium alloy (14). The evaluation of 
the temperature gradient, dt,,/dy, near 
the junction, and of the thermal flux 
through the junction, k(dt,./dy), offers 
some difficulty, as these factors require 
a knowledge of the wire temperature in 
the neighborhood of the junction. The 
thermocouple junction was moved a 
short distance along the axis of the wire 
on either side of the point to which 
Equation (4) was being applied to es- 
tablish a temperature distribution. 
Movement of the junction changes one 


Q=- 


i—t, = 
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boundary condition defining the solu- 
tion to Equation (4). This boundary 
condition is the thermal conductivity of 
the wire as a function of y. Each junc- 
tion temperature measured in this man- 
ner is one temperature from a different 
solution to the differential equation. The 
thermal flux k(dt,/dy) established 
from these temperatures may be in 
error. 

From the foregoing discussion it is 
apparent that the direct solution of 
Equation (4) without further simplify- 
ing assumptions would require a nu- 
merical method involving detailed in- 
formation concerning the temperature 
gradients near the junction. Some fur- 
ther simplifications appear desirable if 
the method is to be useful. 


Solution to the Differential Equation 

To gain insight into this problem, it 
is assumed that the thermal conduc- 
tivities of the metals in the thermocou- 
ple are constant and equal. Under these 
circumstances it is possible to employ 
an apparent, consistent thermal conduc- 
tivity which will satisfy the equation at 
several points in the temperature field 
and thus afford a good approximation 
to the actual behavior involving two 
different and variable thermal conduc- 
tivities. Equation (4) then becomes 


Dk* ( 
4h \dy 


It should be recognized that the ap- 
parent thermal conductivity which is 
determined from experimental meas- 
urements with thermocouples at several 
points in the temperature field is not 
any particular kind of average of the 
thermal conductivities of the two met- 
als. In the case of Equation (5) the 
location of the junction is not one of 
the boundary conditions. The second 
derivative of wire temperature and of 


t.—ty = — 
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Fig. 5. Second derivative of experimental junction temperatures. 


the thermal flux in the wire in this 
instance can be approximated from 
a knowledge of junction temperatures 
as a function of position. The assump- 
tion of constant thermal conductivity 
throughout the wire permits the evalu- 
ation of all factors on the right side of 
Equation (5) except the heat transfer 
coefficient. 

The data of Cole (5) for values of 
the heat transfer coefficient as a func- 
tion of velocity can be used in con- 
junction with the velocity-distribution 
equation developed by Fréssling (8) to 
obtain heat transfer coefficients as a 
function of position. However the pres- 
ence of the wire in the boundary layer 
introduces uncertainties in the applica- 
tion of the heat transfer coefficients ob- 
tained in this way. To circumvent this 
problem it was assumed that the veloc- 
ity and temperature fields are sym- 
metrical about the x axis. By appro- 
priate assumptions of symmetry with re- 
spect to temperature, velocity, and 
hence heat transfer coefficient, it is 
possible to establish the temperature 
correction from data at the two points 
of symmetry. The two points through 
which the thermocouple may pass are 
designated 1 and 2. These points are 


such than #n, >t. 
The resulting equation is 
dt. 


Although Equation (6) does not con- 
tain the apparent thermal conductivity, 
it is implicit in its derivation that a 
single value of the apparent thermal 
conductivity may be applied. Air tem- 
peratures can be computed from junc- 
tion temperatures by means of Equation 
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Fig. 6. Radial temperature distribution at equator. 


(6), which is subject to the following 


restrictions: 


h = 


twe 
ty. 


As a result of the existence of a number 
of assumptions, it appears advantageous 
to utilize Equation (6) in regions where 
the corrections are small. In the pres- 
ent instance Equation (5) was em- 
ployed to delineate the locus of states 
where the correction was equal to zero, 


k = constant ( 


which corresponded to d’t,./dy’ = 0. 


EXPERIMENTAL RESULTS 


Figure 4 illustrates the data obtained 
from experimental traverses. The tem- 
peratures, which were nearly linear 
with respect to z over a large portion 
of the field, were smoothed graphically. 
This operation yielded a standard de- 
viation of approximately 0.15°F. The 
second derivatives of junction temper- 
ature with respect to y were computed 
from the smoothed data by the use of 
a three-point approximation (23). The 


0.5 1S 2.0 25 
NORMALIZED RADIAL DISTANCE, + 


8. Dimensionless thermocouple corrections for a 0.001- 


in.-diameter wire. 


curves for the second derivative in this 


region are shown in Figure 5. A five- 
point approximation (23) was tried, but 


it was found that use of .fewer points 
gave more consistent results, because 
of the limited number of total points 
available. Undoubtedly the five-point 
approximation gave more accurate re- 
sults near the center of the curve but 
apparently gave biased values at each 
end. 

Since d’t,,/dy’ = 0 at an inflection 
point, it follows from Equation (5) that 
the thermocouple correction should be 
zero at such a point. By a numerical 
solution of Equation (5) it was estab- 
lished that the difference between the 
air temperature and junction temper- 
ature at an inflection point was less than 
0.1% of the difference between the free 
stream and the surface temperatures if 
a shift in position of 0.0013 in the y 
direction was made. By the use of this 
corrected coordinate system, the junc- 
tion temperature was assumed equal to 
the air temperature where d’t,,/dy’ = 
0. 

The line of inflection shown in Fig- 
ure 4 was obtained from Figure 5. The 
intersection of each  constant-radius 


curve with the inflection curve corres- 
\ 
\ 
a es COLE (5) AND FROSSLING (8) 
/ 
” 
re] 0.075 
SWS y 
ey) 
3 
— — +—o005° 
\ z 
Ww 0,025 
ro} 
0.005 0.010 0.015 0020 0025 0030 0.035 0.01 0.02 0.03 
RADIAL DISTANCE.n, IN, RADIAL DISTANCE, n, IN. 
Fig. 7. Thermocouple corrections for a 0.001-in.-diameter Fig. 9. Experimental convective heat transfer coefficients for 


thermocouple. 


Page 166 


a 0.001-in.-diameter wire near a 0.5-in. sphere. 
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ponds ‘to the air temperature at that 
radius. The arithmetic average of the 
two air temperatures is shown in Fig- 
ure 6. In Figure 7 the thermocouple 
corrections are compared with the 
thermocouple corrections computed by 
the method of Hsu (10) for the same 
conditions of flow. As the inflection 
curve of Figure 4 did not approach the 
sphere closer than 0.014 in. the air 
temperature, and consequently the 
thermocouple correction, could not be 
established in the region closer to the 
sphere than 0.014 in. The corrections 
calculated in the manner described are 
in good agreement with the value de- 
termined from the junction temperature 
near the interface and the surface tem- 
perature. 

The measured junction-temperature 
gradient normal to the sphere at the 
equator is 5,730°F./in. This value is 
the slope of the junction-temperature 
curve in Figure 5 in the range 0 <n< 
0.012. The air-temperature gradient 
over the same range is 6,010°F./in. 
The local thermal flux established from 
the junction-temperature gradient is 
4.9% low in this instance. The error in 
the local thermal flux determined in this 
manner varies with position around the 
sphere because, as observed in other 
heat transfer studies (12), the thermo- 
couple correction at the surface de- 
creases with increasing polar angle 
measured from the stagnation point. 

Figure 8 shows values of thermo- 
couple corrections which were obtained 
by normalizing the thermocouple cor- 
rections in Figure 6 with respect to the 
correction at the surface. The radial 
distances were normalized with re- 
spect to the thermal boundary-layer 
thickness, defined as 


f (7) 
t; —t, 


For a fluid with constant physical prop- 
erties the normalized correction may be 
a function of one or more of the follow- 
ing parameters: free-stream velocity, 
free-stream turbulence, diameter of 
sphere, and polar angle. Hsu (12) re- 
lated temperatures in the boundary 
layer of a sphere to the Blasius func- 
tion (2). 

To calculate heat transfer coefficients 
it was necessary to obtain a suitable 
value of the thermal conductivity of 
the thermocouple. An apparent con- 
ductivity of 64/8 x< 10° 
(sec.) (sq.ft.) (°F./ft.) was found by 
using a numerical solution of Equation 
(4) in conjunction with experimental 
data and assumed heat transfer coeffi- 
cients of appropriate orders of magni- 
tude. 

Heat transfer coefficients for the 
thermocouple wire, computed by the 
use of the apparent thermal conduc- 
tivity of platinum and platinum rho- 
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dium, are presented in Figure 9. Also 
shown, for comparison, are the heat 
transfer coefficients obtained with the 
equations of Fréssling (8) and data of 
Cole (5). The large difference between 
the two sets of heat transfer coefficients 
is not surprising. As remarked earlier, 
the heat transfer coefficients used in 
this paper are based on air temperatures 
rather than free-stream temperatures. 
Close to the sphere the difference be- 
tween the temperature potentials may 
well explain at least 75% of the dis- 
crepancy between the two sets of data. 
Furthermore the velocity gradient pro- 
duces pressure gradients in the bound- 
ary layer of the wire, and flow parallel 
to the wire axis develops. Since temper- 
ature and velocity gradients at the 
equator are in opposite directions, this 
leads to a heat transfer coefficient 
lower than that determined in a free 
stream. This phenomenon may also ex- 
plain the flat appearance of the curves 
of Figure 5 in the region near the sur- 
face of the sphere. 

It is expected that the heat transfer 
coefficients obtained are applicable only 
in the vicinity of the equator, since 
gradient effects in other regions of the 
sphere are different. 


ACKNOWLEDGMENT 


The assistance of R. A. S. Brown, a 
Peter E. Fluor fellow, in connection with 
the experimental work reported here is 
acknowledged. Emilio Venezian  con- 
tributed to the technical appraisal of the 
results and made several useful suggestions, 
and Ann Hansen contributed to prepara- 
tion of the manuscript. 


NOTATIONS 

d = differential operator 

D = diameter of thermocouple wire, 
in. 

h = thermal transfer coefficient, 
B.t.u./ ( °F.) (sq.ft.) (sec.) 
k = thermal conductivity, B.t.u./ 
( °F./ft.) (sq.ft.) (sec. ) 
= apparent thermal conductivity 
B.t.u./ (°F./ft.) (sq.ft.) (sec.) 

n = radial distance from surface of 
sphere, in. 

Q =thermal flux, B.t.u./(sec.) 
(sq.ft. ) 


= thermal transfer rate per unit 
length, B.t.u./ (sec.) (sq.ft.) 

= radius of sphere, 0.250 in. 

air temperature, °F. 

= surface temperature, °F. 

junction temperature, °F. 

= wire temperature, °F. 

= free-stream temperature, °F. 

free-stream velocity, ft./sec. 


~ 
ll 


8 


coordinate axes, in. 

= thermal boundary-layer thick- 
ness, in. 

function of 


I 


I 
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Subscripts 
i = surface of sphere 
1,2 = points in the air stream 
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On the Separation of Gas Mixtures in a Jet 


In 1954 Becker found that the components of a gas mixture could be separated by allowing 
a jet of the gas mixture to expand in a low-pressure chamber. The heavier molecules would 
concentrate near the center of the jet and the lighter ones near the edge. Thus the jet 
could be split into two streams, one containing more of the heavy component and one containing 
more of the light component. In this paper it will be shown that this effect can be predicted 
from the kinetic theory of gases and that the predicted magnitude of the effect agrees favorably 


with the experimental data of Becker. 


A diagram of the jet-separation ap- 
paratus employing an axially symmetric 
jet is shown in Figure 1. The axis of 
symmetry has been designated as the X 
axis. The gas mixture to be separated 
flows through the feed tube and ex- 
pands into the low-pressure chamber. 
Here the jet is separated into two 
streams by the conically shaped divider 
D. The center stream will contain more 
of the heavy component, and the side 
stream will contain more of the light 
component. These streams may then be 
recompressed and sent to other jet- 
separation units. A typical separation 
process would employ many such units, 
arranged in a cascade. 

An alternative to the circular orifice 
indicated in Figure 1 would be one in 
the form of a long slit. Although the cal- 
culated separations are somewhat lower 
for this geometry, it would allow a much 
greater throughput per unit and could 
effect a substantial saving in equipment 
cost. 


THEORY 


The basic assumptions in this devel- 
opment are 


1. The gas in the feed tube has a 
Maxwell-Boltzmann distribution of ve- 
locities superimposed on the mean bulk- 
gas velocity. 

2. The jet is axially symmetric. 

3. Collisions between molecules in 
the low-pressure region (collector) may 
be neglected. 


LIGHT 
STREAM 
07 
HEAVY 
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Vox x 


LOW PRESSURE AREA 


Fig. 1. Diagram of jet separation apparatus. 
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Allowing no collisions between mole- 
cules in the collector describes the 
limiting case of zero pressure in the 
collector. Actual pressures used by 
Becker were on the order of 0.01 mm. 
Hg. At this pressure and room tempera- 
ture the mean free path of N, is 6 mm. 
As the dimensions’ of the apparatus 
were about 1 mm., it is seen that neg- 
lecting collisions is not unreasonable so 
long as the dimensions of the apparatus 
are kept small. 

The Maxwell-Boltzmann velocity- 
distribution function for a pure gas in 
three dimensions may be written as 


EARL E. GOSE 
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Fig. 2. Vector diagram. 


of 0, say ¢, go into the side stream; the 
remainder go into the center stream. 
The number in the side stream is found 
by integrating (4) from @ = 180 deg. 
to 6 = ¢. This yields 


1 
f= = cos $e (— Boos ¢) + erfe (B) (7) 


m 


= +V24 V3 


3/2 «ORT 
dn =n, ( ) e 
QakT 


Figure 2 shows that 
Vo (2) 


In the V., @ a coordinate system Equa- 
tion (1) becomes 


m 


= sin? 6 
m 8/2 
dn =n, ( ) e 
2 
dV. dé da 
sin’é 


To obtain the angular distribution of 
molecules, Equation (3) is integrated 
over the range 0 = a = 2m and 
0 = V. = o. This gives the angular 
distribution of molecules: 


dV, dV, dV, (1) 


where f = n/n. 

According to kinetic theory, the ve- 
locity distribution of one component of 
a gas mixture is unaffected by the pres- 
ence of the other components. Thus for 


m 
= cos 2 
2kT sin @ 


e (3) 


a multicomponent mixture Equation 
(7) will be valid for each component 
separately, with the appropriate value 
of 8 inserted for each component. This 
equation may be used to predict separa- 


1 
dn = n,e-#° [ ef? cos? ( cos’ ) erfe (—B cos 6) + cos | sin 6 dé 
2 Va 


where the dimensionless parameter is 


defined as 
(5) 


and the complementary error function is 

erfe (t) =—— | e-t? dt, (6) 
Va, 

The jet is now broken into two 

streams. All molecules moving at an 

angle greater than some particular value 
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(4) 


tions of multicomponent mixtures. For 
a two-component mixture the separa- 
tion coefficient is defined by the ratio 
of light to heavy molecules in the light 
stream divided by the same ratio for 
the heavy stream: 


A Le % heavy light stream (8) 
[ % light | 
% heavy heavy stream 
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Fig. 3. Separation factors for mixtures of ar- 
gon-36 and argon-40 at 300°K. For the con- 
verging nozzle, the calculated velocity and 
temperature was 600 ft./sec. at 226°K. This 
gives the same value of 6 as 693 ft./sec. at 
300°K. For the De Laval nozzle the calculated 
velocity and temperature was 1,010 ft./sec. at 
39°K. This gives the same value of 6 as 2,790 
ft./sec. at 300 °K. 


The enrichment factor is defined as 
= e; thus ec = 0. When is small, 
it is essentially independent of the feed 
composition. Substituting Equation (7) 
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Fig. 4. Separation factors for mixtures of 
U**F, and U**F, at 300°K. 


where the orifice is a long narrow slit, 
expressions for f and e may be derived 
in a manner similar to the above for the 
axially symmetric jet. In this case one 
of the integrals cannot be expressed in 
closed form. The result for f is 
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Fig. 5. Separation factors for mixtures of xenon- 
130 and xenon-134 at 300°K. The data of 
Becker were taken at a calculated velocity 
of 600 ft./sec. and a calculated temperature 
of 226°K. The point for the long slit was cal- 
culated for a velocity of 1,000 ft./sec., a tem- 
perature of 300°K., and an angle of 30 deg. 


have been calculated as indicated on 
the figures. The DeLaval (converging- 


f=e* [1 +f cos erfe (—B cos @) dé (12) 
into this definition, one gets 7 o Va 
[cos erfe (—B, cos d) + erfe | cos ¢ orfe (—Bx cos ¢) + (Bx) | 
(9) 


e= 


[cos erfe (—Bx cos d) + erfe (Bx) | 1— cos cos ¢) — = erfc | 


For separations where the difference 
in B values is small, as in isotopic sepa- 
rations, Equation (9) involves a small 
difference between large numbers. 
When one uses digital computers ca- 
pable of a large number of significant 
figures, this is no hindrance. However 
for hand calculation a more convenient 
form may be obtained by expanding f 
in a Taylor series and retaining only 
the first term. The result of this is 


of 
(B. — Bu) 
10 
Here f is found from Equation (7), and 
is 


af 
0p \ 
Equation (10) applies only if the rel- 
ative difference between the values of 
8, and hence of f, for the two compo- 
nents is small. 


TWO-DIMENSIONAL JET 


For a two-dimensional jet, that is one 
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NUMERICAL RESULTS 


Predicted enrichments have been cal- 
culated for some typical separations 
with the aid of an IBM-650 computer 
and are presented in Figures 3, 4, and 
5. It was assumed here that the inlet 
temperature was 300°K.; inlet velocities 
were 200, 500 1,000 and 2,000 ft./sec. 
When the velocities are supersonic, the 
curves indicated will apply only if no 
shock waves are formed in the separa- 
tion zone. Approximate sonic velocities 
at 300°K. for argon, xenon, and ura- 
nium hexafluoride are 900, 500 and 300 
ft./sec. respectively. Becker's data 
(1, 2) on the separation of Ar*—Ar® 


cos erfc (—B cos #) ¢ cos (11) 


mixtures are plotted in Figure 3 for 
comparison. In Becker’s experiment the 
pressure in the inlet tube was 30 
mm. Hg, and the pressure in the col- 
lector was 0.01 mm. Hg. The orifice di- 
mensions and the approximate through- 
puts were given by Becker, and from 
these, inlet velocities and temperatures 
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diverging) nozzle gave smaller enrich- 
ment factors than the converging noz- 
zle, even though the calculated velocity 
is greater and the calculated temper- 
ature is less. This may be due to mixing 
caused by shock waves formed in the 
low-pressure region by the DeLaval 
nozzle. On each theoretical curve the 
point at which the collection angle ¢ is 
30 deg. has been indicated by a circle; 
this gives an indication of the variation 
of geometry which the other parameters 
involved. 

For the separation of the isotopes of 
uranium hexafluoride (Figure 4) it is 
seen that the predicted enrichment fac- 
tor for jet separation is larger than 
0.003, the value for the commonly used 
process of barrier effusion. This indi- 
cates that jet separation should be given 
serious consideration for separations of 
this type. One great advantage of jet 
separation as contrasted with the com- 
peting process of barrier effusion is 
the extreme simplicity of the apparatus 
used. This would allow construction and 
maintenance costs to be kept very low. 

From Figure 5 it may be seen that 
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the values of « for the long slit are 
lower than the values for the circular 
orifice. However the long slit may be 
more practical because of the reduced 
equipment cost; for example a circular 
orifice 1 mm. in diameter will pass only 
700 g. uranium hexafluoride/hr. at a 
pressure of 30 mm. Hg and a velocity 
of 1,000 ft./sec., while a slit 1 mm. by 
1 m. will pass 900 kg. under the same 
conditions. Thus the smaller enrichment 
may be justified by the greatly increased 
throughput made possible by the long 
slit. 
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NOTATION 


A = separation coefficient for a two- 

component mixture 

fraction of feed entering the side 

stream 

= gas law constant 

= mass of molecule 

total number of molecules 

absolute temperature 

= molecular velocity 

= bulk-gas velocity at orifice 

= molecular velocity component in 
the x direction 

= molecular velocity component in 

the y direction 

molecular velocity component in 

the z direction 

= sum of x and y velocity compo- 
nents 


> 


Greek Letters 
a = angle between V. and V, 
= dimensionless parameter, B = 


Visi 
QkT 
Bu = value of B for the member of a 


two-component mixture having 
the higher molecular weight 
B, = value of 8 for the member of a 
two-component mixture having 
the lower molecular weight 
=enrichment factor for a_two- 
component mixture 
angle between V and the x axis 
¢@ = angle at which jet is broken into 
two streams by the divider 


I 
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COMMUNICATIONS 
TO THE EDITOR 


Dear Editor: 


The policy of publishing translations 
of the better papers which appear in 
Japanese Journals is a good one. Since 
we have been studying heat transfer to 
Bingham plastics, the paper by Hirai 
which appeared recently in the Journal 
(1) was not unknown to us; however 
having the English translation was 
quite helpful. The problem of heat 
transfer to a Bingham plastic in lami- 
nar flow is important because of the ex- 
treme velocities required to attain 
turbulent flow, and consequently in 
many industrial applications the flow 
will be laminar. The same problem 
considered by Hirai has been solved 
independently by the writers (2) using 
an entirely different approach. Owing 
to differences in the mean temperature 
reported by Hirai in Figure 4 of the 
original paper and the mean tempera- 
tures that we calculated, we have 
studied the paper rather carefully. The 
following errors or omissions were 
noted. 

Equations (1.18) ,(1.19), and (1.20) 
are improper because the functions 
P,, (€) are not orthogonal on the inter- 
val (a, 1). This can be seen by observ- 
ing that P,, (é) satisfies 


1 


dé +3 de + 
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(1.10) 


dP» (0) 


dr 
Equations (1.18), (1.19), and (1.20) 


are valid only if 


452) ] ae 


=Oifm=n 


= 0 (not specified by Hirai) 


= constant if m=n 
From Equation (1.10) 


| 1— (=) dé 


The right-hand side can be zero only if 


P,.(a) = 0 
or if 
2 
P,(a) dé Pala) dé 


Referring to Figure 3 of Hirai’s original 
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paper, we see that neither of these con- 
ditions is satisfied by P., Ps, and P. 
Consequently the functions P,,(€) are 
not orthogonal, and even if a set of 
A,’s existed as defined in Equation 
(1.18), they could not be determined 
by the use of Equations (1.19) and 
(1.20). 

We wonder why Hirai has not men- 
tioned the second solution of Equation 
(1.10). This solution cannot be thrown 
out because of its singularity at ¢ = 0, 
since the solution is used only in the 
region from = a to 1. Asa result 
of this omission Hirai has apparently 
satisfied only the condition 


and assumed that the condition 


or or 
is satisfied. 


1. Hirai, E., A.L.Ch.E. Journal, 5, 18 
(1959). 

2. Wissler, E. H., and 8. S. Schechter, 
Chem. Engr. Progr. Symposium Ser. 
No. 29, 55, 203 (1959). 


Yours very truly, 

RosBert S. SCHECHTER 
AND’ EUGENE H. WISSLER 
The University of Texas, 
Austin, Texas 


March, 1960 


| 
d 
; tu 
ol 
| K 
m 
oO! 
a 
d: 
al 
b; 
W 
tl 
é—a P 
—— P,,=0 
l—a ne 
Py (1) = 0 
It 
i tr 
si 
th 
— cc 
) th 
ak ,(a) to 
P,, (a) | 

ta 
in 
i 5§ 
Fi 


- of a 
aving 


ht 


Natur- 


8; revi- 
2d May 


con- 
od P.. 
é) are 
set of 
uation 
‘mined 


and 


t men- 
juation 
thrown 
é=0, 
in the 
result 
arently 


5, 13 


hechter, 
Ser. 


TER 
VISSLER 
Texas, 


, 1960 


Pseudocritical Constants 


Among a number of methods for pre- 
dicting the PVT behavior of gas mix- 
tures, one of the simplest is the use 
of the compressibility-factor chart and 
Kay’s rule for pseudocritical constants. 
The Beattie-Bridgman equation gives 
good results but is tedious. Recently 
methods based upon a statistico-me- 
chanical treatment of suitable molecu- 
lar models have appeared. The method 
of the present note is intended to give 
a quick estimate from limited empirical 
data. Although its precision and gener- 
ality are less than those of the more 
basic approaches, it is considerably 
superior to Kay’s rule, which is still 
widely used. 

Using Kay’s rule one assumes that 
the pseudocritical temperatures and 
pressure of gaseous mixtures are linear 
combinations of those of the compo- 
nents. However the deviations from 
actual data are considerable. In this 
work the pseudocritical values for a 
number of gas mixtures were deter- 
mined and compared with Kay’s rule. 
It was hoped that systematic deviations 
would be found and that a general 
treatment of the deviations would be 
possible. 


PROCEDURE 


The data of Su as reported by Sef- 
erian (6) were used in constructing 
the compressibility-factor chart, which 
was used as the generalized compres- 
sibility-factor plot. For each isotherm 
of the » chart the minimum value of 
the compressibility factor was plotted 
vs. reduced pressure (Figure 1). The 
corresponding values of reduced tem- 
perature are noted on the curve. Note 
that the minimum compressibility fac- 
tor for a chosen isotherm corresponds 
to a particular value of reduced tem- 
perature and pressure. 

For example, suppose that for a cer- 
tain gas mixture the isotherm minimum 
in compressibility factor occurs at 
585°R. and 127 atm. and that the com- 
pressibility factor at that point is 0.80. 
From Figure 1 the reduced tempera- 
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TABLE 1, PSEUDOCRITICALS FOR 
CaRBON DIOXIDE 


Pseudocriticals 


Pres- 

Temper- Temper- sure, 
ature, °F. ature, °R. atm. 
100 550 85.0 
160 547 
220 545 63.3 
280 536 75.1 
340 531 
400 521 71.3 
460 504 69.4 
Average 535 73.2 

True critical 547.7 73.0 


ture and pressure for that point are 
1.50 and 3.44, respectively. The 
pseudocritical temperature, which will 
be called the experimental pseudocriti- 
cal, is then 585/1.50 = 390°R., and 


the experimental pseudocritical pres- 
sure is 127/3.44 = 36.9 atm. 

In some cases adjusted pseudocriti- 
cals are also reported. These give a 
better fit to the entire isotherm than 
those values determined by the simple 
procedure. 


RESULTS 


As a first example of the use of the 
method, pseudocritical values for car- 
bon dioxide were calculated from the 
data of Reamer, Olds, Sage, and Lacey 
(2). The values for isotherms from 
100° to 460°F., obtained by the use of 
the minima chart, are given in Table 1. 

The pseudocritical values for meth- 
ane-propane mixtures are given in 
Table 2. Both the approximate values 
calculated from the minima chart and 
adjusted values for good fit along the 
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Fig. 1. Plot of u-chart minima. 
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isotherm are given in some cases. If 680 
only one value is given, it is the ap- | 
proximate value. 7 i & | / 
In Table 3 a typical comparison for ont 
calculated and observed compressibili- 
ties is given. The comparison is made 620 }—PSEUDO- CRITICAL 
for a of 60% and 40% 
propane at 55°C. In Figure 2 are = 
shown the deviations of the experi- ios 
mental pseudocritical values from those 
predicted by Kay’s rule for this mix- 560 48 
ture. a 
> 540 
= 
DISCUSSION 520 46 L 
It is seen that the method used here 4 500 45¢ 
allows a facile determination of ap- ao 2 al 
proximate pseudocriticals for a gas or _— “i si 
a gas mixture, provided that an iso- ol 
therm has been determined in the 
region of 1 = T, = 2. Once the ap- 440 42 p 
proximate values are known, it is a | vi 
relatively simple matter to adjust the 420; — d 
values empirically to provide a good a 
fit to the entire isotherm. The method a ‘ 
gives a very good value for the pseudo- a ge) ti 
critical temperature, and little adjust- he 
ment is needed. However because of 360 E 
the low curvature of the isotherm near \ al 
the minimum, it is frequently found that 
MOL FRACTION METHANE fu 
cc 
TABLE 2. PSEUDOCRITICALS, METHANE-PROPANE Fig. 2. Pseudocriticals, methane-propane. O1 
(First value is approximate, second is adjusted ) vi 
Mole fraction methane the pseudocritical pressure requires a 
substantial adjustment. as 
02 03 O04 05 0.6 0.7 0.8 0.9 The deviations of the pseudocriticals ps 
Temper- from Kay’s rule are seen to be sub- ‘ 
ature, °C, Pseudocritical temperature, °R. stantial. The deviations are positive for ck 
20 417,417 381,377 _ both pressure and temperature for the pe 
40 484, 484 452,452 418,417 384 system methane-propane but are sym- ‘ 
55 514 482, 484 448,451 415,417 378 metrical for temperature only. The ty 
70 549 515 485 453, 451 418,418 382 deviations for methane-ethane (5) and . 
90 607 579 547 517 482 454,454 415,424 389 methane-n-butane (4) are similar but | ,. 
not identical. The deviations of the St 
Pseudocritical pressure, atm. hydrocarbons and carbon dioxide, in- ‘i 
20 46.6, 46.6 50.5,47.0 cluding those for methane-carbon di- pe 
40 433,445 46.8,45.5 43.9,45.5 488 oxide (2), ethane-carbon dioxide (3), 
55 42.8 38.2,445  48.0,45.5 45.5,466 48.7 and n-butane-carbon dioxide (1), are 
70 43.7 45.0 47.0 51.4,48.0  49.8,48.0 48.7 substantially negative. Thus it seems “ 
90 443 420 433 432 44.0 46.4,45.5  42.9,44.0 45.9 unlikely that an over-all generalization - 
can be made regarding the deviations. ge 
TABLE 3. COMPRESSIBILITY Factor, METHANE-PROPANE However because of the similarity of CI 
0.60 mole fraction methane, 55°C. the deviations in similar systems sii 
limited generalizations are possible, a 
Calculated and these generalizations give consid- TI 
compressibility Calculated erably better estimates of the compres- Tl 
Adjusted-fit compressibility sibility factor than does Kay’s rule. ( 
values Kay’s rule 
Pressure, Experimental T. = 484°R., To = 472.8°R., al 
atm. compressibility P, = 44.5 atm. P. = 44.3 atm, LITERATURE CITED of 
1. Olds, R. H., H. H. Reamer, B. H. Sage, th 
20 0.920 0.913 0.920 and W. N Lacey, Ind. Eng. Chem., 41, lo 
40 0.847 0.825 0.841 475 (1949). sic 
60 0.739 0.737 0.754 2. Ibid., 36, 88 (1944). an 
80 0.655 0.650 0.687 3. Ibid., 37, 688 (1945). tic 
100 0.602 0.590 0.635 4. Sage, B. H., R. A. Budenholzer, and pa 
120 0.575 0.569 0.609 W. N. Lacey, ibid., 32, 1262 (1940). 
140 0.583 0.579 0.610 5. Sage, B. H., and W. N. Lacey, ibid., th 
160 0.604 0.604 0.627 31, 1497 (1939). | 
180 0.631 0.637 0.655 6. Seferian, Ralph, thesis, Mass. Inst. fu 
200 0.664 0.665 0.687 Technol., Cambridge (1950). an 
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A Distribution Function for Oil Mixtures and Polymers 


The representation of the composi- 
tion of various oil mixtures by continu- 
ous functions was discussed by 
Lederer (1) long ago. He also pointed 
out that algebraic distribution functions 
were desirable. Nowadays the need for 
algebraic functions is more pressing, 
since they are by far the best means 
of feeding extensive data into an auto- 
matic computer. The obvious inde- 
pendent variable for oil mixtures is the 
vapor pressure, and so the value of the 
distribution function X(p) gives the 
mole fraction of the material that has 
a vapor pressure higher than p. Con- 
tinuous. distribution functions have 
been introduced also by Bowman and 
Edmister (2), although they did not use 
algebraic functions. 

In a search for a useful distribution 
function the first choice will be, of 
course, the normal function dependent 
on an appropriate argument. Since the 
vapor pressure is essentially a partition 
coefficient, its value is just as significant 
as the value of its reciprocal. Whenever 
a quantity and its reciprocal are 
a priori equally significant, the best 
choice of a variable is usually the log- 
arithm since a transformation from p to 
I/p changes only the sign of log p. 
Indeed the logarithmic-normal distri- 
bution furnishes a fairly good repre- 
sentation of quite a few oil mixtures. 
Still there are, in general, systematic 
deviations exceeding the limits of ex- 
perimental error. 

A much better representation is 
achieved by generalizing the log- 
normal function in the same way that 
the normal distribution function was 
generalized by Charlier (3). The Gram- 
Charlier series generalizes the Gaus- 
sian function by adding its derivatives, 
multiplied by empirical coefficients. 
The term of order zero is the Gaussian. 
The two coefficients of the Gaussian 
(mean and standard deviation) are 
always so chosen that the coefficients 
of the first and second order terms of 
the Gram-Charlier series are zero. Fol- 
lowing Charlier, we restrict the expan- 
sion of the series to the terms of third 
and fourth order, thus obtaining a func- 
tion containing ‘four experimental 
parameters. It will be called the 
nearly log-normal function. Most of 
the properties of the nearly normal 
function are discussed in textbooks (3) 
and need not be repeated here. The 
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values and_ significance of various 
means of the vapor pressure are of 
interest. 


THE NEARLY LOG-NORMAL 
FUNCTION 


We start from the Gaussian 
G = exp (— 0.54) (1) 
expressed in the reduced variable 
t = (1/r) log (pn/p) (2) 


We prefer to take log (1/p) as the in- 
dependent variable rather than log p, 
so that we may count the cumulative 
mole fraction, as usually, beginning 
with the light material and ending 
with the heavy material. The function 
G/r is then the log-normal frequency 
function of 1/p; that is the mole frac- 
tion of substances with vapor pressures 
between p and p + Ap is given by 


(G/r) Alog (1/p) 
= exp(— 0.5¢*) At. (3) 


For the nearly log-normal distribu- 
tion we introduce, in addition to pn 
and r, two more individual parameters 
h, and h,. The frequency function is 
now given by 


fAlog(1/p) = G[1 —h,(# — 3¢) 
+ h,(t* — 6 + 3) JAt (4) 


0.99 


-1.0 -0.5 0 
Log (1/p) 


Fig. 1. Vapor-pressure distribution of a gas 

oil at 370°C. Curve: log pm = 0.585; r = 

0.288; hz —0.176; —0.013, pressure 
in atmospheres. 
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Integration furnishes the distribution 
function 


X = f G(z)de + G(t) — 1) 


—h.(#— J (5) 


which gives the cumulative mole frac- 
tion of the substances with vapor pres- 
sures above p. 

For the determination of the coeffi- 
cients we assume that average vapor 
pressures p, have been found for a 
number of cuts containing mole frac- 
tions x, of the oil mixture. The coeffi- 
cients are then given by 


log Pm = log pi; 
r= Xx, [log (3) 
= — Xx. [log (pm/ps) }°/6r* (7) 
h, = (pu/ps) 


— 0.125 (8) 


The vapor-pressure distribution of a 
gas oil at 370°C., as calculated from 
determinations of true boiling points, is 
shown in Figure 1. The ordinate is the 
cumulative mole fraction on a so- 
called “probability scale”; that is any 
distribution normal in the abscissa 
values (log normal in 1/p or p) ap- 
pears as a straight line. The observa- 
tions shown in Figure 1 can be crudely 
approximated by a straight line, but 
the deviations are systematic and by 
no means negligible; however, the 
curve, calculated according to (5), 
represents the measurements within the 
experimental errors. Other oil mixtures 
(kerosene, various refinery streams) 
have been found to show similar 
distributions. 


POLYMERS 


The nearly log-normal function is 
equally useful for polymers. Wesslau 
(4) and recently Chiang (5) discussed 
the use of the log-normal distribution 
function for polymers. Actually the 
situation is precisely the same as in 
the case of oil mixtures. As soon as 
reasonably accurate data are avail- 
able, systematic deviations are found, 
which however are small enough to 
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allow a representation by Equations 
(4) and (5). 

For polymers we replace 1/p by the 
molal weight, and so instead of (2) we 
have 


t= (1/r)log(M/M,) (9) 


Similar substitutions are made in (6), 
(7), and (8). In addition, we prefer 
to use weight fractions rather than 
mole fractions so that X in Equation 
(5) is replaced by the cumulative 
weight fraction W and x; in (6) to 
(8) by the weight fraction w,. It makes 
little difference which kind of variable 
we choose; indeed, it can be shown 
that a log-normal distribution for 
weight fractions implies a log-normal 
distribution for mole fractions with the 
same standard deviation (6). 

Various average molal weights are of 
interest for polymers. In order to ob- 
tain a general result, we define the 
average molal weight of order g by 


(M,)° = f M’fdlogM 


We introduce the nearly normal 
frequency function (4) (after replac- 
ing 1/p by M) into (10) and obtain 
after a slightly involved calculation*® 
for the average molal weight of order 
g: 

log M, = log M,, + 1.152 gr’ 
+ g“log[1 — h,(2.3 gr)* 


+ h,(2.3 gr)*] (11) 


Thus we have quite convenient ex- 


pressions for the number average molal 
weight M,(g = — 1): 


log M,, = log M,, — 1.152 1° 


* We substitute t for M with the aid of (9), 
transform to a new variable y = t — 2.303 gr, 
and order the polynomial into Hermitian poly- 
nomials. Then the integration is easy because of 
the relation between Hermitian polynomials and 
the derivatives of G. 


— log[1 + h,(2.3r)* 
+ h,(2.3r)*], 


for the viscosity molal weight by writ- 
ing the exponent a of the relation of 
Mark and Houwink for g in (11), and 
for the weight average molal weight 
M..(g = 1) 


log M,, = log M,, + 1.152 17° 
+ log[1 — h,(2.3r)* + h,(2.8r)*] (18) 


The relations given by Chiang (5) 
for the log-normal distribution follow 
from (11) with hs = h, = 0. 

In general one will interpret the 
terms containing h, and h, in all these 
relations as correction terms, repre- 
senting small deviations from the log- 
normal distribution. In other words, h,; 
and h, should be small compared with 
unity. Practically the permissible limits 
of h, and h, will depend on the magni- 
tude of r and also on the specific ap- 
plication. 


(12) 


AVERAGE VAPOR PRESSURES 


Returning to oil mixtures, we define 
the average ideal vapor pressure and 
the average reciprocal ideal vapor pres- 


sure by 
Pa=2xipi; 1/p, = (14) 
4 i 


The reciprocal vapor pressure deter- 
mines the dew point of the mixture. 
Replacing M by 1/p, we obtain from 
(13) and (12) 


log pa = log pm + 1.1511° 

+ log[1 + h;(2.3r)*+ h,(2.3r)*] (15) 
log p, = log pm — 1.1511° 

— log[1—h,(2.3r)* + h,(2.3r)*] (16) 


NOTATION 
G = Gaussian [Equation (1) ] 
M = molal weight 


= average 

order g 

geometric 

weight 

= number average molal weight 

= weight average molal weight 

cumulative weight fraction 

= cumulative mole fraction 

frequency function [Equa- 

tion (4) ] 

coefficients of the Hermitian 

terms 

= vapor pressure 

= vapor pressure of species i 

Pm = geometric mean vapor pres- 
sure 

= average vapor pressure 

= average reciprocal 
pressure 

Tr = standard deviation 

t = reduced distribution  varia- 

ble [Equations (2), (9)] 

weight fraction of species i 

mole fraction of species i 


molal weight of 


molal 


= 
3 
| 


average 


= 


> 
I 


| 


Ss 


vapor 
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Liquid-side Mass Transfer Coefficients in Packed Towers 


In the June, 1959, issue of the 
A..Ch.E. Journal, Onda, Sada, and 
Murase (4) presented a correlation for 
liquid-phase mass transfer coefficients 
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H. L. SHULMAN, STANLEY PRESS, and W. G. WHITEHOUSE 
Clarkson College of Technology, Potsdam, New York 


based on values of k, for Raschig rings 
obtained by dividing the volumetric 
coefficient, by the wetted area of Fujita 
(2). Since the authors showed that 
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their correlation does not provide in- 
sight into the mechanism of absorption, 
because the same correlation is ob- 
tained with either the two-film theory 
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or the. penetration theory assumed, the 
only justification for the correlation is 
that it is more convenient or can be 
used where other design methods fail. 

For design purposes the correlation 
must be used with the wetted-area data 
of Fujita (2) which limits its applica- 
tion to Raschig rings and water sys- 
tems. In a recent communication Pro- 
fessor Onda (5) mentions having ob- 
tained an equation for the wetted area 
of Berl saddles which was used to 
check his correlation for Raschig rings. 


30.0 T 


should be possible to use a, to extract 
k, from kga and obtain a correlation in 
terms of the gas-phase Reynolds and 
Schmidt numbers and/or other dimen- 
sionless groups. To test this possibility 
the Raschig-ring data of Fellinger (1) 
(corrected for liquid-phase resistance) 
and Houston and Walker (3) were 
divided by the appropriate Fujita 
value of a, to extract kz, which is 
plotted in Figure 1 for nine systems. 
An examination of the figure indicates 
that any correlation of the k, values 
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Fig. 1. ka obtained from kca for Raschig ring, air-water-solute systems: 
1, 2, 3, and 6 from Houston and Walker (3), and 4, 5, 7, 8, and 9 
from Fellinger (1). 


He found that he could use the same 
type of correlation, but the constant 
for Berl saddles was 0.018 instead of 
the 0.013 recommended for Raschig 
rings. It is obvious then that the cor- 
relation is not of a general enough na- 
ture to be useful for extension to other 
packing systems. For design purposes 
the equations of Sherwood and Hollo- 
way (6) are more convenient and 
thoroughly tested. 

The authors claim that their cor- 
relation supports the assumption that 
the effective interfacial area is directly 
proportional to the wetted areas which 
they employed. If this were true, it 
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will show kg as a function of liquid 
rate. If a, was directly proportional to 
the true a, the resulting values of kg 
would be almost independent of the 
liquid rate. In addition the curvature 
of the lines implies that no simple func- 
tion of the gas rate would be suitable 
for a correlation. On the basis of these 
two observations it is possible to con- 
clude that wetted areas are not equal 
to, or directly proportional to, the true 
effective areas in packed absorption 
towers. 

A basic weakness in the authors’ ap- 
proach to the problem is the assump- 
tion that the effective interfacial area 
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is independent of gas rate. This as- 
sumption is based on extensive k,a data 
taken at very low gas rates with the 
exception of a few points by Sherwood 
and Holloway (6) for 1.5-in. rings. 
Shulman and co-workers (7) pointed 
out how an erroneous conclusion can 
be reached because the few points 
taken at high gas rates happen to be 
in a region where a is just about in- 
dependent of gas rate. Moreover their 
data for a (7) indicate a strong de- 
pendence on gas rate for the smaller 
packings, such as the rings used in the 
paper under discussion. 

Correlations for k, and kg based on 
the same effective interfacial areas 
were published by Shulman and co- 
workers (7) some time ago. Recently 
Yoshida and Koyanagi (8) determined 
effective interfacial areas, by means of 
an entirely different method, which 
were in agreement. In both cases a 
seemed to be unrelated to a,,. Litera- 
ture surveys (8) show greater disa- 
greement in the extensive data for a, 
than in the data for a. 

Enough basic work on mass transfer 
rates has been done to predict that 
major advances in the understanding 
of packed columns must come from 
studies of effective interfacial areas, 
rather than from the reworking of data 
obtained from columns which are not 
representative of those in use. 


NOTATION 

a = effective interfacial area, sq.- 
ft./cu-ft. 

Ay = wetted area, sq.ft./cu.ft. 

G = superficial gas rate, lb./(hr.) 
(sq.ft.) 

ka = gas-phase mass transfer co- 
efficient, Ib. moles/ (hr.) (sq. 
ft.) (atm.) 

= liquid-phase mass transfer 
coefficient, Ib. moles/ (hr.)- 
(sq.ft.) (Ib.moles/cu.ft. ) 

L = superficial liquid rate, Ib./ 


(hr.) (sq.ft) 
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ADSORPTION, DIALYSIS, AND ION 
EXCHANGE, Vol. 55, No. 24, 1959 


Basic Principles Involved in the Macro- 
separation of Adjacent Rare Earths 
from Each Other by Means of Ion 
Exchange, J. E. Powell and F. H. 
Spedding. The separation of rare-earth 
mixtures by ion exchange with ammo- 
nium ethylenediaminetetraacetate and 
ammonium N-hydroxyethylethylenedi- 
aminetriacetate as eluting agents has 
been discussed in detail. It has been 
shown how simple countercurrent sep- 
aration theory can be applied to more 
complex systems, and experimental 
data have been presented for some of 
the groups of rare-earth species that 
are separated with difficulty. Gaseous 
Diffusion Through Microporous and 
Adsorbent Membranes, Karl Kammer- 
meyer. General knowledge about gase- 
ous diffusion plants is limited. No 
commercial installations have as yet 
materialized which utilize barrier sep- 
aration. This paper discusses the defi- 
nition of barrier, permeability as a 
mass transfer coefficient, effect of vari- 
ables on permeability, the correlation 
between adsorption isotherm and sur- 
face flow, and the applications of 
barrier separation. Dialysis, J. A. Lane 
and J. W. Riggle. Methods and equa- 
tions are presented for estimating the 
over-all dialysis coefficients for the 
dialysis of a single electrolyte or a 
single electrolyte and many nonelec- 
trolytes from the physical properties of 
the dialysis membrane and the diffu- 
sion coefficient of the dialyzing mate- 
rial. A differential equation is pre- 
sented. The conditions under which 
each integrated form may be used for 
the design of commercial equipment 
are illustrated. The possibility of mak- 
ing a separation by means of dialysis 
between two different-sized solute 
molecules also is explored. Molecular 
Separations by Solution Ultrafiltration, 
W. E. Henderson and C. M. Sliepce- 
vich. The purpose of this investigation 
was to determine the factors which 
control the retention of nonelectrolytes 
by ultrafiltration membranes having 
heterogeneous pore structures. This in- 
vestigation was also extended to a 
ternary solution. Proposed mechanisms 
tor the observed effects were tested by 
correlating the experimental data. Ap- 
plications of Ion Exchange Membranes 
in Electrodialysis, E. A. Mason and 
Walter Juda. Various typical examples 
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of membrane-cell configurations used 
for electrodialysis are presented to 
show the versatility of application of 
these new materials. Included are the 
dilution or concentration of electro- 
lytes, the separation of electrolytes and 
nonelectrolytes, metathesis reactions, 
oxidation-reduction reactions, acid-base 
reactions, and the separation of ions of 
like charge. Gas and Vapor Flow in 
Microporous Barriers, Karl Kammer- 
meyer and Lenard O. Rutz. Gaseous 
flow through any microporous mem- 
brane or barrier will not take place 
unless accompanied by some flow in a 
condensed phase. If a membrane pos- 
sesses a fine enough microporous struc- 
ture to act as a barrier in gaseous flow, 
it represents a capillary system with a 
sufficiently high adsorptive capacity to 
give rise to adsorbed or surface flow. 
The term condensed flow is used to 
describe this phenomenon in a generic 
manner. Filtration of Strong Electro- 
lytes, Ernest J. Breton, Jr., and C. E. 
Reid. Physical separations of some sort 
are important steps in many chemical 
processes, ranging from the removal of 
suspended materials from liquids by 
sedimentation, filtration, or centrifug- 
ing to the removal of dissolved mole- 
cules by crystallization or distillation. 
In this work electrical resistance meas- 
urements were made of specific ions 
across cellulose acetate membranes. 
Design of Electrodialysis Equipment, 
E. A. Mason and T. A. Kirkham. The 
principles of operation, design, and 
cost evaluation of equipment using ion 
exchange membranes for electrodialy- 
sis applications are discussed. Design 
equations for prediction of electrical 
resistance, transfer-area requirements, 
and energy consumption are presented. 


Metathesis Reactions by Means of Ionic 
Membranes, G. P. Monet. Metathesis 
reactions can be carried out by elec- 
trodialysis used with ionic membranes. 
Experimental techniques are described 
for measuring the potential drop across 
a unit cell and for measuring the selec- 
tivity and resistance of a single ionic 
membrane. At present metathesis ap- 
plications appear limited because of 
the poor selectivity of ionic membranes 
in acidic and basic solutions. Ultrafil- 
tration of Salt Solutions Through Ion 
Exchange Membranes, J. G. McKelvey, 
Jr., K. S. Spiegler, and M. R. J. Wyllie. 
Ion exchange resin membranes were 
used in the ultrafiltration of sodium 
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chloride solutions of various concen- 
trations. experiments were con- 
ducted in a special ultrafilter which 
was electrically insulated and _ con- 
tained silver-silver chloride electrodes 
for streaming potential measurements, 
and a thermal-convection type of ar- 
rangement for continuous mixing of the 
solution. Selective Adsorption of Tolu- 
ene From n-Heptane by Silica Gel, E. 
R. Schmelzer, M. C. Molstad, and P. F. 
Hagerty. The transfer of a component 
to a fixed bed of adsorbent is widely 
prevalent in chemical operations. The 
method is employed for purposes of 
purification, recovery, separation, or 
analysis. Examples of such usage in- 
clude the dehumidification of gases, 
the clarification of oils and syrups, the 
elimination of noxious gases from the 
respiratory atmosphere, the fractiona- 
tion of hydrocarbons, and the chro- 
matographic analysis of multicompo- 
nent and complex mixtures. 
NUCLEAR ENGINEERING—PART VI, Vol. 
55, No. 23, 1959 

Recovery of Radioactive Cesium at 
Hanford, B. F. Judson, R. L. Moore, 
H. H. Van Tuyl, and R. W. Wirta. 
Methods are being developed for re- 
covering radioactive cesium present in 
high-level waste streams from Han- 
ford’s plutonium separations _ plants. 
Precipitates would be converted to a 
stable, radiochemically pure cesium 
salt, packaged for shipment as a radia- 
tion source. A survey of the potential 
market for radiation sources has been 
initiated to determine whether enough 
demand can be forseen for Hanford’s 
operation of a cesium recovery plant. 
Control-Rod Drive Mechanism for the 
Argonne Low Power Reactor, W. J. 
Kahn. The control-rod drive mechan- 
ism for the Argonne Low Power Reac- 
tor (ALPR) is a rack-and-pinion type 
that operates in contact with the pri- 
mary reactor fluid. The mechanism is 
located above the reactor, with the 
pinion drive shaft extending through 
a pressure-breakdown, collected-leakage 
seal. This paper will describe the char- 
acteristics of the drive mechanism and 
its design, development, and testing. 
Radiolytic and Pyrolytic Decompost- 
tion of Organic Reactor Coolants, D. RB. 
de Halas. A rate law has been derived 
for the combination of radiolytic ard 
pyrolytic damage to organic coolants 
in a dynamic system. Based on obser- 

(Continued on page 4M) 
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(Continued from page 176) 
vations of the radiolytic damage in the 
test loop and of the behavior of the 
radiolytic tars toward heat, this law 
provides a simple method of determin- 
ing the maximum utilizable tempera- 
ture for an organic coolant. Some 
Aspects of the Use of an Organic Cool- 
ant in a  Heavy-Water-Moderated 
Power Reactor, Malcolm J. McNelly. 
Organic materials have been assessed 
as a possible alternative to the heavy 
water coolant in natural-uranium- 
fueled heavy-water-moderated power 
reactor. These materials provide scope 
for appreciable cost reduction in this 
reactor system. Studies on Character- 
istics of Savannah River Wastes, Ber- 
nard Manowitz, C. W. Pierce, and 
Samuel Zwickler. Laboratory and pilot 
plant studies were carried out at Brook- 
haven National Laboratory in support 
of the Savannah River program on the 
storage and concentration of liquid 
wastes. Vertical temperature distribu- 
tion, over-all heat transfer coefficients, 
and foaming characteristics were ob- 
served during storage. The foaming 
and scaling characteristics of low-level 
wastes were followed for evaluation of 
waste-concentration criteria. Blending 
VS. Reenrichment for Slightly En- 
riched Uranium, Donald Kallman and 
John E. Brennan. Although the A.E.C. 
has contemplated tthe reenrichment of 
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irradiated but decontaminated uran- 
ium, there may be economic advantage 
to the power plant operator to blend 
irradiated fuels with highly enriched 
uranium instead. Nuclear Safety Con- 
siderations in the Storage and Handling 
of Fuel Elements, Norman Ketzlach. 
Calculation methods to determine de- 
sign criteria for nuclear safety specifi- 
cations in the storage and handling of 
slightly enriched fuels are presented. 
The importance of understanding the 
reactor theory involved in interpreting 
results of calculation so that they may 
safely be applied to plant process con- 
ditions cannot be over-emphasized. The 
importance of standardization of trans- 
portation specifications for shipping 
large quantities of these fuels is also 
been indicated. Heat Transfer Charac- 
teristics of Polyphenyl Coolants, M. 
Silberberg and D. A. Huber. In support 
of the Organic Moderated Reactor Ex- 
periment, heat transfer characteristics 
of several polyphenyls were investi- 
gated in a laboratory heat transfer 
loop. The operation conditions were as 
follows: fluid temperatures, 480° to 
770°F.; heater surface temperatures, 
565° to 875°F.; fluid velocities, 5 to 
25 ft./sec.; heat fluxes, 40,000 to 290,- 
000 B.t.u./(hr.)(sq.ft.); and Reynolds 
number, 20,000 to 300,000. Heat trans- 
fer correlations obtained by a digital- 
computer technique are discussed. Cor- 
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rosion-Screening of Component Mate- 
rials for Potassium Soda Heat-Ex- 
change Systems, Samuel J. Basham, 
John H. Stang, and Eugene M. Simons. 
Sixty-one materials, including high- 
temperature alloys, pure metals, cer- 
mets, and ceramics, which might be 
useful for special components are dis- 
cussed. In high-temperature sodium- 
potassium flow systems were screened 
in tilting-furnace corrosion _experi- 
ments. Post-test corrosion evaluations 
were based on metallographic exam- 
inations of the specimens, specimen 
weight-change measurements,  con- 
tainer compatibility examinations, and 
specimen surface-roughness changes. 
The materials were divided into three 
classes according to corrosion resist- 
ance. Boiling Pressure Drop in Thin 
Rectangular Channels, N. C. Sher and 
S. J. Green. Methods for predicting 
boiling and nonboiling pressure drop in 
thin rectangular channels, independ- 
ently of the void data, have been de- 
veloped for 2,000 Ib./sq. in. abs. Void 
data, obtained at Battelle by the use 
of rectangular channel at 2,000 Ib./sq. 
in. abs., have been reviewed. These 
data generally show that the homogen- 
eous model is adequate for boiling at 
2,000 Ib./sq. in. abs. at qualities above 
10%. Techniques for utilizing experi- 
mental void data in pressure drop data 
analyses have been developed. Two- 
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Phase Steam-Water Pressure Drops, H. 
S. Isbin, R. H. Moen, R. O. Wickey, D. 
R. Mosher, and H. C. Larson. Fric- 
tional pressure drops for steam-water 
mixtures have been determined for the 
following ranges of conditions: pres- 
sure, 25 to 1,415 Ib./sq. in. abs.; total 
flow rate, 454 to 4,350 Ib./hr.; and 
quality from about 0.008 to 0.98. The 
steam-water mixtures were synthesized 
by mixing steam and water, and pres- 
sure drops were measured for adiabatic 
flow in horizontal pipes 0.484- and 
1,062-in. I.D. The data are compared 
to standard correlations, and a new 
restricted correlation is suggested 
which takes into account the pressure 
and flow rate dependencies. Free-Con- 
vection Heat Transfer to Water and 
Mercury in an Enclosed Cylindrical 
Tube, J. P. Hartnett, W. E. Welsh, Jr., 
and F. W. Larsen. Local free-convec- 
tion heat transfer results are reported 
for water and mercury with uniform 
heat flux. The system was found to be 
inherently quasisteady with the tem- 
perature oscillations more pronounced 
with mercury as the working fluid. Ex- 
perimental data were also obtained 
with the tube inclined 30 deg. from 
the vertical, and the resulting heat 
transfer performance was found to be 
significantly increased. Auxiliary Equip- 
ment for Radiochemical Processing, W. 


E. Unger. Most radiochemical process- 
ing equipment are basically similar to 
their industrial counterparts. The prin- 
cipal distinguishing differences are de- 
tails of design, the quality standards to 
which radiochemical equipment is 
fabricated, and the massive shielding 
peculiar to the latter. Examples of both 
specially designed items, and the adap- 
tation of commercial equipment, in- 
cluding valves, filters, centrifuges, 
samplers, and carrier-chargers, are de- 
scribed. Flow Generation, Measure- 
ment, and Control, J. Dunn and H. M. 
Jones. The design criteria for equip- 
ment in a remotely operated aqueous 
separations plant are presented. Im- 
proved materials of construction, seal 
design, and methods of remote re- 
placement have made it possible to 
adapt submerged regenerative and 
deep-well turbine pumps, driven by 
motors located above and sealed from 
the tanks, to chemical-separations 
service. Description of a typical flow- 
system installation is presented, to- 
gether with a detailed description of 
the rotameter-transmitter, amplifier- 
converter, recorder-controller, and con- 
trol valve. Treatment of Radioactive 
Wastes with Ion Transfer Membranes: 
Removal of Bulk Electrolytes, E. A. 
Mason, E. J. Parsi, and A. J. Giuffrida. 
Use of anion transfer membranes in 


electrolytic cells was investigated as a 
means of removing and_ separating 
bulk electrolytes from cationic fission 
products. Nitric acid and aluminum 
nitrate were used as typical electrolytes, 
and sodium was used as a tracer re- 
presenting cationic species. Deacidi- 
fication of nitric acid and _pre- 
cipitation of hydrous aluminum oxide 
in granular form were accomplished. 
The mechanism of deacidification, ef- 
fect of operating variables, and stabil- 
ity of membranes to chemical and radi- 
ation attack are discussed. A brief cost 
estimate is included. 


ERRATUM 


The term k, in Equations (13) and 
(15) and in Figure 3 of “Estimation of 
Stage Efficiency of Simple Agitated 
Vessels Used in Mixer-Settler Extrac- 
tors” by Robert E. Treybal appearing 
on page 202 of the June, 1958, issue 
should be replaced by (mk.), where 
m = dc,/dcp, the notation being the 
same as in the paper. 

This change results in a slight im- 
provement in the over-all agreement of 
observed and calculated efficiencies. 
The correction has been incorporated 
in the paper “The Economic Design of 
Mixer-Settler Extractors,” page 474 of 
the December, 1959, issue. 
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STAND and be counted 
for the SYMPOSIUM SERIES 


A STANDING ORDER 


ensures your not missing a needed book 
and saves you 10% on each book 


Each book in the Series is a collection of papers in a spe- 
cific field of chemical engineering. Some papers have been 
presented at A.I.Ch.E. symposia during national meetings; 
some have been submitted directly for publication. All 
are reviewed by experts in the particular fields and re- 
vised before publication. 


During 1959 eight books were published—on heat trans- 
fer; nuclear engineering; computer techniques, chemical 
engineering education; reaction kinetics; adsorption, di- 


alysis, and ion exchange. 


At least six more are planned for 1960—on rockets and 
missiles, computer techniques, nuclear engineering, and 
heat transfer. 


This Series is produced in an attractive but economical 
format—8% x 11 inch volumes, paper covered, averaging 
150 to 200 pages. It is priced as close to cost as possible 
for Members and about one-third higher for others. 


MONOGRAPH & SYMPOSIUM SERIES 


29-S. Heat Transfer—Chicago: The A.I.Ch.E.-sponsored 
papers presented at the Joint Heat Transfer Conference 
in 1958. $4.00 to members, $5.00 to nonmembers. 


28-S. Nuclear Engineering, Part VIII: The A.I.Ch.E.-spon- 
sored papers presented at the 1958 Nuclear Congress, to- 
gether with additional papers from A.I.Ch.E. Symposia. 
$3.50 to members, $4.50 to nonmembers. 


26-S. Chemical Engineering Education—Academic and 
Industrial: The new philosophies behind both graduate 
and undergraduate curricula, together with descriptions 
of successful programs held in industry. $3.00 to members, 
$4.00 to nonmembers. 


25-S. Reaction Kinetics and Unit Operations: 23 surveys 
of the basic fields in chemical engineering, covering the 
most recent developments and future trends. $3.50 to 
members, $4.50 to nonmembers. 


24-S. Adsorption, Dialysis, and Ion Exchange: Detailed 
discussion of the use of these operations in fractionation 
and other operations, with emphasis on the chemical 
viewpoint. $3.50 to members, $4.50 to nonmembers. 


18-S. Heat Transfer—Louisville: Studies of vertical tubes, 
forced-circulation boiling, cross-flow cooling tower, burn- 
out, boiling liquids, metal vapors, condensation, large 
temperature differences, single-baffle exchangers. Vol. 52; 
paper bound; about 125 pp.; $3.00 to members, $4.00 to 
nonmembers. 


17-S. Heat Transfer—St. Louis: Data on surface boiling, 
liquid metals, gas-solid contact, convection; solids melt- 
ing, immiscible liquids, nonisothermal flow, and jacketed 
agitated kettles. Vol. 51; paper bound; 125 pp.; $3.00 to 
members, $4.00 to nonmembers. 


9-S. Heat Transfer—Research Studies: Data on fluidized 
systems, free convection between horizontal surfaces, 
temperature-level and radiation effects, liquid-solid sus- 
pensions, two-phase, two-component flow, pyrolisis-coil 
designs, and metal wetting and gas entrainment. Vol. 50; 
paper bound; 67 pp.; $1.50 to members, $2.25 to nonmem- 
bers. 
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5-S. Heat Transfer—Atlantic City: Studies of heated 
tubes, liquid metals, fluidized beds, three-fluid exchangers, 
etc. Vol. 49; paper bound; 162 pp.; $3.00 to members, $4.00 
to nonmembers. 


22-S, 23-S, and 27-S Nuclear Engineering—Parts V, VI, 
and VII: In all, 63 papers on the chemical engineering 
aspects of the nuclear field. Most of the A.I.Ch.E.-spon- 
sored papers presented at the 1958 Nuclear Congress are 
included in Part VI. $3.50 each to members, $4.50 each to 
nonmembers. 


19-S. Nuclear Engineering, Part IV: Containing papers 
sponsored by the A.I.Ch.E. at the second nuclear engi- 
neering and science congress, in Cleveland, this volume 
of 206 pages contains more on reactors, solvent extraction 
systems, economic design of power packages, neutron flux 
in critical assemblies, engineering design, reactor site 
selection, metallurgy, etc. Vol. 52; paper bound; $3.00 to 
members, $4.00 to nonmembers. 


13-S. Nuclear Engineering, Part II: The third volume 
from the Ann Arbor meeting covers pulsed-column tech- 
niques; the breeder reactor; recovery of uranium from 
pitchblende; radiochemical processes; a series of articles 
on the impact of the atomic field on health, safety of in- 
dividuals, education, etc.; materials testing reactor, radio- 
isotope utilization. Vol. 50, 274 pp., paper bound; $3.00 to 
members, $4.00 to nonmembers. 


12-S. Nuclear Engineering, Part II: The second volume 
from the first nuclear engineering congress, held at Ann 
Arbor, continues the technology of the first volume— 
reactors, analog computing techniques for reactor analy- 
sis, evaluation of reactor coolants, metallurgy, waste dis- 
posal, radiation damages and effects on structural mate- 
rials. Vol. 50, 259 pp., paper bound; $3.00 to members, 
$4.00 to nonmembers. 


11-S. Nuclear Engineering, Part I: The first volume from 
the first nuclear engineering congress, held at Ann Arbor, 
contains articles on the metallurgy of zirconium, beryl- 
lium, thorium, uranium, heat transfer studies in the nu- 
clear field; and articles on reactors including the Swedish 
reactor; chlorination of aromatics under gamma radiation; 
gamma-ray polymerization of styrene and methyl metha- 
crylate. Vol. 50, 280 pp., paper bound; $3.00 to members, 
$4.00 to nonmembers. 
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25 West 45 Street, New York 36, New York 


who will be acquainted with this operation: 


PRINT NAME 


AMERICAN INSTITUTE OF CHEMICAL ENGINEERS 


Enroll us in your Symposium Series STANDING ORDER GROUP to receive all future publications 
as soon as published, and bill them at 10% discount. Ship books to attention of the following person 


ORGANIZATION 


STREET 


CITY 


ZONE 


Member (_ ) Nonmember ) 


STATE — 


If you would like to start with some of the earlier publications you may have missed, enter the numbers here: 


16-S. Mass Transfer—Transport Properties: Studies of gas 
bubbles, gas-film transfer, nonisothermal systems, liquid 
drops, thermal diffusion, gas viscosity, rotating cylinders, 
intermolecular forces. Vol. 51; paper bound; 125 pp.; $3.00 
to members, $4.00 to nonmembers. 


15-S. Mineral Engineering Techniques: Studies of the 
separation techniques of flotation, fine sizing, and sink 
and float and various related concentrating devices, to- 
gether with cost and design considerations, assembled 
with a view toward acquainting the chemical engineer 
with the possibility of applying these techniques in his 
own field. Vol. 50; paper bound; 85 pp.; $2.50 to members, 
$3.75 nonmembers. 


14-S. Ion Exchange: Data on mixed-bed deionization rare- 
earth separation, adsorption and stripping, economic 
evaluation, hydroxide-cycle operations, asymptotic solu- 
tion of mechanisms, use of gross components. Vol. 50; 
paper bound; 134 pp.; $3.00 to members, $4.00 to non- 
members. 


20-S. Liquid Metals Technology, Part I: A volume on 
liquid metals problems of special interest to the chemical 
engineer, it contains ten articles (84 pages) on the manu- 
facture and availability of alkali metals, sodium heat 
transfer, sampling analysis for impurities, description of 
high-temperature loops, material transport, corrosion and 
mass transfer, thermal conductivity, etc. Vol. 53; paper 
bound; $3.00 to members, $4.00 to nonmembers. 


7-S. Applied Thermodynamics: Experimental data, largely 
on hydrocarbons, and the results of various calculation 
programs covering enthalpies of mixtures, vapor liquid 
equilibria, and the thermodynamic properties of single 
components. Vo. 49; paper bound; 165 pages; $3.00 to 
members, $4.00 to nonmembers. 


6-S. Phase-Equilibria—Collected Research Papers: Papers 
on the methane-nitrogen ethane-ethylene, and ethyl al- 
cohol-water systems; reduced crudes at subatmospheric 
pressures; hydrocarbon mixtures; integral calculation, 
and graphical methods for distillation. Vol. 49; paper 
bound; 113 pp.; $3.00 to members, $4.00 to nonmembers. 


3-8. Phase-Equilibria—Minneapolis and Columbus: Stud- 
ies of pressure-vapor temperature relations, solubility, 
graphical techniques, solvent extractions, etc. Vol. 48; 
paper bound; 122 pp.; $3.00 to members, $4.00 to non- 
members. 


Vol. 6, No. 1 
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2-S. Phase-Equilibria—Pittsburgh and Houston: Studies 
of vapor-liquid equilibria under such topics as flash va- 
porization, nomographs, extraction, thermodynamics, iso- 
thermal and isobaric equations. Vol. 48; paper bound; 138 
pp.; $3.00 to members, $4.00 to nonmembers. 


4-S. Reaction Kinetics and Transfer Processes: Data on 
transfer phenomena in heterogeneous systems, including 
studies of fixed and fluidized beds, catalytic dehydration, 
alcoholysis, and diffusion. Vol. 48; paper bound; 125 pp.; 
$3.00 to members, $4.00 to nonmembers. 


1-S. Ultrasonics—Two Symposia: Papers examining pos- 
sibilities and limitations of applied acoustics in chemical 
processes and unit operations. Vol. 47; paper bound; 87 
pp.; $2.00 to members, $2.75 to nonmembers. 


8-S. Communications: Papers stressing accuracy and clar- 
ity in written and spoken communication and treating 
corollary problems such as sound psychological ap- 
proaches, proper routing of correspondence and informa- 
tion, better accounting and statistical reports, and scien- 
tific organization of paper work. Vol. 49; paper bound; 57 
pages; $1.00 to members, $1.50 to nonmembers. 


21-S. Computer Techniques in Chemical Engineering: 12 
papers, primarily on digital-computer techniques in use 
the the chemical industry. $3.00 to members, $4.00 to 
nonmembers. 


10-S. Collected Research Papers: Developments of air 
and water-clay suspensions, mass transfer, diffusion, gas- 
film absorption coefficient, evaporation, vapor-liquid 
phase equilibria, and vaporization of methanol-benzene 
mixtures. Vol. 50; paper bound; 142 pp.; $3.00 to members, 
$4.00 to nonmembers. 


1-M Reaction Kinetics in Chemical Engineering by Olaf 
A. Hougen: A survey of the historical development of 
chemical kinetics as applied to process design, of the 
present state of this technology, and of the most promis- 
ing fields therein for immediate investigation. Vol. 47; 
paper bound; 78 pp.; $2.25 to members, $3.00 to non- 
members. 


2-M. Atomization and Spray Drying by W. R. Marshall, 
Jr.: Covering the theory of spray drying and its industrial 
applications. Vol. 50; paper bound; 122 pp.; $3.00 to mem- 
bers, $4.00 to nonmembers. 


To be certain receiving all the Symposium Series volumes 
from now on, return the STANDING ORDER coupon 
now. 
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5 DAYS FREE EXAMINATION 


Tray Efficiencies in Distillation Columns—Final Report 
from University of Delaware and North Carolina State 
College. Research carried out under grants awarded by 
the Research Committee of the A.I.Ch.E. with funds from 
forty-one chemical and petroleum companies: 

Delaware Report, 120 pp., paper bound. Members $5.00, 
nonmembers $10.00. 

North Carolina Report, 28 pp., paper bound. Members 
$2.00, nonmembers $4.00. 


A.1.Ch.E. MANUALS 


Bubble-Tray Design Manual—a concise, practical man- 
ual that enables the engineer to predict efficiencies for 
commercial bubble trays used in multi-component frac- 
tionation. It includes sample calculations made on plant- 
scale columns and contains calculation form sheets for 
the use of the reader. This manual was produced by the 
Distillation Subcommittee of the A.I.Ch.E. Research Com- 
mittee as a culmination of five years of research spon- 
sored by the Institute and the chemical industry. 6 by 9 
in., hard cover, $5.00 to A.I.Ch.E. members, $10.00 to non- 
members. 

Pump Manual—a comprehensive presentation of avail- 
able data on chemical pumps, including classification of 
pumps, relationships among categories and types, no- 
menclature, installation check lists, inquiry and record 
forms, guides to materials of construction, ASA mechan- 
ical standards, and the A.I.Ch.E. Performance Testing 
Procedure. 8% by 11 in., loose-leaf format, $10.00 to 
A.I.Ch.E. members, $20.00 to nonmembers. Published 
February, 1960. 


A.1.Ch.E. STANDARD TESTING PROCEDURES 


Directions for directing and interpreting tests of equip- 
ment for comparison with the manufacturer’s predicted 
performance. 

1. Heat Exchangers—Sensible Shell and Tube, 

members $ .25, nonmembers 
. Heat Exchangers—Condensers, 
. Absorbers, 
. Impeller-Type Mixing Equipment, 
. Centrifugal Pumps Newtonian Liquids, 


AMERICAN INSTITUTE OF CHEMICAL ENGINEERS 
25 West 45 Street 
New York 36, New York 


Please send these publications: 


TRAY EFFICIENCIES IN DISTILLATION COLUMNS 
Memb. 

University of Delaware Report $ 5.00 
N. C. State College Report 2.00 


A.1.Ch.E. MANUALS 
Bubble-Tray Design Manual 
Calculation Form Sheets 
Pump Manual 


A.1.Ch.E. STANDARD TESTING PROCEDURES 
Heat Exchangers—Sensible Shell and Tube $ .25 
Heat Exchangers—Condensers 1.00 
Standard Testing Procedure for Absorbers 1.00 
Impeller-Type Mixing Equipment 1.50 
Centrifugal Pumps (Newtonian Liquids) 2.00 
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$10.00 
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